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1. Introduction 


The cultivation and harvesting of sugar beets (roots and leaves) is one of the 
most labour and energy consuming work processes in the agricultural industry. 

The most important task in sugar beet farming is to improve the quality of sugar 
beet root crop harvesting and reduce energy costs for harvesting. This primarily 
concerns reductions in losses and damage of root crops, as well as a reduction in 
their contamination; in this case, the loss of fertile soil will be excluded, which will 
be removed from the fields together with the contaminated root crops. These issues 
present a multifaceted scientific and technical problem, which must be solved by 
searching for new working elements of sugar beet harvesting machines. Despite 
the modern level of construction of beet harvesters and their working bodies that 
has been achieved, there is a need to find further ways to improve them. Further 
research should deal with the improvement of general constructional schemes of 
new beet harvesters, with thorough theoretical justification of their constructions 
and technological parameters. The newly developed theories of functioning of 
improved constructions of sugar beet harvesters and their working bodies require 
thorough experimental verification. This will give grounds to use the obtained 
theoretical dependences for the final goal—analysis and generalisation of their 
rational parameters. 

Theoretical research must play a fundamental role in the mechanical and 
technological substantiation of the root lifting process. It must be used as the basis 
for developing rational kinematic and dynamic operation conditions in order to 
achieve the required quality of the performed work process as well as streamlined 
energy consumption. 

At the modern stage of the development of agricultural mechanisms, the methods 
of mathematical model generation based on the use of the theoretical and analytical 
mechanics and the application of up-to-date mathematical tools and computer 
technology have to be employed in the analysis and synthesis of the parameters of 
implements and agricultural machines overall. 

Thus, the modern methods of theoretical research into the implements of sugar 
beet harvesters have to be based, first, on the state-of-the-art perception of the 
principles of the processes that take place when the roots are lifted from the soil 
and, second, on the possibility of describing these processes more comprehensively 
and systematically with the use of modern mechanical and mathematical methods. 
Undoubtedly, such a description only has to be provided for the principal and essential 
moments of the mentioned processes, while the insignificant and incidental factors 
must be completely neglected. Further, on the basis of the analytically determined 


rational parameters of the lifting implements of sugar beet harvesters, which are 
subsequently experimentally validated and refined, highly reliable prototypes must 
be designed, which then have to be widely used by the agricultural engineering 
plants and companies. 

Therefore, this treatise presents the fundamentals of a new theory of the lifting 
tools of sugar beet harvesters—in particular, vibrational lifters based on the modern 
methods of mechanics and mathematics. 

It has been a long time since the first attempts were made (in the 1970s) to 
analytically describe the oscillating processes that take place during the vibrational 
lifting of sugar beet roots from the soil. The theory of the vibrational lifting of root 
crops has, overall, not been developed to a sufficient extent; the mathematical model 
specifically used for the process of root extraction from the soil by the vibrational 
lifter has not been devised. Until recently, it had been assumed that the experimental 
methods of determining the amplitude and frequency of oscillation of the vibrational 
faces—which could only have relatively limited values, subject to the reliability of 
the vibrational actuator—completely ensured the optimality of this whole process. 
However, at the present time, under the conditions of significant improvements in 
the reliability of designs and changes in the kinematic parameters of harvesting (for 
example, the increase in the travel speed to levels of up to 2.5 m-s~!), the obtained 
values of the parameters of vibrational lifters can by no means be considered optimal. 
Therefore, a goal has been set to develop, first of all, a new theory of vibrational 
root lifting based on the generation of mathematical models, which would describe 
the interaction between the digging shares on the one hand and the root’s body 
and the soil on the other hand. At the same time, the theory has to provide the 
mathematical descriptions of all stages of said interaction, starting from the stage 
of the lifter approaching the root body fixed in the soil (as in elastic medium), 
proceeding to the interaction of the root body with only one digging share of the 
lifter (asymmetric gripping of the root), followed by the interaction with both the 
share surfaces (symmetric gripping), and finally the eventual translation of the root 
along the lifting tool’s throat towards the level of the soil surface. Additionally, as 
a matter of principle, the theory needs to consider different (possible) directions of 
the oscillating motions of the digging shares of the vibrational attachment—i.e., the 
longitudinal and transverse ones. 


2. Lifting Implements of Sugar Beet 
Harvesters 


2.1. Analysis of Existing Theoretical Studies on Sugar Beet Root Lifting Process and Lifting 
Implements of Sugar Beet Harvesters 


Fundamental research into the work processes of agricultural machines has been 
carried out in the studies by P.M. Vasilenko [1-6], L.V. Pogorely [7,31,41,188,234—240], 
E.S. Bosoy [8], V.A. Khvostov [11,12], P.M. Zayika [27,28], V.M. Bulgakov [54-108], V.P. 
Goryachkin [125,161], G.D. Petrov [232,233] and others [16,18,20,29,43,46,48—53,110- 
114,120-126,160,164-166,169—172,179—185,187,189—-197,242—261,265-270,281-286)]. 

The general theoretical basis of the investigation, development and engineering 
of implements for sugar beet root harvesting machinery and the methods of 
substantiation of the design and process schematic models of beet harvesters 
as well as major agricultural practice are presented in scientific papers by 
Yu.B. Avanesov [1,47], P.M. Vasilenko [5,6], V. Brei [6,7,186], L.V. Pogorely [6, 
7,31,41,235,237,239], N.V. Tatyanko [7,31,186], B.M. Gevko [9,10,19,115-117], S.V. 
Siny [10], V.A. Khvostov [12,163], V.M. Bulgakov [15,59,61,106,108,241,271—280], 
N.M. Zuyev [37,119,167,168], Ya.I. Kozibroda [61,177,178], A.P. Gurchenko [106,162], 
A.A. Vasilenko [109], V.S. Glukhovsky [118,119], S. Pascuzzi [127-159], Yu.l. 
Kovtun [173-186], A.G. Tsimbal [186], F. Santoro [198-231], M.L. Pogorely [240], 
and N.M. Khelemendik [262-264]. 

The theoretical studies on the operation of a majority of agricultural machines are 
concerned with the investigation of their motion or the motion of their implements. 
The most thorough studies with regard to the problem of developing mathematical 
analytical models of the motion of agricultural machines and mechanisms have been 
written by P.M. Vasilenko [1—6]. The results of these studies have to be used in the 
research into the motion of roots under the action of the work faces of sugar beet 
harvesters' lifting implements. 

The fundamental paper under the editorship of academician L.V. Pogorely [7] 
represents the results of diverse studies on the issues of beet harvesting mechanisation. 
The paper presents the analysis and the principles of substantiation of parameters of 
beet harvester implements such as topping tools, root top cleaners, lifting implements, 
and transferring and loading conveyors, which can be applied in the investigation of 
the work processes of new root harvesters and the development of their implements. 

Lifting tools are among the primary implements of beet harvesters since they 
almost entirely determine the level of quality of the whole process of root gathering, 
effectively generate the tractive power of the harvesting units, and generally consume 


a large overwhelming majority of the energy in the work process, which have a 
substantial effect on all their performance indicators. 

In the initial period of the development of beet root harvesting machinery, the 
lifting tools of beet harvesters were just basic passive means that solely facilitated the 
disruption of bonds between the roots and the soil during their translational motion in 
the soil at a certain depth. However, in the course of time, they transformed into rather 
complex pieces of hardware equipped with rotation or oscillation drives and auxiliary 
equipment, which facilitated achieving the best operating conditions. Despite the 
great number of various designs, all digging implements of beet harvesting machines 
perform, in essence, the same operations, the total combination of which is what 
ensures the accomplishment of the work process of lifting roots from the soil. The 
operations combined in one integrated process include: translational motion in the 
soil at a certain depth along the row of roots, breaking up the bonds between the 
roots and the soil (by cutting out the whole soil layer on both sides of the root body 
or crushing it as a consequence of compression and following dislodgement) and 
applying extracting vertical forces to the roots (while holding and dragging or even 
not holding the very bodies of the roots), which cause their eventual translation 
upwards to the soil surface level. To achieve such a number of operations, different 
solutions are available. This can be achieved with the use of a simple passive share 
lifter design, but rather complex arrangements exist as well—for example, the rotary 
prong lifter, in which a special drive is used to create the counter-rotational motion of 
two digging cones set at an angle to each other and travelling at a certain depth in 
the soil, while a power-actuated root pick-up attachment installed above the cones 
also travels partially in the soil. 

Meanwhile, the large diversity of the design solutions for the lifting implements 
stems not only from the intensive search for the ways to ensure the fulfilment of 
the above-said requirements to ensure performance quality, but also from the great 
variation in the environment and climate conditions in which they have to operate, 
the varied size and mass parameters of the roots, their statistical layout in the soil 
(irregular distribution of the depths and positions along the row), etc. The lifting 
implement adjustments (presetting some average values of the parameters) are 
performed mostly with regard to setting up the mean depth of sitting in the soil and 
the velocity of translation. 

Since the design of a lifting tool that could adapt to the digging out of each 
individual root would admittedly be prohibitively sophisticated and ineffective, 
urgent need arises to optimise the design and kinematic parameters of the simpler 
designs of digging tools, which could provide a sufficiently high level of their 
performance quality within a wider range of variation of random parameters. The 
development of such adaptable digging tools is too complicated a problem, as 
minimising the damage inflicted on the roots and their loss in the field on the one 


hand and minimising the energy consumption and securing high productivity rates 
on the other hand are two incompatible targets—for example, increasing the depth 
of travel of the lifting parts in the soil in order to avoid breaking off the beet root tails 
during their lifting from stiff soil will inevitably result in a considerable increase in 
tractive resistance. 

Despite the wide variety of beet harvester lifting implement designs, they can 
be classified in accordance with the preceding block diagram (Figure 2.1). 

A great assortment of designs have also given rise to a considerable number of 
theoretical and experimental studies of the implements as well as dedicated tests, 
which has made it possible to determine a large majority of the required parameters. 
The obtained parameter values have been used in the designs of the root harvesters 
produced by the machine engineering industry in many countries. 

Attempts to generate a unified general theory of lifting roots from the soil can be 
found in [7], which should be regarded as not quite successful since the generation of 
the simple differential equation of the motion of the root body (its centre of mass) 
in the vertical and longitudinal plane, in general, by no means represents the real 
process of breaking up the bonds of the soil around the root or applying the vertically 
vectored extraction forces or the specific motions (velocities and accelerations) of the 
root body inside the implement. The authors further elaborate on the probabilistic 
representation of the vertical and horizontal components of the forces that extract 
the beet root from the soil, which also, in practice, does not reveal the mechanical 
and technological essence of the root lifting process. As a consequence, the principal 
theoretical propositions stated in said study are rather difficult to utilise, as the 
analytical expressions obtained in the study do not contain any specific design and 
kinematic parameters of the digging tool and the extraction process (for example, the 
velocity of translation of the share lifter, which defines the horizontal component of 
the extraction force). At the same time, such an approach also precludes carrying 
out numerical experiments with the use of the PC, which would enable determining 
the optimum (rational) parameters. Thus, the large majority of the sugar beet 
harvester lifting tools’ design parameters presented in said study have actually been 
determined solely on the basis of the data from the authors’ long-term tests and 
experimental studies. 
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Figure 2.1. Classification of digging tools of sugar beet harvesters. Source: 
Prof. Volodymir Bulgakov, 2011. 


As the digging tools for beet roots, including the vibrating type, must move in 
the soil, destroy it and create conditions for lifting up the bodies of roots, they must 
have working planes inclined at an angle to each other. In this case, these planes will 
work as triangular wedges—i.e., working bodies of tillage machines. In this case, 
there is every reason to use the main provisions of the theory of movement in the soil 
of a trihedral wedge when creating the theory of vibration digging of sugar beet roots 
out of the soil. Therefore, based on this theory the theories of digging working tools, 
of the usual ploughshare type, for sugar beet root crops were created [8], allowing, 
for the most part, the real process of the digging shares moving in the soil to be 
described, as these theories describe the interaction between the soil and the lifter’s 
two coupled trihedral wedges with sufficient accuracy, which impart the respective 
extraction forces on the root body. Nevertheless, this approach again does not focus 
on the particular process of the root body extraction from the soil, since the authors 
from the beginning make the assumptions that the complete extraction of the root 
from the soil takes place without any direct contact between the root body and the 
share surfaces, but solely acts via the deformed soil layers. However, this scenario is 
applicable only in the case of the sugar beet harvester’s digging tools operating being 
under very favourable conditions: the soil must be soft and loose, with an average 
moisture content (which implies the absence of strong bonds between the roots and 
the soil), foreign bodies are to be absent, all roots must be of average size and shape 
and positioned symmetrically with respect to the centreline of the share digging 
tool, etc. Meanwhile, under the real harvesting conditions, the root lifting process 
most frequently involves direct contact between the root body and the digging tool’s 
surface, and the gripping of the root by the implement is most frequently asymmetric; 
moreover, at a rather high velocity of the lifter’s translation, the shares of the digging 
tool actually hit the body of the root fixed in the soil. This study also does not provide 
any analytical mathematical model specifically for sugar beet root extraction from 
the soil. 

A significant part of [9] discusses the issues of root harvesters’ wheel lifter 
implements. In this study, and in [10], the main conditions of operation of wheel-type 
digging implements, their interaction with the soil, etc., are examined in detail. The 
bulk of theoretical research into the wheel lifter issues in the mentioned studies 
comes down to the search for the analytical expressions of the wheels’ kinematic 
and design-and-power parameters—in particular to find the linear velocity of any 
point of the wheel and the normal component of the force of the soil’s pressure on the 
wheel, which are subsequently used (in terms of the projections on the coordinate 
axes) for determining the power-and-force parameters of operation of the wheel 
lifter implements. Later in these studies, the geometrical parameters of the wheel 
lifters (angles of tilt, attack and flare of the wheels as well as the sifting holes in 
the wheels’ surfaces) are optimised with the use of the multicriterion nonlinear 


programming problem. Unfortunately, the root itself as a subject matter of the 
mechanical and mathematical models is not discussed here and the study does not 
offer any mathematical model specifically for the root extraction from the soil by the 
wheel lifter. 

Fundamental research into the root lifting implements is presented in the 
studies [11] and [12]. These consider, in detail, the processes of lifting roots from the 
soil by share and wheel lifters on the basis of finding the principal conditions and 
forces that arise during them. The fullest detailing is provided in said study for the 
process of the root extraction from the soil by wheel lifter implements. This includes 
drawing the schematic model of the force interaction between the root body and one 
of the lifting wheels. For this purpose, on the inner surface of one of the wheels a 
surface element dS was selected, which is the source of the following forces imparted 
on the root body: dN—force of normal pressure, dT—elementary friction force and 
P,—lateral force. At the next stage, when all the forces were projected on the X axis 
that passes through the lifter's line of symmetry, and on which the root is situated, 
the Pc shear force that acts along the line of translation of the wheel lifter produces 
the root body deflection and the Pg extraction force allow for the eventual extraction 
of the root body from the soil. Under the assumption of leaving intact (not chipping 
off) the root body, the respective analytical constraint (the resultant shear force must 
be equal to zero), which defines the extraction of the root from the soil and is written 
in terms of the design and kinematic parameters of the wheel lifter, is generated. 

Thereby, the described treatise also contains a special case of the theory of the 
root extraction from the soil by a wheel lifter in the case of symmetrical positioning, 
which is examined with sufficiently detailed specification and description of all 
the forces that can arise in such a case. The differential equations of motion of the 
root body during digging out by a wheel lifter are not generated in the study and 
the motion of the root under the action of the above-mentioned system of forces 
specifically during its extraction is not considered. 

Attempts to analytically describe the conditions and specifically the process of 
extraction of roots from the soil are represented in [13]. However, the authors only 
take as a basis the geometry analysis and the methods of geometric design of the 
new working faces for the digging tools of root harvesters. Again, the mathematical 
model of the sugar beet root extraction from the soil is not provided in the study, 
while the analysis of the forces that arise during the interaction between various 
types of digging tools (with shares, wheels, prongs) and the root body contains the 
functional relations that were obtained earlier by other authors and published in the 
papers [7,11], etc. The above-said information leads to the conclusion that without 
focusing on the main subject of research, i.e., the sugar beet root, and without a 
thorough examination of its interaction with specific digging surfaces and a detailed 
investigation of the root body motion at every stage of its extraction from the soil, 


in general the geometric designing of digging tools for root harvesters will be of 
little effect. Unfortunately, it appears impossible to use the results obtained by such 
geometric designing for finding the optimum process and design parameters of the 
process of extracting roots from the soil. 

The work of [14] can be noted as one of the first solid analytical studies on the 
process of vibrational digging of sugar beet roots. It offers an analysis of up-to-date 
engineering solutions of vibrational digging tools and experimental investigations of 
the first vibrational lifters, as well as the equation of oscillating motions of digging 
shares. The study does not take into consideration the sugar beet root in the soil as 
an elastic oscillating system. 


2.2. Physical-Mechanical Properties of Sugar Beet 


The operation of beet harvesters can be efficient only in case their implements are 
designed and adjusted for harvesting with due consideration of the main mass and 
dimension specifications and physical-mechanical properties of the sugar beet roots. 
Despite the differences between the existing cultivars of sugar beet, the variation 
of the natural and operational conditions of cultivation and the stochastic nature 
of the parameters at the time of gathering, it is possible to determine the main 
physical-mechanical properties of the roots. In Figure 2.2— Dimension specifications 
of sugar beet root, the principal dimension specifications of the sugar beet root as well 
as the parameters of its position in the soil relative to the soil surface are shown [7]. 

As can be seen in Figure 2.2., it has a conical shape and the main part of it sits 
in the soil. The upper part of the root is called the "top" and is normally situated 
above the soil surface level (sometimes it can have a position below the soil surface 
level—by up to 30 mm). 

The bulk of the sugar content (over 90%) is localised in the body of the root. The 
distribution of the root's mass between its parts and the sugar content in the parts of 
a sugar beet root are shown in Table 2.1 [15]. 

The total length (height) of the root can reach 1 m, but in harvesting its tail 
usually breaks off (at the diameter of 8-10 mm) and remains in the soil; therefore, in 
practice, the root's length is defined by the parameter /;. The leaves that shoot from 
the root's top, the number of which can be from 10 to 30, make up a bunch, which 
generally also has (provisionally) the shape of a cone. Sometimes, by the time of 
harvesting several leaves, situated for the most part outside the main leaves cone, 
fall over or completely dry out and also fall over onto the surface of the soil. 


Figure 2.2. Dimension specifications of sugar beet root. Source: Prof. Volodymir 
Bulgakov, 2011. 
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Table 2.1. Shares of different parts of sugar beet root in mass and sugar content. 


Name of Root's Part Mass Share (7o) Net Sugar Content (%) 


Top 


Dormant eye zone 6-18 9.7 


Body 76-88 90.3 


Tail l 1 - 


Source: Prof. Volodymir Bulgakov, 2011. 


Table 2.2. Dimension and mass specifications of sugar beets. 


Description Unit Value 
Length of root, l mm 230-280 
Diameter of root, dy mm 67-122 
Mass of root, Qk kg 0.3-1.6 
Angle of taper of root, yk deg 9-19 
Height of top of root, hg mm 10.4-32.4 
Height above soil surface level, hy, mm 18.4-42.4 
Coordinate of centre of mass, C, cp mm 90-100 
Lengths of leaf stalks, lg mm 300-400 
Diameter of leaf bunch, d, mm 50-60 
Mass of leaves, Qg kg 0.12-0.80 
Thickness of crown, A, mm 13.2-16.2 
Thickness of dormant eye section, Asp. mm 8.0-21.4 
Mass of crown, gio; kg 0.055-0.096 
Mass of dormant eye section, qc; kg 0.062-0.123 


Table 2.2 contains the average dimension and mass specifications of the roots and 
leaves of sugar beets [7] in accordance with the results of computational observations, 
special measurements as well as on the basis of the processed long-term statistical data. 
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The principal strength features of the root and leaves of a sugar beet are the 


bonding force between the root and the soil, the specific gravity of the roots and 


the leaves and the bending failure stress of the root. The main physical-mechanical 
properties of the root and leaves of a sugar beet are shown in Table 2.3 [16]. 


Table 2.3. Physical-mechanical properties of sugar beet. 


Description Unit Value 

Specific gravity of root kg:m^? 550-650 
Specific gravity of leaves kg:m^? 140-160 
Bending failure stress of root: 

static load MPa 1.80 

dynamic load 1.15 
Elastic modulus of root MPa 18.40 
Force of root extraction from soil N 50-770 
Force of separation of leaves from root top N 50-650 
Coefficient of friction of root on steel: 

static 0.50-0.70 

dynamic 0.45-0.70 
Specific cutting resistance of root kN-m7! 3-6 
Specific cutting resistance of leaves kN-m7! 1-4 
Angle of repose: 

in quiescence deg 35-40 

in motion 25-30 
Specific resistance factor of leaves N:mm ^! 2.26-2.65 
Specific resistance factor of root N:mm ^! 2.10-3.50 
Work of lifting root by horizontal force J 17.80-25.30 
Work of extracting dug root from soil J 15.20 
Tearing resistance of leaf stalks: 

outer MPa 0.94 

inner 1.21 
Work of failure of bonds between leaf stalks 
and root top in the case of tangential J 33.90 
application of force 
Force of root’s resistance to action of force of: 

angular displacement (up to 10°) N 185-432 

extraction 227—522 


The most important specification of sugar beets is their positioning in the sugar 


beet plantation at the moment of harvesting. It is common knowledge that these 
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features depend first of all on the sugar beet cultivar, the technology of its mechanised 
cultivation, environment and climate conditions and some other random factors. For 
example, it is assumed on average that the optimum population of sugar beet plants 
in the sugar beet plantation is 80,000-150,000 pcs-ha ! . 

The second important feature of a sugar beet is the shape of the root body, which 
is defined by the density of the soil around the beet root. For example, in the case 
of the mechanised cultivation of sugar beets, if the soil density is within the range 
of 1.20-1.30 g-cm^? (as a result of the ploughing, sowing, care for the seedlings and 
inter-row tillage), the roots acquire the most productive conical shape (the same as 
that shown in Figure 2.2). 

In the case of an excessive density of the soil (1.32-1.70 gom? ), the roots have 
shortened circumferences and barrel-like shapes and their tops project excessively 
above the soil surface level. When the soil density is below the normal range , and 
lower), the sugar beet roots can have undeveloped, arbitrary shapes. The variation 
of the soil density against the depth of sitting of the conical sugar beet root is Shown 
in Figure 2.3 [16]. As can be seen, at the depth of travel in the soil of a majority 
of digging tools (0.06—0.1 m), the density of soil around the root almost reaches its 
maximum values. 


Depth A, mm 
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Figure 2.3. Variation of density of soil around the root against the depth. Source: 
Prof. Volodymir Bulgakov, 2011. 
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The third key feature of sugar beet root positioning in the beet field is the 
distance between two proximate roots in the planted row. Taking into account the 
fact that this parameter is completely random, it is assumed that the spacing between 
the centres of sugar beet roots in the row within the range of 0.16-0.23 m ensures 
the optimum yield. Under such a condition, one running metre of the planted sugar 
beets has to contain 4-6 pcs of roots. This kind of distribution of beet roots in the 
row is the factor that defines some other features of the beet roots as the object of 
harvesting: the positions of root tops relative to the soil surface level (heights of 
the tops), sizes and shapes of the tops, degree of development of the leaves, overall 
dimensions of the roots, etc. 

The offset of sugar beet roots from the provisional centreline of the planted row 
to one or the other side that does not have a substantial impact on the quality of 
harvesting is within 0.02-0.04 m. The increase in said parameter to a level of 0.05 m 
and higher results in the sharp rise of the root losses. 

Thus, taking into account the above-mentioned physical-mechanical properties 
of sugar beet roots and the soil around the roots, the following general conditions 
and basic assumptions can be laid down for the analytical treatment of the work 
process of the root extraction from the soil. 

For the analytical investigation of the process of extracting a root from the soil, 
the following fundamental provisions, which are quite widely applied in the scientific 
literature, but undoubtedly need clarification and updating, are assumed. 

First, it is believed that the root body can be approximated by a geometrical body 
with the shape of a regular cone, the apex of which points downwards. Irrespective 
of the fact that the uppermost part of the root (its top) can be situated either above 
the soil surface level or strictly at this level, or even below the soil surface level, the 
depth of sitting of the root in the soil is determined by the distance from the cone 
apex to the soil surface level. The height of the root is designated as hg, the cone apex 
angle—2y;, the root radius, i.e., the cone base radius—7;. The total vertical resistance 
reaction of the soil acting on the root is conventionally applied to the apex of the 
cone, vectored vertically downwards and designated as Re 

The root is an elastic solid specified by the Young modulus E (N-m ?), specific 
gravity p (kg:m ?) and mass m (kg). 

The soil surrounding the root is also an elastic medium specified by its elastic 
stiffness C (N-m~°), bulk specific gravity Yop, (N-m79), specific resistance in loose 
condition k,,q (Pa), etc. 


2.3. Share Lifters 


Share lifter implements comprise two symmetrically positioned shares (wedges), 
which are set at certain angles to each other and to the line of travel so that their front 
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ends are drawn apart from each other and their rear parts are drawn near to each 
other, thus arranging the narrowing lifting throat of the tool (Figure 2.4) [12]. 


Figure 2.4. Schematic model of share lifter. 


In the following pages, the existing analytical studies on this type of digging 
tool are discussed. First, consideration is given to the research into the geometrical 
parameters of share lifters. For this purpose, the trihedral wedges, which have 
been studied in sufficient detail in the science of tillage, are employed and the basic 
geometrical relations provided in [11] are used. The vertices of the angles between 
the edges of the inner faces of the wedges, which form the digging throat of the share 
lifter, are designated as A, B, C and Aj, By, C4, respectively. The working face of the 
trihedral wedge is referenced to the three-dimensional coordinate system Oxyz in 
such a way that axis Oy coincides with the line of translational motion of the wedges, 
axis Oy is oriented from the right to the left and axis O; is oriented vertically upwards 
and passes through point B. Lines AB, BC and AC, which result from the intersection 
of the working plane of one of the wedges (ABC) with the coordinate planes xOz, 
yOz, xOy, respectively, form the respective angles a, B and y. Evidently, the same 
angles are formed in the case of wedge A1B4C. 

If both the wedges are intersected by the horizontal plane xOy, the angle 2y 
is formed, which is the angle of attack of the share lifter; the intersection with the 
transverse and vertical plane yOz gives the angle of flare 26; the intersection with 
the vertical and longitudinal plane xOz produces the angle of cutting a. Overall, 
the values of these angles define the quality of performance of the work process of 
lifting sugar beet roots from the soil. The dihedral angle between planes ABC and 
A,B,C, — € is the angle of maximum opening of the inner surface of the lifter, while i 
is the angular displacement of the share lifter's maximum opening plane from the 
vertical line. 
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In the schematic model shown in Figure 2.4, there are respective correlations 
between the mentioned angles, which are as follows [12]: 


tanp = tans - cosi, 


tany = tans - sini, (2.1) 
" tany 
tana — tani — fan 


It has been found in the numerous experimental studies that the optimum values 
of these angles are [17]: B. = 50—55?,y = 14-15? and a = 10- 15*. 

Further, it is necessary to examine the work process of digging sugar beet roots 
with the use of a share lifter in detail. When moving along the row of sugar beet roots, 
the wedges first break down the soil layers, initially at a certain distance from the root 
sitting in the soil, using their separated front parts. Next, the digging channel reaches 
the root and partially pushes it forward. After this, the root, together with the soil 
surrounding it, moves inside the lifter's narrow throat formed by the rear inner faces 
of the wedges and moves through it. As the wedges are set at certain angles, the initial 
and following interactions between the soil layer together with the beet root and the 
wedges' working faces during the latter's translational motion proceed in such a way 
that the layer is compressed on the sides and strained and then, during the further 
movement of the beet root between the necking working faces, the corresponding 
forces are generated for its extraction from the soil. However, the forces that directly 
extract the sugar beet root from the soil will be generated in the share lifter only 
subject to the unconditional presence of the backup forces exerted by the soil and 
vectored opposite to the translation of the digging tool. Otherwise, the share lifter 
will just push the root forward. These backup forces are the factor promoting the 
secure advancement of the beet root inside the digging tool along the wedges' faces 
through the narrow throat with the subsequent corresponding secure movement 
upwards. It should be noted that the presence of sufficient backup forces exerted by 
the soil and the pressure on the upper part of the root applied by the translationally 
moving digging tool cause a certain bending of the root body in the direction of the 
lifter's progression. This bending must not result in the chipping-off of the tail part 
of the root. Within the limits of the elastic properties of the sugar beet root body, 
its certain forward motion, even in some bent conditions, under the action of the 
pressure applied by the share lifter will not cause the chipping-off of the root body, 
as in a very short period of time its bonds with the soil will be completely disrupted. 
Overall, the above-described position of the share lifter working faces during their 
translational motion in the soil will certainly promote the upward migration of the 
parts of the soil and solid bodies (that is, root bodies) that have entered the lifter's 
throat (since the motion trajectories within the throat, except its central part, are 
directed upwards). The generation of sufficient backup forces by the soil depends 
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on the physical-mechanical properties of the same soil that surrounds the sugar 
beet root. It is quite obvious that in the case of high moisture content in the soil, 
the provision of such forces is impossible in general. At the same time, if the soil is 
stiff and the moisture content in it is low, the operation of share lifter implements 
also becomes impossible due to the accumulation of firm soil formations in its throat 
and the high probability of chipping-off the tail parts of the roots due to the high 
magnitude of the bonding forces between the roots and the soil throughout the whole 
depth at which they sit in the soil. 

Based on the above, the physical model of digging a sugar beet root out of 
the soil by a share lifter is as follows. The gradual advancement of the forepart of 
the wedges causes the cutting off of a block of soil (of conical shape) on both sides 
of the root body. The further translation of the lifter produces the compression of 
the upper soil layer on both sides of it and its following displacement inside the 
working channel. The presence of the sufficient backup force exerted by the intact soil 
ahead of the lifter ensures, for a while, the vertical position of the root and even its 
slight bending forward, until the bonds between the root and the soil are completely 
disrupted and the root becomes fully contained inside the working channel of the 
lifter (at the beginning of its throat). Next, contact takes place and the root body 
slides along the surfaces of both wedges, resulting from the continuing action of the 
backup forces exerted by the parts of the soil inside the working channel of the lifter 
and leading to the complete extraction from the soil to its surface. 

The described sequence of events in the process of digging the root from the soil 
is facilitated by the action of two coupled trihedral wedges travelling in the soil at a 
certain depth. Hence, the process of interaction between the working faces of the 
share lifter and the soil can be identified with the operation of the dihedral wedge, 
which has extensive coverage in the studies on tilling machinery. With the angle of 
cutting a, the soil grains move on the right lines that are parallel to the right lines AB 
and A,B}. If the coefficient of friction of the soil on the working face of a dihedral 
wedge is equal to f, then, in the case of the share lifter, its reduced value appears as 
follows [11]: 

4 f 


ue a (2.2) 


The rear part of the share lifter contains the clearance CC,, the magnitude 


of which has to be set taking into account the minimum diameters of sugar beet 
roots (especially of their tail parts, which have to pass the clearance without being 
damaged); hence, to be within the range of 30~40 mm. The length of the lifter’s 
working channel must not be less than / where: 


l > CC, coty (2.3) 
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The distance between the tips of the shares AA; must be as short as possible 
as this determines the width of the soil layer that is dug under and, hence, in effect 
determines the amount of soil conveyed into the root harvester together with the beet 
roots. However, the same distance also has an effect on the likelihood of damaging 
roots in the case of deviation of their positions from the row centreline; therefore, its 
unreasonable reduction will make the steering of the root harvester along the rows of 
beets more difficult. 

The design distance between the tips of the shares must comply with the 
following formula: 

AA, = dy +24 +2m (2.4) 


where dy —maximum diameter of the sugar beet root; ^,—allowed offset of the root 
from the row centreline (assumed to be equal to up to 60 mm); m—probable deviation 
of the lifter from the row centreline due to the steering inaccuracies. 

The maximum opening of the shares, i.e., the distance AA4, must be within the 
range of 180-220 mm. 

The pattern of the soil deformation during the operation of share lifters depends 
on various factors, such as, for example, the angle of cutting a, properties of the soil, 
etc. It is quite obvious that with the increase in said angle the deformation of the soil 
increases as well. However, the increase in the angle a also leads to the growth of the 
horizontal dislocation of parts of the soil, which can result in the beet roots breaking 
during their extraction. For this reason, the limiting value of the angle of cutting is to 
be determined with the use of the following formula [18]: 


1 
a-atan 
2 sin(5 


(2.5) 


) max. 


When the angle of cutting a exceeds the above-said value, the vertical 
displacement of parts of the soil grows smaller, but the horizontal displacement 
sharply rises, which causes the loss of and damage to beet roots during harvesting. 

The depth of travel of share lifters in the soil must stay within the range of 
110-120 mm [12]. Thus, the analytical studies that have been carried out up to date 
on the topic of share-type digging tools do not contain the mathematical model of 
the specific interaction between the digging shares and the root body. The overall 
process of the root body extraction from the soil (interaction with the root fixed in the 
soil, analysis of the forces in this interaction, motion of the root within the lifter’s 
throat) has not been given analytical consideration. 


2.4. Wheel Lifters 


Wheel lifters are more complex and metal-intensive implements in comparison 
with share lifters. Nevertheless, they perform the work process of lifting beet roots 
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from the soil more efficiently, deform the soil layer more intensively and, at the same 
time, lift 2-3 times less soil together with the roots. 

Wheel lifters also represent, in effect, the same two coupled wedges, the working 
faces of which rotate about the wheels' centres, and which are set at respective angles 
to each other and to the line of travel. 

Wheel lifters fall into the groups of passive types (the rotation of the wheels 
is due solely to the interaction with the soil and grip on it during the translational 
motion) and active designs (i.e., those with the forced rotation of one or both of the 
wheels). In the first case, the wheels' rotation rate is determined by the translational 
velocity of the root harvester, in the second case the rate of rotation can be preset. 
Design-wise, the wheels in the lifters can be flat or spherical. They comprise the rim, 
the spokes and the hub. The outer surface of the rim can be smooth (in the case of 
driven wheels) or equipped with lugs (grousers), which are necessary in the case of 
passive wheels. The depth of travel of wheel lifters in the soil is 80-100 mm. 

The work process of digging beet roots with the use of wheel lifters flows is 
as follows: after undercutting the soil layer together with the beet root, the wheels 
break the layer and clamp the root in the necking throat. Further, the pressing on 
the soil layer results in its broken part pouring through the windows between the 
spokes, while the root is extracted from the soil by the rotating wheels together with 
a small amount of soil, goes up and is thereafter thrown by the beater over onto the 
cleaning unit. 

Since wheel lifters also represent coupled trihedral wedges (Figure 2.5), the 
same angles are taken into consideration as in the case of share lifters: a—angle of 
cutting; 2y—angle of attack; 2B—angle of flare [17]. 


Figure 2.5. Schematic model of wheel lifter. 
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In the schematic model, the three-dimensional Cartesian coordinate system 
Oxyz is shown, in which the origin of coordinates O is the point in the middle of the 
shortest distance between the wheels. Hence, various points of the wheels move in 
the space (due to the rotational motion of the wheels and the translational motion of 
the implement) along the trajectories defined by the following parameters [17]: 


R 


= gs; (wt — Asinat), 


y = p[1- cos(ot —i)|sin§, (2.6) 
z = rcosp(1-— Acoswt), 


where r—radius of the wheel's moving centroid; A = g ; p—distance from the 
arbitrary point of the wheel to its centre. 

There are many factors that have an effect on the quality of the work process 
of the sugar beet root lifting from the soil with the use of wheel lifter implements. 
They include, first of all, the lifter’s design parameters. Wheel lifters are employed 
in multiple-row root harvesters, which imposes certain limitations on their design 
dimensions. For example, the diameter of the wheels shall be within the range 
of 700-750 mm. When this value decreases, the completeness of the beet root 
lifting from the soil decreases and the engineering solutions for the wheel rotation 
drive become more complicated. Greater diameters of the wheels complicate the 
structural configuration of the root harvester lifting implements and increases their 
steel intensity. 

The same constraints are also applied to the setting angles of the wheels, as 
the allowed values for the angle between two wheels are limited by the width of 
the spacing between the rows of planted sugar beet roots. Hence, the angle € of the 
maximum opening of the wheels must comply with the following condition: 


eins _ Cmax — Cin 


2 2D oa 


where Cmax. —distance between the wheel edges in the area of maximum opening 
(mm); C, —minimum distance between the wheels (mm). 
In its turn, the maximum wheel opening distance Cmay must not exceed the 
following value: 
Cmax € S — 2Ab — As (2.8) 


where S—width of inter-row spacing (mm); Ab—thickness of wheel rim (mm); 
As—distance between the wheels of adjacent lifters (mm). 
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Based on the above-said information, the values of Cmay can be substituted into 
(2.8), and the following formula is obtained: 


£. 5—-2Ab- As — us. 
in 2 < —>p (2.9) 

If the values of the design parameters of the wheel lifter are assumed to be 
within the following range: S = 450mm; Ab = 5mm; As = 15mm;D = 750mm, 
then the value sin5 < 0.243 is obtained, which corresponds to an angle of € < 28°. 

The correlation between the angles 2y and 26 at a constant value of angle e is 
defined by angle i, which shows the displacement of the maximum opening plane 
from the vertical line—that is, the greater the angle i is, the greater the angle 2y is 
and the better the conditions for steering the root harvester along the planted rows of 
sugar beets are. Nevertheless, increasing the angle i (or, what is the same, the angle 
of cutting a) to a level of above 45 ~ 50° impairs the transportation of parts of soil 
along the inner surfaces of the wheels, which also increases the loss and damage of 
beet roots. 

In multiple-row root harvesters, at an inter-row spacing width of 45 cm, an angle 
ofi = 50° is assumed in order to increase the working width of the wheel lifters. At 
angles of i = 50? and € = 28°, with the use of Formula (2.1), angles of 28 = 18° 
and2y — 22?are obtained. 

It has been established in numerous studies that the optimum values of the 
above-mentioned angles of wheel lifters, which ensure the high quality of performing 
the work process of digging roots from the soil and the minimum power consumption, 
are as follows: 26 = 25 ~ 30°, 2y = 20 ~ 25? and a = 40 ~ 45°. 

In the case of the single-row configuration, it is acceptable to increase the value 
of the angle i toi = 45°. Then, the sufficient working width of the wheels is achieved 
by raising the diameters of the wheels D to 800 mm and the angle e to 38°. 

Since one of the wheels can be actuated by a drive, the kinematic behaviour 
factor (i.e., the ratio between the wheel's circumferential velocity and its translational 
velocity) is A = 2.0 ~ 2.5. 

The wheels of such digging implements can be flat or spherical. Moreover, the 
appearance of the wheel is defined by the radius of the wheel sphere Re, which, in 
turn, depends on the specific features in the performance of the work process. 

The geometric elements of the wheel can be examined by giving consideration 
to its section by the plane drawn through its axis of rotation (Figure 2.6). For the 
normal operation of the wheel, it is necessary to ensure that the rear angle of cutting 
of the wheel y has a positive value, which will prevent any interaction between the 
back part of the blade and the furrow wall. This condition is fulfilled when: 


y2o+Aa (2.10) 
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where 9 = asin ae —semisector angle (deg); R-—radius of the wheel sphere; 
A—angle of taper of the wheel's blade (deg). 


\ 


Figure 2.6. Geometric elements of wheel in its section by plane drawn through its 
axis of rotation. 


The magnitude of the sum angle 8 + A does not remain constant in different 
sections of the wheel but becomes smaller as the section moves away from the wheel's 
centre. In view of this fact, it is necessary to find the relation between the minimum 
permissible sphere radius and the wheel's parameters. First, the value of said sum 
angle 3 + A will be found for the section of the wheel by the horizontal plane that 
is situated at a distance of h from the furrow bottom. For this section, the relation 
between all the above-mentioned angles, y, 3 and A, is as follows: 


any 


t 
$8 + A € atan—_ 
V2a — a2 


(2.11) 


where a = Dane ; P—angle of setting of the wheel, h—depth of the wheel's travel in 


the soil. 

After analysing (2.11), it becomes evident that the greater the angle y of wheel 
setting in the horizontal plane is and the lower the ratio between the depth of the 
wheel's travel in the soil h and its diameter D is, the greater the maximum wheel 
sector apex angle 23 is. 

For the wheel lifters on root harvesters, angle y must not exceed 11 ~ 13°, while 
coefficient a has to stay within the range of 0.2~0.3. Hence, by substituting said values 
of the angles into (2.11) the relation 9 + A < 17...20° is obtained. When this condition 
is not met, the self-extraction of the wheels occurs during their advancement in stiff 
soil. In order to prevent this from happening, it becomes necessary to additionally 
load the wheels with a vertical force, sometimes of rather great magnitude. 
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The quality of performance of wheel lifters also depends on the shape of the 
blades. Thus, when the blades are smooth, the beet roots are extracted from the soil 
most fully and without damage. Smooth blades act on the beet roots via the soil layer 
and displace them without damaging them, especially those ones that are situated 
outside the bounds of the row. Moreover, smooth blades are desirable in the sense 
that the wheel lifters are not clogged with plant residues, even when working on 
rather weedy areas of the field. 

The next step is to investigate the force interaction between the wheel lifter on 
the one hand and the soil and the beet root on the other hand. For this purpose, 
the schematic model of the forces acting on the soil and the beet root during the 
movement of the wheel lifter is to be drawn up (Figure 2.7). 

In the schematic model, two lifting wheels travelling in the soil at a depth of h 
are shown. The midpoint of the rear part of the lifter (the narrowest place between the 
wheels) is taken as point O—the origin of the three-dimensional Cartesian coordinate 
system Oxyz, axis Ox of which coincides with the lifter’s line of travel; axis Oz is a 
vertical line. 


Figure 2.7. Force interaction between wheel lifter and soil and beet root. 


On the inner surface of one of the wheels, a surface element dS (shaded), which 
rotates together with the wheel and has its own instantaneous centre of rotation 
Q, is selected. For the specified instant of time, the position of the surface element 
dS on the wheel is determined by the angular displacement & about the axis of the 
wheel itself. The position of the instantaneous centre of rotation () on the wheel is 
determined by the distance z—i.e., its distance from the edge of the wheel’s blade 
and the angular displacement €, (i.e., the angular displacement about the axis of the 
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wheel itself). h4 denotes the distance of the wheel's part submerged in the soil. This 


distance is equal to: 
h 
= — (2.12) 
cosp 

Further, the beet root that sits in the soil between the lifter's wheels is introduced 
in the schematic model. In the case under consideration, the vertical axis of symmetry 
of the root intersects axis Ox. When the sugar beet root is extracted from the soil, 
it will be under the action of several forces. These forces can be divided into three 


types. They are: 


(1) Horizontal forces P, acting in the plane that is perpendicular to the lifter’s line 
of travel; 
(2) Force of extraction of the root from the soil Pg applied vertically upwards; 


(3) Shear force Pc applied along the lifter's line of travel. 


The forces of the first two types (P5, Pg) perform the useful work of breaking 
up the soil and extracting the beet roots. The force of the last type (Pc) is one of 
the causes of major damage to the roots—it contributes to the chipping-off of their 
tail parts. 

The next step is to examine the forces imparted on the root by the lifter's wheel 
during the latter's motion relative to the soil. Within the above-mentioned surface 
element dS, the elementary forces of pressure at a right angle dN and the elementary 
forces of friction dT come into action. Moreover, the elementary forces of pressure at 
a right angle dN are perpendicular to the plane of the wheel itself and vectored the 
same way as the lifter’s motion (which will be true as long as the condition 2y > 0 
is met), while the elementary forces of friction dT acting within the plane of the 
wheel itself can be vectored two ways: either the same way as the lifter’s motion 
(applicable in the case of passive lifters, which behave the same as share lifters, or in 
the case of part of the wheel being submerged in the soil, which is situated above the 
instantaneous centre of rotation) or opposite to the lifter's motion vector (i.e., the 
elementary forces of friction of all the wheel's surface elements situated below the 
instantaneous centre of rotation Q will be vectored that way). 

Further, in order to find the shear force Pc acting on the root, the elementary 
forces of pressure at right angle dN and the elementary forces of friction dT will be 
projected on axis X. It is assumed that the minimum rate of damage to beet roots is 


X dNx + 25 dTx = 0 (2.13) 
dS dS 


where dNx—projection of the elementary forces of pressure at right angle on axis X; 
dTx—projection of the elementary forces of friction on axis X. 


achieved when: 
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This assumption can also be set down in the following form: 


52e (20- b? sin -(a- bin tan 3 +4) 


2|. sint 
jen. 2(1-b)^| sin£4— 5 


p V2a—a? uw 


where I E (1-b) fe costé (1 - b)?cos?£ + 2b - b? dé; b B z, 
h 
VRR, ; f—coefficient of friction. 


čų = arctan = 
In order for Expression (2.14) to become appropriate for practical use, it is 
necessary to solve it for the coefficient b, taking into account the kinematic behaviour 


factor A, which in the case under consideration is equal to: 


1 V, 
As 1-b Vmqcosy un 


where V,—circumferential velocity of the wheels; Vj;— translational velocity of the 


wheel lifter. 
The solution of the Equation (2.15) is presented in the form of a nomogram 


(Figure 2.8). 
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Figure 2.8. Nomogram for determination circular speed of digging disks. 
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To use the nomogram, it is necessary at an angle of 26 = 25° to choose 
h = 150mmandD = 710 mm; on the other hand, at an angle of 2y = 24° and 
f = 0.85, the kinematic drive index A will be 1.48. However, using Expression (2.15) 
we finally find that à = y* = 1.45. 

Profound theoretical research has been undertaken in [19]. The main theoretical 
results obtained in the study are: analysis of the interaction between the wheel 
implement and the soil; finding out the distribution of contact stresses over the 
surfaces of the wheels; establishing the effects that various factors have on the energy 
consumption during digging; determining the rational design and process parameters 
of the wheels and the optimum dimensions of their soil separating surfaces. 

The interaction between the soil and the lifter’s wheel is investigated in the 
study. As a result, the resultant of the normal components of the forces applied 
by parts of the soil over the whole surface of contact S has been determined. Its 
magnitude can be found from the following expression: 


N = [J Porgy (2.16) 
5 


where S—area of contact, P, —normal force of pressure, nyyz—normal line to the 
spherical surface of the wheel at the point with the coordinates x, y, z. 

Additionally, the coordinates and velocities of any point of the wheel during its 
movement in the soil have been determined. 

The pattern of distribution of contact stresses during the operation of wheel 
lifters has been determined by way of selecting the appropriate deformation model, 
verifying it for adequacy in comparison with the experimental data and the following 
estimation of the overall stress and strain state and the distribution of contact stresses. 
The process of a wheel lifter deforming the soil has been investigated thoroughly, 
and the differential equations have been obtained for the elongation, expansion and 
angular displacements of an elementary volume of soil by solving which the laws of 
the soil deformation by the wheel lifter have been deduced. Moreover, the differential 
equation that allows the determination of the motion trajectory of an arbitrary point 
of the soil in the process of the wheel lifter cutting out a soil layer has been generated. 
Thus, the developed deformation model allows the deformation components at any 
point of the compression zone to be determined and establishes the relation with the 
stresses that are part of the equation of equilibrium for an elementary volume of soil 
of variable thickness, which is compressed between the wheels in the case of Hooke's 
elastic rheological model. When the roots are dug out with the use of passive lifters, 
the soil in front of the wheels is compacted and the von Mises model, in which a 
relation exists between the stresses and the rates of deformation, is more appropriate 
for the space between the wheels. 
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It has been established that the pattern of distribution of contact stresses on 
the wheels depends primarily on the type of lifter (active or passive), the physical 
condition of the soil and, less significantly, on the variation of the positions of the 
wheels (within their operating range). 

It has also been proved theoretically that the rotational torque of the drive of 
the active wheel substantially depends on the physical-mechanical properties of the 
soil, the distribution of contact stresses and the redistribution of friction forces on the 
surfaces of the wheels. 

It has been proved analytically that the difference between the translational 
velocity of the machine and the linear velocity of the wheel's rim is the principal 
factor that defines the redistribution of the energy consumption for the actuation of 
the implements and the tractive power of the beet harvester. 

Thus, it becomes evident from the analysis of the theoretical studies on the 
wheel lifter implements that sound mathematical models describing the motion of 
roots inside the lifting implements have not been developed in this area of research 
as well. 


2.5. Vibrational Digging Tools 


The vibrational digging of sugar beet roots has gained wide use in many 
beet-growing countries. It has a number of advantages in comparison to other 
methods of digging. In particular, the soil accumulates to a lower extent in the lifter’s 
working channel and the process of shaking off the soil stuck on the surface of the 
root is improved significantly. 

It should be noted that the research into the process of vibrational digging of 
roots has, for the most part, been of experimental nature. Only in three studies [6,7,20] 
has separate theoretical research into the process of vibrational digging of roots with 
the oscillations generated in the transversely horizontal plane been carried out. 

As suggested in [7], when the root is shaken by a horizontal force applied to 
the root’s upper part or alternating-sign impacts, its bonds with the soil are actively 
broken. As alternating-sign impulse loads are applied time and again, the root starts 
moving vertically upwards, which contributes to the process of its extraction from 
the soil. Different roots require different numbers of periodic loads to be applied for 
the complete disintegration of the bonds with the soil. 

If the root is made to oscillate in the transversely horizontal plane (Figure 2.9) by 
law of t = Tocoswt, the root, according to [7], will be extracted from the soil under 
the following condition: 


Ic? to > s(t + X) (2.17) 
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where l,—coordinate of the root's centre of gravity; wz—frequency of the root's 
oscillations; tj—angular displacement of the root from the vertical axis; R-—force of 
the root's bond with the soil; Q—weight of the root; g—acceleration of gravity. 

The condition of not damaging the root during its oscillatory motion appears 
as follows: 


Iw? To Ql? to 
costo + Ec ONG (Cic — Q)sinto| < [N] 


l . 
E cu - Q)sinto — dop (2.18) 


where C;,—stiffness of the root at the point of fixation; z,—coordinate of perturbing 
force application point; /,—moment of inertia of the root about the horizontal axis that 
passes through the point of fixation; [N] dop Pending load, which causes breaking of 
the root body. 


Figure 2.9. Schematic model of forces acting on root during its vibrational lifting. 


As indicated in [7], the analysis of the process of the root extraction under the 
action of a horizontal perturbing force has shown that, in order to allow an efficient 
extraction process, it is necessary to make each root oscillate at its specific values 
of frequency and amplitude, which is impossible in practice, since the parameters 
of roots are random quantities. Therefore, the fulfilment of the conditions (1.17) 
and (1.18) have to be considered in the probabilistic sense and, for the purpose of 
describing the situations with the most probable outcome of extracting the root 
without damaging it, it is reasonable to generate the oscillations within a certain 
spectrum of frequencies and amplitudes. However, it follows from (2.17) and (2.18) 
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that the most efficient course of the process of the root extraction from the soil can be 
achieved by making the roots oscillate at an increasing amplitude and the constant 
frequency that is specific for the selected mode of operation. In order to avoid 
substantial damage to the sugar beet roots during their extraction, the amplitude of 
oscillations must not exceed 0.25-0.35 rad, with a frequency of -20 Hz. Based on the 
investigation of the process of the root moving under the action of the horizontally 
applied alternating-sign force S(t), the following expressions are suggested in [7] for 
the computation of the forces acting on the root (Figure 2.9): 


8 


Rz S(t)sint — Qcost (2.19) 


Ry = S(t)cost — (Cyle — Q)sint — e 


(2.20) 
where Rz, Ry—vertical and horizontal components, respectively, acting on the root at 
the point of fixation; Q—weight of the root; c—trajectory of the root's motion under 
the action of force S(t); l, —coordinate of the root's centre of gravity. 

In [7], the maximum probability of extracting the roots combined with the limited 
probability of damaging them is recommended as the criterion of optimisation of the 
lifter’s parameters—i.e., 


maxP{P; > Rz + Qj, P(Py » [Ry]) < £, (2.21) 


where €—permissible value of the probability of damaging the roots; P; —force of 
the root extraction from the soil; Py—horizontal (lateral) force; [3] minimum force 
that can cause damage to the root. The probabilities (2.21) are calculated on the PC 
by a statistical test. 

In [7], the schematic model of the vibrational digging tool that performs angular 
oscillations in the horizontal plane transversely to the line of the lifter's translational 
motion is offered (Figure 2.10). 

The principle of its operation is as follows: when the wheel (5) rotates, the shaft 
(4) periodically turns through angles of +0. The horizontal plates that form the 
working channel of the lifter and are connected with the shaft by the vertical bars (2) 
also periodically turn about point O through the same angle +0. For the purpose 
of reducing the tractive resistance and facilitating the extraction of roots from the 
soil with a minimum amount of soil, the axis of the oscillating shaft (3) is situated on 
the centreline of the front ends of the fork, obliquely or perpendicularly to its plane. 
In consequence of such a situation of the working channel, as the shaft periodically 
turns, the points of the front part of the lifter perform lengthwise oscillations, while 
the points of the rear part perform crosswise oscillations. 
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It ought to be noted that, in the process of extracting the root from the soil by a 
usual share lifter, an important role is played by the backup forces exerted by soil, 
under the action of which the soil layer is compressed in the tapering channel of 
the lifter and during the lifter’s translational motion with the further breaking of 
the soil layer the vertical extraction forces needed for lifting the root are generated. 
Hence, the presence of the backup forces exerted by soil is a necessary condition for 
the operation of a conventional share lifter. 

When the roots are lifted with the use of a vibrational digging tool, the soil 
in the area of the lifter’s working channel becomes loose to a significant extent 
due to the oscillatory motion of the lifter’s shares. In view of this, in the case of a 
vibrational lifter the above-mentioned forces of backing up the root do not play such 
an important part as in the case of a share lifter, as the necessary soil compression 
strain in the lifter’s working channel does not arise during the lifter’s translational 
motion and its contact with the root. As indicated in [7], the presence of soil in the 
vibrational lifter’s working channel is not the principal condition of generating the 
force of the root extraction from the soil. Said circumstance embodies the essential 
difference between vibrational lifters and other types of digging tools as regards the 
performance of the work process of root digging. In this case, the required vertical 
forces of the root extraction are generated by the vertical motions of the lifter’s shares 
that are three-dimensionally inclined at respective angles, which facilitates capturing 
of the roots by the necking channel and entraining them in the joint upward motion. 
The working faces of the shares of the vibrational lifter, which feature, as mentioned 
earlier, respective three-dimensional inclinations and form the throat of the lifter, also 
impart vertical extraction forces on the roots. It is also noted in [7] that, while the 
root in the channel of a usual wheel or share lifter in the presence of backup forces 
exerted by the soil bends rather appreciably along the line of travel, in the channel of 
a vibrational lifting tool the centreline of the root during its extraction from the soil 
for the most part retains the initial position that is almost vertical and perpendicular 
to the row centreline or deflects from said position through small angles (which 
depends mostly on the stiffness of the soil around the root). 

This operation feature of the vibrational lifting tool establishes a situation where 
the root chipping-off rate is considerably reduced as a result of the slight inclination 
of the root’s centreline along the lifter’s line of translation. In the case of vibrational 
digging, the roots are also actively freed from the stuck soil in the process of intensive 
breaking of the soil in the front part and then during the gripping and forced vertical 
displacement of the roots due to the strong acceleration imparted on them. 

Thus, the extraction of the root from the soil in the case of vibrational digging 
takes place under the action of the perturbing force supplied by the drive mechanism 
by means of direct grasping of the root by the shares of the vibrational lifting tool 
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and its further advancement across the shares’ inner faces that have respective 
three-dimensional inclinations and form the throat of the lifter. 


Figure 2.10. Schematic model of vibrational digging tool, which induces oscillations 
of root in transversely horizontal plane. 


The first fundamental analytical treatment of the transverse oscillations of the 
body of a root fixed in the soil was undertaken and published in [6]. In this study, 
the sugar beet root is modelled as a cone-shaped body, one point at the bottom of 
which is fixed and which has elastic properties. That said, the transverse oscillations 
of the root are described with the use of a fourth-order partial differential equation. 
The solution of said equation makes it possible to determine the natural frequencies 
of the free transverse oscillations of the root body. Specifically, the process of sugar 
beet extraction from the soil is then studied with the use of additionally generated 
kinetostatic equations, which allow the conditions of the complete extraction of the 
root from the soil to be found. 

In [20], which, in effect, is an extension of [6], the Hamilton-Ostrogradsky 
functional, which describes the root’s free transverse oscillations when it is fixed 
in the soil at its bottom end and applies perturbing forces to it in the transversely 
horizontal plane along the line that is perpendicular to the line of the lifter’s 
translational motion, is set up. Using the Ritz method and based on the conditions 
of time invariance of the mentioned functional, the Ritz equation of frequencies is 
generated to find the first, second and third natural frequencies of the free transverse 
oscillations of the root body. 

The above-mentioned fundamental analytical treatment [7] presents the 
fundamental provisions and assumptions with regard to the vibrational digging 
of roots introduced in the earlier papers of the same authors [6,20]. However, no 
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mathematical model of the vibrational lifting of sugar beet root from the soil can be 
found in this study. 

It ought to be remarked that, despite the mentioned fundamental analytical 
treatments of the process of vibrational lifting of sugar beet roots (by applying 
perturbing forces to them in the transversely horizontal plane), the accomplishment 
of full-scale engineering projects, the industrial production of several pilot units and 
the performance of elaborate experimental studies and official tests, such vibrational 
digging tools have not gained any ground. It is assumed (and it has been fully proved 
during the thorough tests under different conditions) that one of the main reasons for 
this is the failure to ensure a sufficiently high rate of travel of the vibrational lifters in 
such a design (and, accordingly, the sufficiently high rate of work subject to retaining 
the required harvesting quality indicators), which results from the fact that applying 
the perturbing forces to the beet roots in the plane that is perpendicular to the line of 
the lifter’s translational motion leads to the constant plugging of its working channel 
with root bodies and soil, chipping-off of the roots’ tail parts and deterioration of the 
implement’s performance up to its complete breakdown. The power consumption 
rate of this process was also too high. 

As has been established, said negative phenomenon can be completely avoided 
by switching the line of action of the perturbing forces from the transversely horizontal 
plane and the alignment perpendicular to the line of the lifter’s translational motion 
into the vertical and longitudinal plane. Implementation of this change brought 
about good performance in the harvesting of sugar beet roots. Virtually all world 
leading manufacturers of beet harvesting machines started producing vibrational 
lifting tools, which operated based on the principle of imparting perturbing forces on 
the roots. 

Nevertheless, for a long time there were no further profound analytical studies on 
the oscillation of the root body fixed in the soil and the process of its vibrational lifting 
with the use of perturbing forces in the longitudinal and vertical plane. Apparently, 
it was assumed that the investigations carried out in the fundamental papers [6,7,20] 
fully described the oscillation process under consideration. All further research into 
the process of vibrational root digging was predominantly experimental. Meanwhile, 
the change in the line of action of the perturbing forces entails not only alterations in 
the design implementation of the vibrational lifting tools, but essential adjustments 
in the theory itself as well, especially in its end results. 

In its crucial new form, the theory of vibrational root lifting in the case of 
applying the perturbing forces to the roots specifically in the vertical and longitudinal 
plane has been published in the studies [21-23]. A case of transverse free and forced 
oscillations of the root body, in which the line of action of the perturbing forces 
coincides with the line of translational motion of the vibrational lifting tool, has been 
considered in the papers [24,25]. Said case is of considerable interest both from the 
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theoretical and practical points of views. For example, with this line of action of the 
perturbing forces the bonds between the root and the soil are broken more effectively 
(the so-called loosening effect occurs) and at the later stages, when the root body is 
finally lifted from the soil, it is not under the action of stretching forces. In this case, 
the accumulation of roots and soil in the vibrational lifter’s working channel will not 
take place. Moreover, the design of the vibrational lifting tool that operates on the 
described principle will consume less energy and metal, etc. 

It is also worth noting that in the case of the vibrational digging of sugar beet 
roots at the up-to-date velocities of translational motion of digging tools, it is quite 
probable that a phenomenon takes place where the digging shares hit the root body 
in the process of the vibrational lifting tool running in on the root. This issue has 
not been given analytical consideration. Accordingly, an urgent need has arisen 
to develop a theory of impact interaction between the vibrational lifting tool and 
the root body, with the purpose of substantiating the rational design parameters of 
the digging tool and the kinematic modes of performance of the work process of 
vibrational lifting of sugar beet roots under the condition of their not chipping-off 
at impact. 


2.6. Agrotechnical Requirements for Harvesting of Sugar Beet Roots 


With any combination of the techniques and technologies of harvesting sugar 
beets, the harvesters under operation must provide high quality gathering of the 
roots in compliance with the agrotechnical requirements. The characteristic values of 
that quality are specified by DSTU 2258-93 (GOST 7496-93) “Sugar beet harvesting 
machinery. General specifications”, as well as the ISO guidelines. In particular, in 
the mentioned regulatory document and other technical guidelines, the following 
requirements are indicated. 

The operating rate of travel of sugar beet combines must be at least 6.0 km-h7! 
and the transport rate must be about 20 km-h^!. The performance rate per hour of 
productive time should be at least 0.54 ha hectares for two-row combines, at least 0.81 
ha for three-row ones and at least 1.62 ha for six-row harvesters. The work process 
performance reliability factor must be at least 0.98; the shift time utilisation factor 
must be at least 0.75. 

The sugar beet combines must ensure collection of 98.576 of the roots (i.e., the 
losses cannot exceed 1.5%). In the pile of gathered roots, the extraneous material 
contents cannot exceed 8.0%, including plant residues at a rate of no more than 
0.20%. The damaged roots may not amount to more than 10%, including the heavily 
damaged ones at a rate of no more than 5%. 

The specific fuel consumption rate must be limited in the case of two-row 
machines by 24.0 kg-ha^! and in the cases of three- and six-row ones by 30.0 kg-ha™!. 
The mean time between failures is at least 50 h of productive time; the availability 
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factor in the productive time is at least 0.95. The specific total labour intensity of 
the emergency maintenance in operation may not exceed 0.08 man-hour-hour !. 
The mean shift running time for maintenance should be limited by 0.40 h and the 
specific total labour intensity of the running maintenance should be limited by 0.09 
man-hour-hour!. The specific structural mass for the performance of a process 
operation must be no more than 4400 kg-m~! in the case of two-row combines, no 
more than 5100 kg-m for three-row ones and no more than 6500 kg:m^! for six-row 
machines. The specific material intensity may not exceed 9700 kg-ha ^ h^! in the case 
of two-row harvesters, 11,000 kg.-ha-l-h^! for three-row ones and 14,400 kg.-ha--h^! 
for six-row ones. The labour input for changing from the transport position into 
the operating one and vice versa should not be more than 0.10 man-hours. The 
required road clearance is at least 300 mm. The sugar beet harvesters must comply 
with the requirements of DSTU 2189-93: "Mounted and towed agricultural machines. 
General safety requirements". A combine harvester should be operated by one tractor 
operator, whose labour input should be no more than 2.44 man-hours-ha™! in the 
case of two-row combines, no more than 1.64 for three-row ones and no more than 
0.82 man-hours-ha~! for six-row ones. The annual utilisation rate is at least 160 h. 
The operating life of a combine harvester is equal to eight years. 


2.7. Conclusions 


In summary, the following conclusions can be drawn on the basis of the analytical 
review of the main studies concerned with the theoretical research into the process of 
lifting roots from the soil: 


1. The existing studies of the process of vibrational lifting of sugar beet roots from 
the soil are predominantly of experimental nature, which does not allow for a 
comprehensive and thorough investigation of said work process. 


a. Itis necessary to undertake fundamental theoretical research into the 
process of vibrational root lifting based on the application of up-to-date 
mechanical and theoretical methods of analysis, which would enable 
a more consistent and comprehensive investigation and analysis of 
said process. 


2. The comprehensive and multivariate analysis of the vibrational root lifting 
process will provide the basis for finding the rational design parameters and 
kinematic modes of performance of vibrational digging tools, which will allow 
reducing of the root loss and damage rates and lower the energy consumption. 

3. Hence, a need arises to individually generate the respective mathematical 
models of lifting roots from the soil with the use of the vibrational lifting tool 
for all stages of extraction: from the initial gripping of the root by the digging 
shares to the final lifting from the soil. In this process, it is necessary to first set 
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up the schematic models of the force interaction between the root body and the 
digging faces of the implement. Further, the differential equations of motion 
of the root body have to be generated with the use of the general principles of 
the dynamics. It is imperative to include in the equations the condition of not 
damaging the root body. 

On the basis of solving the obtained systems of differential equations of motion 
of the root body, the rational kinematic and design parameters of vibrational 
lifting tools have to be determined. 

The results of the theoretical research are to be used for the development 
of new designs of vibrational lifting tools for root harvesters as well as 
the specific recommendations on their efficient use in accordance with the 
environment-and-climate and working conditions. 
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3. Theory of Share-Type Lifting Tool 


3.1. Analysis of Force Interaction between Share Lifter and Soil around Root 


The principal correlations between the geometrical parameters of share-type 
lifting tools are presented in Section 2. 

The next step is to explore the force interaction between the share lifter and the 
soil with the use of the main provisions of [8]. For this purpose, the schematic model 
of forces is set up with an element of soil layer KL containing in its centre the root 
approximated by a conically shaped solid (Figure 3.1). Under the action of the soil 
backup forces represented by a uniformly distributed load with an intensity of q, the 
soil layer element KL is contained in the share lifter's working channel between its 
working faces and is continuously compressed during the translational motion of the 
lifter. The soil backup force applied directly to the root is designated as Q. A state 
of stress sets in in the soil layer KL as a result of the action of the normal forces N 
and forces of friction F at points K and L of its contacts with the working faces of the 
wedges. As a consequence of this, the part of the root contained within the layer KL 
(the lower part of the root continues to be constrained in the unstrained layer of the 
soil) falls under the action of force Q, resulting from the soil backup forces q q. From 
the opposite side, this part of the root is under the direct action of forces Pa P, yir P. 
(i = 1, 2) applied by the wedges’ working faces, on which the corresponding forces 
PPP. zi, (1 = 1, 2) arise. 

Each of the above-mentioned forces applied by the shares' working faces is 
shown in Figure 3.1 with a respective index. Thus, the forces applied by the working 
face A,B,C; to the soil layer are denoted by index 1—P,1, Pj P44—while the forces 


applied by this face to the root itself —P',, P PA. The forces acting on the soil layer 


yl! 
from the working face A?B2C» are labelled with index 2—P.5, Py2, P22; the forces 
applied by this face to the root itself and, respectivelyP,», P, P... The effect the 
mentioned forces have on the root is defined by their generation on the wedges' 
working faces and the mode of their transfer in the strained layer of the soil. The force 
of the bonds between the root and the soil is designated as R, and it acts conventionally 
along the centreline of the root itself and is, in the general case, vectored vertically 
down, but when specifically considering the process of extraction of the root from 
the soil, it can be decomposed along the respective coordinate axes (in Figure 3.1, it is 
represented by the projections Ry and R;). 

The above-mentioned forces have to be determined. In the general case, as 
is shown in Figure 3.2, (1, 2, 3), forces Pri, Pos P; (i = 1, 2) in vector notation are 
as follows: 
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For plane A1 By Ci: 


Pa = Na + Fy, Py = Ny + Fy, Pa = Na +Fa. (3.1) 
Similarly, for plane A?B5C»: 
Py = Nv + Fy, Py = Ny + Fyz P2 = Nz + EF. (3.2) 


where N44, N yir Nzi, (i = 1, 2)—normal forces of reaction of the wedges’ working 
faces projected on the respective coordinate axes; F i Foe (i = 1, 2)—forces of 
friction of the soil layer on the wedges' working faces, also projected on the respective 
coordinate axes. 

The first step is to analyse the action of each of the forces entered into (3.1) 
and (3.2) and constituting the forces imparted directly on the root. To begin with, 
the vertical forces PA and Bs generated by the share faces try to dislodge the root 
(especially that part of it, Which is fixed in the soil) out of the soil; the horizontal 
transverse forces P, and Py also promote squeezing of the root as a tapered body 


out of the soil. The horizontal forces Pa and Po (in Figure 3.1 they are denoted as 
the total force Push which act in the direction of the share lifter's motion, also try, 
together with force Q, to force the root out of the soil, while the direction, in which 
force Q acts, is opposite to that of the lifter’s motion. However, depending on the 
properties of the soil and some other factors, the backup force Q can be insignificant, 
and subsequently P. > Q, and the root will move forward under the action of the 
horizontal force Rr = P? ~ Q, possibly resulting in the break-off of the root in the 
area of its fixation in the unstrained soil layer. Therefore, a high quality of operation 
of a share lifter is secured in case the lifter generates significant amounts of forces P, 
and Pj and, vice versa, insignificant amounts of force Py. 

The magnitudes and lines of action of forces Nj and Fj, which define forces 
P. Ps Pz, (i = 1, 2), depend on many factors: the properties and condition of the soil, 
the magnitudes of the bonding forces between the root and the soil R, the geometrical 
parameters of the lifter’s wedges and the angles of their setting with respect to the 
line of travel, the velocity of translation, etc. 
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Figure 3.1. Interaction between the share lifting tool and the soil. 


Further, consideration should be given to the effect that the angles a, B and y 
have on the magnitudes of forces Ps, Pa P; (i = 1, 2), which produce the pressure of 
the working face of the wedge on the soil layer and the root. This can be examined by 
taking one of the faces of the share lifter as an example, assuming that the second face 
is in a similar situation. As can be seen in Figure 3.2 (1), the point of contact L is under 
the action of the normal reaction Nz, which can be represented by its projections on 
the respective coordinate axes—N;?, Ny2,Nz2. After the mentioned projections of the 
normal reaction are found, it becomes possible to also find the force of friction Po, 
which in its turn can also be represented by its projections on the same coordinate 
axes—Fy, Fy, Fi (Figure 3.2 (2)). 
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Figure 3.2. Diagram of forces acting on one of the wedges of share lifter: 1—normal 


component of N> and its projections on the coordinate axes; 2—force of friction Fo 
and its projections on the coordinate axes; 3—total forces imparted by the wedge 
face: Po, Po P3. 


3.2. Determination of Projections of Normal Reactions of Shares on Cartesian Coordinate 
Axes 


It is necessary to find the magnitudes of forces Ns Nyi, Nz; vectored along 
the respective coordinate axes and depending on the direction of vector of force 
N; (i = 1, 2) itself. In this process, the analytical expressions will be set up 
simultaneously for both the shares of the lifter. For face A1B1C;, they are as follows: 


Nga = Ni cos (x, N 
Ny = Nicos(y,Ni), (3.3) 
Na = Ni cos (z, N 


Respectively, for face A2B2Co: 


No = Np cos (x, 
Ny = Np cos (y, 2), (3.4) 


No = Na cos (z, 2), 


where cos (x, Ni), cos (v, N 3" cos (z Nj}—direction cosines of the N; (i = 1, 2) 
force vector. 

Further, the relation between the mentioned direction cosines and the angles 
a, B and y that define the design parameters of the share lifter is to be determined. 
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For this purpose, the intervals on the coordinate axes cut off by the working faces 
of the wedges will be denoted by a;,b; and cj, (i = 1, 2)—i.e., in the case of face 
A,B,C they will be intervals a, b1, c4, in the case of faces A2B2C2 — a2, b5, c». Then, 
the coordinates of the three vertices of each wedge face (A1B41C4 and A2B2C2) in the 
assumed coordinate system Oxyz are, respectively, equal to: 


Xa = h; Yar = —735; za = 0 
Xp = 0; wap zg 0j 

xi = 0; yac--[(5X)-h] za = 0; (3.5) 
Xa2 = a2; Yar = a 26 Sag 


=A: — 4A. —— 
xg) = 0; ym = 52; Zp = C2; 


Employing the analytical geometry principles [26] and based on (3.5), 
the equations of faces A,B,C; and A2B2C2 can be set up in terms of the 
following determinants: 

XA1—yA + Aa 
A4B1C1 : —ab1 = 0; 
—41C1 


AA (3.6) 
XA2 — 42 — MA2 — —5—ZA2 


A2B2C3 : —d5 — bo Exo): 
—a2C2 


It can be concluded from Figure 3.1 that the magnitudes of the respective 
intervals aj, bj,c;, (i = 1, 2) on the respective coordinate axes are equal to: 


bi f -b2 " bi ! -b2 : (A142 = C1C2) 
— jid) = ay = aah = = — 
tany tanp tanp 2 


a= . (3.7) 


Expanding the obtained determinants (2.6), the following equations of the faces 
of the share lifter's wedges are: 


A1B1Ci : (xai - 41) [bei - 0-0] 4 (ya | Am to ( a1) - (21) c1] 
+Za1[(—a1) -0 —bi(-a1)] = 0, 
A2BoC2 : (XA2 -a )|(—b2) =C -0 -0] (3.8) 
+(-ya2 - $)I0- (722) - (72) : c3] 
+za2[(—a2) 0 - (-62)(742)] = 0. 
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After substituting (3.7) into (3.8) and performing the appropriate transformations, 
the equations of the working faces of the share lifter are obtained. They appear 
as follows: 


C1C 
A1BC1 : xaitany + yai + Zaitanp + Ea = 0; (3.9) 
A2B2C3 : Xagtany — Yao + Za2tanB — a = 0. (3.10) 


It is known that the direction cosines for the vectors that are normal to the faces 
represented by (3.9) and (3.10) have the following values: 


dn Vian? y+1-+tan2B" 
N 1 
cos( Nj) = — 
Y Ni Many tang (3.11) 
TM Vtan2y-+1-+tan?p 


Then, by substituting (3.11) into (3.3) and (3.4), the following values for the 
projections of the normal components of forces N; (i = 1, 2) generated by the wedge 
faces on the respective coordinate axes are obtained. 


For face A,B,C: 
Nıtany 
Na = =; 
p" Atan?y--1--tan?B 
N: 
Ng = ———; 
pn Vtan2y+1+tan?p (3.12) 
N. 


tan : 
Na = GERI 
tan^y--1--tan*p 


For face A? B5C»: 
Na = Notany 


Mtan2y 41 -tan? p^ 
-N 
Ny = Z ; 
ya y tan?y+1+tan?ß (3.13) 


NotanB 
Nn = 2 2 
ytan yt+1+tan-B 


Since the values for the projections of the normal components of the forces 
generated by the working faces of the wedges have been found, it becomes possible 
to also determine some other forces imparted by them to the soil layer and directly to 
the root. 


3.3. Analysis of Force Interaction with Working Faces of Shares during Approach of Lifting 
Tool to Root and Its Direct Contact with Root 


Further, detailed analysis is to be made on the principal factors and forces arising 
in the process of operation of the share lifter have effect on the formation of the normal 
reactions N4 and Np of the working faces of wedges A,B,C; and A2B2C2, respectively, 
as well as the forces of friction F1 and F, between the soil layer containing the root 


42 


and the faces of the mentioned wedges. In other words, it is necessary to establish 
the physical substance of the mentioned forces. 

Firstly, the working faces of the wedges are under the action of the force of 
gravity G of the soil layer KL with the root in it. It is assumed that the force of gravity 
of the soil layer with the root is distributed equally between wedges A,B,C; and 
A5B5C» of the lifter—i.e., Gi = Go = 5G. Forces G4 and G2 generate the static parts 
of the normal reactions of the working faces of wedges A,B,C; and A2B2C2. These 
parts of the reactions are denoted as Nc; and Nc, respectively. In addition to this, as 
a result of the motion of the soil layer on the mentioned surfaces, said weight forces 
give rise to the parts of the forces of friction Fc, and Fez. 

Secondly, the working faces of wedges A,B,C; and A2B2C3 are under the action 
of the forces of dynamic pressure of the incoming soil I; and I5, respectively [27,28]. 
The action of said forces can be regarded as the continuous process of parts of the 
soil striking the faces of wedges A,B,C; and A2B2C2. As a result of the continuous 
inflow of the soil mass on the faces of the wedges, an impact impulse is generated, 
which is equal to: 

Idt = hdt = (V, -V;)dm (3.14) 


where V,—absolute velocity of the soil particles with masses of dm; V,—initial 
velocity of the soil particles prior to their collision with the wedge. 
Since the initial velocity V, — 0, the following is derived from (3.14): 


h =h = 4V, (3.15) 


The mass of the soil that falls on the wedges in a unit of time can be determined 
as follows: 
am gy a7 (3.16) 
dt g 
where a and b are, respectively, the width and the thickness of the soil layer that is 
undercut by each wedge separately; y; —bulk specific gravity of the soil; g—free 
fall acceleration; V—velocity of translation of the lifter. 
Hence, by substituting (3.16) into (3.15), the following is obtained: 


lic f= ay, (3.17) 


The forces of dynamic pressure act along the vector V, of the absolute velocity 
of motion of the soil layer. 

In order to find the trajectory and velocity of the motion of the layer on the wedge, 
an assumption is introduced that the length of the layer during its undercutting and 
its motion on the wedge do not change; therefore, the velocity V; of the soil layer’s 
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relative motion on the face of the wedge is equal to the velocity V of its translational 
motion—i.e., the velocity of translational motion of the lifter itself. When the layer 
moves in the area of the lifter’s working channel, it is assumed that the trajectory 
of the motion on wedge A1B4C1 of the point of the layer that was situated at point 
O; prior to the undercutting is represented by the right line A10}. The absolute 
trajectory is represented by the right line O10}. At the same time, O; Mj = O41Mi 
and £0;Ai1M, = 40;A\M, = y (Figure 3.1). 

Similarly, when the soil layer moves on face A?B5C5, OM» = O»M» and 
LO,A2M2 = 402A2M2 = y. In this case, the relative and absolute trajectories 
of motion of the point of the soil layer are represented by the right lines A505 and 
0O20; respectively. 

According to the above, the trajectories of relative motion of any of the points 
of the soil layer that are in contact with the faces of wedges A,B,C; and A2B2C3 are 
represented by right lines parallel to the right lines A4 or and A205 respectively, their 
trajectories of absolute motion are represented by right lines parallel to O10} and 
020; respectively. 

Hence, the forces of friction F; and F; of the soil layer on the faces of wedges 
A1B4C1 and A2B2C3 are vectored parallel to lines A1 o and A20; respectively, in the 
direction opposite to the relative motion of the soil layer on the wedges. The same 
can be said about the motion of the root and the direction of the forces of friction 
during the direct contact between the root and the working faces of the wedges, as 
the motion trajectory is defined by the geometric parameters of the lifter's wedges. 

Forces I, and I; of the dynamic pressure of the incoming soil give rise to the 
dynamic parts of the normal reactions on wedges Ny and Np. 

The normal components of the reactions of the working faces of the wedges 
that result from the action of the force of gravity G of the soil layer with the root are 


equal to: 
G 


2(cosd — fsinó - siny) 


where ó—dihedral angle (7B1M40O4) between the lower face A41O4C and the working 
face A,B,C of the wedge; f—coefficient of sliding friction of the soil on the working 


Noi = Ne = 


(3.18) 


faces of the wedges. 
In the case of direct contact between the root and the working faces of the 
wedges, f,—coefficient of sliding friction of the root on the faces of the wedges. 
The part of the friction forces that arises during the movement of the soil layer 
with the root under the action of the weight forces G is equal to: 


Gf 


2(cosó — fsinó - siny) P) 


Fg = Fg = 
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Since the absolute velocity V; of the motion of the layer with the root is related 
to the translational velocity V of the lifter's motion under the following formula: 


Vs = 2Vsing -siny (3.20) 


and in accordance with (3.17), the following values of the incoming soil dynamic 
pressure forces are obtained: 


2ab 
h=h= T9: sin -siny (3.21) 


The normal components of the dynamic reactions of the wedge working faces 
A,B,C; and A2B2C> that arise under the action of forces I4 and Ip are equal to: 


Nn = Np = has 


—fsin-ysind’ 


ô 
2 or, taking into account (3.21): 


(0 übyop, |» sind - siny 


g (cosó — fsiny - sind) P 
The components of the forces of friction of the soil on the wedge faces A,B,C; 
and A2B2C3 arising under the effect of the incoming soil dynamic pressure forces, are 
as follows: 
aby», —— V?sinósiny 
g  (cosó — fsinysind) 


Fy = Fp = f (3.23) 


The necessary condition for the operation of share lifters is the presence of the 
soil backup force Q, which is vectored horizontally (along axis Ox) and opposite to 
the direction of the lifter’s motion. The maximum magnitude of this backup force is 
equal to: 

OST max. (3.24) 


where dgr —permissible soil compression stress; the multiplication factor 2 indicates 
that force Q is generated simultaneously on both wedges. 

However, as the root together with the soil layer advances along the lifter's 
working channel, which gradually narrows, the backup force Q becomes considerably 
reduced as a result of the disintegration of the soil, and in the rear part of the tapering 
channel its action on the root becomes too small. In this case, it is necessary 
to determine the backup force Q using the following approximate expression: 
Q = 2abk,; (where Kk, —coefficient of specific resistance of loosened soil). 

The resistance force R, i.e., the force of bonding between the root and the soil, is 
assumed to be vectored opposite to the direction of action of the force extracting the 
root from the soil. 
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As noted above, the resistance force R can be decomposed into the force of 
resistance to the vertical displacement of the root R, and the force of resistance to the 
horizontal displacement of the root R,. Moreover, the bending strains of the roots 
during their extraction from the soil are generated by the action of force Ry during 
the horizontal displacement of the roots in the lifter's channel. The bending strains 
cause damage to the root first of all in these cases when the bonding force between 
the root and the soil is rather strong. Generally, this happens in the rear part of the 
lifter's working channel during direct contact between the root and the working 
faces of the shares. Therefore, it is necessary to separately examine the interaction 
between the root and the wedge faces in the narrowed channel of the lifter and set 
up differential equations of motion of the root during its immediate extraction from 
the soil. In this case, the forces of interaction between the root and the working faces 
of the wedges are similar to those between the soil layer and the working faces of 
the wedges; therefore, these forces are assumed to be equal and, finally, the process 
of root extraction from the soil is assumed to be performed under the action of the 
forces shown in Figure 2.3. 


3.4. Differential Equation of Motion of Root during Its Immediate Extraction from Soil by 
Share Lifter 


The next step is to set up the differential equation of the motion of the root. In 
the vector notation, it appears as follows: 


ma = Ng - Noa - Np - Np t QR, Rz F4 +F +G (3.25) 


where m—mass of the root; a—acceleration of the root during its extraction from the 
soil; Ry, R-—horizontal and vertical components, respectively, of the resistance force 
R exerted by the bonds between the root and the soil; F P F5—total forces of friction 
that arise during the motion of the root on the working faces of the wedges A,B,C; 
and A2B5C», respectively; Gy—weight of the root. 

It is evident that: 


Fy = fi(Na* Nn)F» = fa(Ne2 - Np), (3.26) 


where f;—coefficient of the friction of the side surface of the root on the wedge faces. 

The differential Equation (3.25) has to be set down in the Cartesian coordinate 
system Oxyz. It ought to be noted that the projections of the normal reactions of the 
wedge working faces A,B,C; and A2B2C2 on axis Oy have equal magnitudes and 
opposite directions. Hence, the extraction of the root from the soil, in effect, takes 
place in plane xOz and consequently the differential equation of the motion of the 
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root (3.25) in the vector notation is reduced to the system of two differential equations 
of the following form: 


mf = Nei + Noo +Nnx + Nex -Q -Rx + Fix + Fox, | (3.27) 


m£ = Neiz + Noz + Nnz + Npz — Rz - Fiz 7 Foz — Gg. 


It is necessary to determine the projections of the forces included in the system 
of differential equations under consideration. In accordance with (3.12) and (3.13), 
the projections of the normal reactions of the wedge faces A,B,C; and A2B2C2 on 


N. j 
the x and z axes can be found. These are equal to Ncix = Ng» = Ve DEL 
respectively, or, taking into account (3.18): 

Gtany 
Ng = Nox = ——— n (3.28) 
2(cosó — fsinó - siny) 4tan?y + 1 + tan? 
= = oe inoi , 
and Ngız = Ng», = Tea or taking into account (3.18): 
Gtanp 
Nez = Nex = : z (3.29) 
2(cosô — fsinó - siny) ytan?y + 1 + tan2B 
Similarly, the following is found from (3.12), (3.13) and (3.22): 
ab sinó - siny - tan 
Nn, = Nix = h yig SEE ee (3.30) 
8 (cosó — fsinó - siny) ytan?y 4- 1 + tan?B 
aby op. sind: siny - tan 
Nn; = Np; = o NEN iur c EN (3.31) 
8 (cosó — fsinó - siny) ytan?y +1 + tan?B 


As the forces of friction are vectored oppositely to the directions of the relative 
motion of the soil layer and the root on the wedge faces A,B,C; and A2B2C3 (parallel 
to the right lines A410} and A203), their projections on the coordinate axes Ox, Oy, Oz 
are equal to: 

Fiz = Fi(cos? y+ sin? y cos ô), 
Fi, = —F, cosysiny(1 - cos ô), 
Fy, = —F, sinysinð, (3.32) 
Foy = Fo (cos? y+ sin? y cos ô), 
Fx, = Fz cosysiny(1 — cos ô), 
Fo, = —F2 sinysinó. 
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In (3.31) and (3.32) symbols are defined as follows: 


Ni = Noi t Nn Nə = No» * Np 
Fy = Fg Fn Fy = Fo +Fp 
Nix = NoitNnx Nox = Nex + Nix 
Fix = Foix +Fnx Fx = Fox + Fix 
Ni; = Noiz^Nnz Nz = Nez + Npz 


Fi; = Fciz + Fnz Fo, = Foz + Fpz. 


Thus, after substituting all the obtained values, the system of Equation (3.27), a 
differential equation, assumes the following appearance: 


mti = Nyy + Noy — Ry + Fix + Fox - Q, \ 


3.93 
mz = Ni; + Nz- Rz -Fiz — Foz — Gy. ( 


Obviously, the process of the root extraction from the soil becomes possible 
under the following condition: 


Niz + Noz — Fiz — Foz — Gg > Rz (3.34) 


and, taking into account (3.29), (3.31) and (3.26), the following is obtained: 


tanp G i 2aby oy, V?sinó-siny 
Vian2y-+1+tan2p cosb— fsinó-siny ' g(cosó— fsinó-siny) 
_ =Gfisiné-siny _ aby op, V?sin?6-sin? y- fi -G (3.35) 
cosó— f sinó-siny &(cosó— f sinó-siny) k 
> R. 


When the condition of (3.35) is met, the extraction of the root from the soil takes 
place. The left-hand member of (3.35) represents the root extraction force acting along 
axis Oz subject to direct contact between the root and the shares. 

After integrating the system of differential Equation (3.33) twice, the values of 
the projections of the velocity on axes Ox and Oz and the displacement of the root 
along the mentioned axes as functions of time t are obtained. 

The first integrals appear as follows: 


£- 4 (Nix + Nox — Ry + Fay + Fox — Q)E+ Ci, (3.36) 
£ = (Naz + Nox -Rz -Fiz — Fox — G)t + Li, 
the second integrals are equal to: 
2 
x = L(Nu +N- Ry + Fix + Fox - Q)5 + Cit + Co, (3.37) 


2 
z = Ł(Niz +Nz Rz- Fiz — For — Ge) 5 + Lit + Lo, 
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where C1, C2, L4, L5—arbitrary constants. 
In order to find the arbitrary constants, it is necessary to set the initial and 
boundary conditions: 


att; = 0: x X5,2 -h,X 0,Z 0, 
att = HQ: x X1,Z 0,X1 Vi, 


where ft,—starting moment of the root extraction; t;—final moment of the root 
extraction process; x,—distance from the root's vertical centreline to the origin of 
coordinates at the moment of time to; x1—distance from the root's vertical centreline 
to the origin of coordinates at the final moment of extraction t4; h—depth of the root's 
location in the soil; V;—velocity of the root at the final moment of extraction. 

Considering the initial conditions, the following values of the arbitrary 
constants are: 


Ci 2061, = 0,C; = %,L2 = -h. (3.38) 


After substituting (3.38) into (3.36) and into (3.37), the following is obtained: 


1 
£ = — (Nix + Nox - Re + Fix + Fox — Q)t, (3.39) 
n 1 
Zz = qi Nie + Naz Ra- Fiz — Fon — Get, (3.40) 
1 {2 
a a Nx + Nox — Rx + Fix + Fox - Q) 5 + Xo, (3.41) 
1 72 
z = = (Naz + Nox ~ Re Faz — Foz — Gy) 5 ~h. (3.42) 


Then, the earlier obtained values of Forces (3.28)-(3.32) are substituted into 
(3.39)-(3.42). After performing the necessary transformations, the result is: 


£—1 tany x G i 2aby p, V2sind-siny 
m Vian y+1-+tan2p cosó—fsinb-simy '  g(cosó— fsinó-siny) (3 43) 
GA (cos?y--sin? y-cosó) 2 f abyy, V2sind-siny (cos? y--sin?y-cosó) 2abk Rt 
] cosó— f sinó-siny ; &(cosó— f sinó-siny) COHMRg, = Ax phy 
Zo tanB x G i 2abyop, V?sinő-siny 
tan2y+1-+tan2B cosd—fsind-siny '  g(cosó—fsinó-siny) (3 44) 
.. Gfisinó'siny . 2fraby op, V?sin? sin? y ator, M ` 
cosó—fsinó-simy ^ g(cosó—fsinó-siny) k ad (as 
= dii tany x e 2aby op, V?sinóssiny 
m Vtan2y+1+tan2p cosd—fsind-siny &(cosó— f sinó-siny) (3 45) 


, SR (cos? y+sin?y-coső) 
i cosó— f sinó-siny 


2 fraby op. V?sinó-siny (cos?y--sir? y:cosd ) 
g(cosó— f sinó-siny ) 


— 2abkyg. — 3E + Xo, 
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zm d tanB x [el f 2aby op, V2sind-siny 
7| s/tan2y-+1-+tan2p cosó—fsinó-simy '  g(cosó—fsinó-siny) 


Gfisind-siny 2fiabyop V?sin?0-sin? y 2 dr) 
- 1 Y 140V ob. sın y ~G,- Re) -h 


cosó—fsinó-simy ^ e(cosó— fsind-siny) 


(3.42) enables the time t4 of the root extraction from the soil to be found. It will be 
equal to: 


es J 2mh 
! Niz + Na; - Fiz- Fz- Rz - Gr 
After this, the earlier obtained values of forces that are part of (3.47) are 


substituted into it. Proceeding with a number of transformations, the following value 
of the time t is obtained: 


(3.47) 


t ee tan? y+1+tan?B 
1 — 


(2aby p V2sind-siny) (tanB—siny-sind-f, ) 
SS 
tan? y+1+tan2B—(R-+Gy)q(cosd— fsinó-siny) 


(3.48) 


1 


V A'tan?y--1--tan?B 


As t; is the time spent for the root extraction from the soil by the share lifter, 
(3.48) can be used the determine the productivity of a root lifting unit. 

In the situation where Condition (3.35) is not met, i.e., when the inequality of 
the opposite sense is true, the root remains bonded with the soil and its motion along 
axis Oz does not take place. Nevertheless, under the action of the forces entered in 
the first equation of system (2.33), the force is 


x 


Py = Nix + Noy + Fix + Fox - Q (3.49) 


which overcomes the resistance force Ry bonding the root with the soil, and the 
bending of the root as a cantilever beam is observed, as the upper part of the root 
deflects along the line of action of the force Py by some critical amount, after which 
the breaking of the root can take place. 

Although, there is some permissible force [P], which does not cause damage 
(breaking) to the root. Then, instead of force P, in (3.49), its permissible value [P] 
can be substituted: 

[Px] = Nix + Noy + Fix + Fox Q (3.50) 


or, taking into account the already obtained values of the forces in the right-hand 
member of this expression, the following is obtained: 


[Px] = Noix + Noax + Nnx + Nix + Foix + Fez + Fux + Frx - Q (3.51) 
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Hence, considering the symmetric positions of the wedges, the result is: 


[Px] = 2Noiy + 2Nnx + 2Fo1x + 2Fnx - Q 


(3.52) can be rewritten as follows: 


2Nnxz+2Fnz = [Px]-2Neix-2Foix -Q 


Then, the values of the forces in (3.53) are substituted into it. 
We will then have: 


2aby oy. V?sinó-siny-tany 
£ (cosó— fsinó-siny) N tan?y4-1--tan? B 
L2 aby oy, V?sinó-siny (cos? y-ksin?y-cosó) 
E 2fi g(cosô- fsind-siny) 
m [ ] _ Gtany 
(cosó— fsinó-siny) A tan2y+1-+tan2B 
fi G(cos*y+sin? y-cos6) 


~ 7 (tosb-fsinbsiny) - + 2abk,. 


(3.52) 


(3.53) 


(3.54) 


From (3.54), the velocity V of the share lifter’s translational motion, which does 


not result in damaging (breaking) the roots, can be found. It is equal to: 


v= J! [Px] +2abk,,q) (cosó— fsinó-siny) Ytan? y+1+ tan? B—gGtany —f, gG(cos?y+sin2y-cosd) y tan?y +1+tanp 


2aby op sind-siny [tany +f; (cos2y+siny-cosd) - tan2y+1+tan26] 


(3.55) 


Thus, the kinematic parameters of the root extraction from the soil by the share 
lifter expressed in terms of its geometric parameters and taking into account the 


quality requirements of the performance of the work process under consideration 


have finally been found. 


In order to enable the practical use of (3.55), it is necessary to establish the 
relation between the dihedral angle ô and the angles f and y, which, in effect, define 
the angular parameters of the wedges, since the third angle a can be determined on 


the basis of the angles f and y. It is evident from Figure 3.1 that: 


C1 
tana = — 
ay 
hence, taking into account (3.7), the result is: 
an 
tana = E 
tanp 
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(8.56) 


(8.57) 


Accordingly, the angle 6 can be found with the use of the angles B and y. The 
following relations can be derived from Figure 3.3: 


O1Bi 
tand = : 
an OM, (3.58) 
and 
O1M, = OjA,siny (3.59) 
Considering the fact that O1B4 = cı and O,A; = 41, it follows that: 
tanó = a (3.60) 
aysiny 
By substituting (3.7) into (3.60), the following is obtained: 
tanó = — (3.61) 
— cosy -tanfi i 
or: 
cosp 
tand = ————— (3.62) 
sinp - cosy 
and from this the final value of the angle 6 is arrived at: 
a E 3.63 
= arc coram (3.63) 


Thus, adjusting the geometric parameters of the share lifter wedges, specifically 
the angles B and y, on the basis of the analytical relationships arrived at in the 
previous considerations, it is possible to find the required kinematic parameters of the 
share-type lifting tool under the condition of not damaging the roots. For example, 
using (3.55), it is possible to find the relation between the permissible velocity of the 
lifter's translational motion V and its varying angles f and y with all its other set 
design parameters entered in (3.55) staying invariable. 

With the use of the PC programme developed for this purpose, the calculation 
of the permissible velocity of the share lifter's motion V under the condition of not 
damaging the sugar beet roots, for various values of the angle y and several fixed 
values of the angle f, has been carried out. The initial data for the calculation are 
shown in Table 3.1. 


Table 3.1. Parameters of share-type lifting tool for calculation. 


Parameter a [P4] Yob- f fi 8 
Value 0.12g 200N 11,000 Nm? 0.60 0.50 9.81 m.s? 
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At the same time, some of the design parameters of the share lifter and the work 
process it performs depend on each other under the following relations: 
Width of the strained soil layer: 


b = atanp = 0.12tanf, (3.64) 
Weight of the soil layer: 
tanp 
= 2 
G = ya tenp 0.09) iy (3.65) 


On the basis of the results of the numerical calculations, graphs have been 
plotted that show the variation of the share lifter’s translational motion velocity V in 
relation to the varying values of the angle y (Figure 3.4). 

As may be inferred from the shown graphs, the relations between the 
above-mentioned parameters follow patterns that are close to linear. At the same 
time, when the share lifter’s angle of attack y is increased, the value of its translational 
motion velocity V, which ensures the extraction of roots from the soil without 
damaging them, decreases. As regards the effect that the share lifter’s angle of flare 
f has on its translational motion velocity V, it is evident from the graphs that the 
use of greater values of the angle also allows for higher levels of the translational 
motion velocity. Considering the fact that the statistical value of the angle of taper yg 
of sugar beet roots is equal to 20 ~ 28° the use of an angle of flare f of the share lifter 
close to 30° will also allow for a higher level of the translational motion velocity. 


Figure 3.3. Force interaction between root and share lifter’s wedges. 
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Figure 3.4. Relation between permissible velocity V of share lifter's translational 
motion and angle y for: 1. = 15°,B2 = 205,p3 = 30°. 


Thus, the results obtained by the calculations stipulate that values of y = 13 ~ 


16°, B = 20 ~ 30° are to be considered the most rational values of the angles y and 
p, which facilitate high velocities V of the share lifter's translational motion in the 
process of sugar beet root extraction from the soil without damaging the roots. 


Thereby, the results of the PC-assisted numerical calculations with the use of the 


obtained analytical relationships prove the accuracy of the latter and provide ground 


for their practical use in the design and analysis of new, further developed lifting 
tools for beet harvesters. 


3.5. Conclusions 


1. 


The principal scientific result obtained in the second section is the development 
of the mathematical model of interaction between the working faces of wedges 
of the share-type lifting tool on the one hand and the soil around the root and 
directly the root itself on the other hand. 

The system of differential equations of the motion of the root during its extraction 
from the soil by a standard share lifter has been set up. Its solution has allowed 
the establishment of the law of motion of the root on the working faces of the 
lifting shares up until its complete extraction as well the time spent for the 
extraction of the root from the soil to be determined. 

The criterion of safety against the break-off of the tail parts of the roots during 
their digging by a standard share lifter has been established in terms of the 
permissible breaking side force. This criterion stipulates the permissible 
translational motion velocity of the lifter, which ensures keeping the roots 
free of break-off damage. 
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The relationship between the permissible translational motion velocity of the 
lifter that ensures extraction of the roots without their break-off damage and 
the angular parameters of the lifting tool has been determined. The calculations 
have revealed that the most rational values of the angles y and f, which ensure 
the high velocity of the share lifter's translational motion and extraction of the 
sugar beet roots from the soil without their break-off, have to be assumed at 
rates of y = 13-16°, B = 20-30". 
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4. Theory of Oscillations of Root as 
Elastic Solid Fixed in Soil 


4.1. Theory of Longitudinal Oscillations of Root as Elastic Solid Fixed in Soil 


4.1.1. Main Methodological Principles 


The theory of vibrational digging of sugar beet roots was established and 
published in the fundamental paper [6], in which the root was modelled as a 
solid with elastic properties and represented by a variable cross-section bar with 
one end fixed. In said paper, the analysed transverse oscillations of the root were 
described with the use of a fourth-order partial differential equation. After solving the 
mentioned equation, the results were used for determining the fundamental modes 
of the root's free oscillations. At the same time, the additionally set up equations of 
kinetostatics were used for finding the conditions of its extraction from the soil under 
the action of the perturbing force applied to it in the transverse horizontal plane. 

The case where oscillatory motions of the vibration digging-up tool are applied 
to the beet root in the longitudinal vertical area will now be analytically analysed. 
It will be assumed that the root that is located in the soil is a complex solid elastic 
system with an infinite number of degrees of freedom, also modelled as the rod with 
a variable cross-section with the attached low end. 

In order to fully define the deformations induced in such systems during 
oscillations, it is necessary to determine the displacements of all points of the 
system—i.e., it is necessary to find an infinite number of values (coordinates) 
defining these displacements at any instant of time. While the theoretical basis 
for a majority of the studies on the oscillations of holonomic systems with a finite 
number of degrees of freedom is provided by Lagrange equations of the second 
kind in generalised coordinates, the research into the oscillations of holonomic 
systems with an infinite number of degrees of freedom requires applying the 
Ostrogradsky-Hamilton principle of stationary action [20]. 

If the following two positions of a moving mechanical system are analysed: 
position (A) at the instant of time tı and position (B) at the instant of time to(to > t1), 
then the actual displacement of the system in the time f? — tı is determined by the 
following equations: 


ge = q(t). (k = 1,2,...,n) (4.1) 


where q,—generalised coordinate of the system. 
(4.1) represents the solution of the system of Euler-Lagrange differential 
equations, which will be given consideration later. 
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Together with the actual displacement of the system from position (A) to position 
(B), conceptional displacements from position (A) to position (B) in the same time 
t2 — ty, which are infinitely close to said actual one will be analysed for the comparison 
with it. These displacements are determined by the following altered equations: 


a(t) = q(t) + dqe(t), (k = 1,2,...,n) (4.2) 


where 6g,—isochronal variations of the coordinates q1, q5, .. - , qn, i.e., the infinitely 
small quantities, by which the coordinates q; in the actual displacement differ from 
the coordinates q, in the displacements used for comparison at the same instant of 
time f. 

The displacements 3, (t) are known as by-pass displacements. Since all the 
displacements, both the actual and conceptional ones, begin at position (A) and 
end simultaneously at position (B), it is obvious that at the mentioned positions the 
following is true: 

ôqk(t1) = ôqk(t2) = 0 (4.3) 


Further, the following functional has to be investigated on the resulting set of 
displacements allowed by the restraints: 


t2 
s= fi Ldt (4.4) 
ti 


where L = T -II—Lagrange function; T—kinetic energy of the system expressed 
in terms of the generalised coordinates; II—potential energy of the system also 
expressed in terms of the generalised coordinates. 

(4.4) is known as the "Ostrogradsky-Hamilton action". Subsequently, the 
Ostrogradsky-Hamilton principle of stationary action for a conservative system lies 
in the following: the action of (4.4) during the actual displacement has a stationary 
value as compared to its value during the by-pass displacements, which move the 
system from the set initial position to the same final position in the same time period 
to — ty. 

The necessary condition of the stationary state of (4.4) is its first variation turning 
into zero—i.e., 


55 = 0 (4.5) 


In order to apply the Ostrogradsky-Hamilton principle in a theory of oscillations, 
(4.5) is fulfilled for the actual displacement. The Euler-Lagrange differential equations 
mentioned earlier are the necessary and sufficient conditions for the fulfilment of (4.5) 
and, consequently, for the stationary state of (4.4) during the actual displacement of 
the system. 
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If the integration function L of (4.4) depends only on first-order derivatives, the 
Euler-Lagrange equations are usual Lagrange equations of the second kind—i.e., 


z) 9E i (k = 1,2,...,n) «9 


dad] k 
In case the integration function L depends not only on first-order derivatives 
but also on the second-order and higher derivatives, the necessary extremum 
conditions for such functionals are represented by fourth-order and higher partial 
differential equations. 
In the theory of longitudinal, torsional and transverse oscillations of straight rods, 
the Hamilton-Ostrogradsky functionals are applied, which in the most generalised 
form look as follows: 


ty pl oy oy oy ry ay 
S == Í [tea OL’ ax’ ae aret (4.7) 


Then, equations equal to the equation of Euler-Lagrange equations for (4.7) will 
look as follows: 


oL o([atX 2 (ƏL), # (aL), Z (at), # (aL) _ , (4.8) 
oy ot\op} oóxloq] at2\ar}  otoxVos]  axolou] — 


dy dy Py Py æy 
og" — Bian’ ^ ae e 


where: 


pw 


4.1.2. Differential Equation of Longitudinal Oscillations of Root Body 


It is assumed that the root that is located in the soil to be the rod with 
variable cross-section along its length with one end attached (Figure 4.1). The 
Hamilton-Ostrogradsky principle will now be applied for research of longitudinal 
oscillations of the root that occur under the action of the vertical disturbing force that 
changes according to the harmonic law of the following type: 


Qu, = Hsinot (4.10) 


where H is the amplitude of forced oscillations; w is the frequency of forced oscillations. 

As we can see from the scheme in Figure 4.1, the root having a cone-like body 
(the top angle of which equals 2y and the top part of which is located above the level 
of the surface of the soil) is modelled as the rod with variable cross-section with the 
attached low end (point O). In the centre of gravity, designated as point C, force G 
is applied—the weight force of the root. h is its total length. Through the axis of 
symmetry of the root the vertical axis x is drawn, the beginning of which matches 
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point O. Connection of the root with the soil is determined by the general reaction of 
the soil Ry, which is located along axis x. 

The disturbing force Q.;, stated above is simultaneously applied to the root 
from two digging-up plough shares from its two sides, and this is why it is presented 
in the scheme by two components: Q.;,; and Q.49. The given forces are applied 
on distance x; from the origin of coordinates (point O) and they are the source of 
oscillations of the root in longitudinal vertical area that destroy connection of the 
root with the soil and form conditions for digging up of the latter from the soil. The 
Hamilton-Ostrogradsky functional S for the analysed vibrational process will created 
in the following. For this purpose, the necessary symbols will be applied: 


Figure 4.1. Scheme of the forces having an action on the root at the time of gripping 
by the vibration digging tool. 


F(x) is the area of cross-section of the root at a point located at the distance x 
from the low end m2; E is the Young's modulus for material of the root N-m7?; y(x,t) 
is the longitudinal dislocation of a cross-section of the root at the time point t, m; 
Q(x, t) is the intensity of longitudinal external load directed along the axis of the root 
N-m7}; u(x) is the mass per length of the root kg-m !. 

Then, kinetic energy of the oscillatory motion of the root will be: 


hy a 2 
Ta al «eX dx (4.11) 
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Potential energy of the elastic deformation is designated as follows: 


hy E 2 
I = f Ere (2 dx (4.12) 


Potential stretching energy of the longitudinal load Q(x, t) will look as follows: 


1 (^ 
ID = 5 Q(x, t) ydx (4.13) 
0 


Then, the Lagrange function L will be made. 


Since: 
L = T-I} +I (4.14) 


then, considering (4.11), (4.12) and (4.13) into consideration, we obtain: 


L=] f e(t) - eret) e ove (4.15) 


By inserting (4.15) into (4.4), we will have: 


S= JN Fe) e) eoe ny bat (4.16) 


It is necessary to determine the necessary extremum conditions for (4.16) in 
accordance with (4.8) and (4.9). For this purpose, the required partial derivatives 
contained in (4.8) are determined as follows: 


at 
Ha) = af 25) - 2(2er 28) - aer] 
Be 
(4) = & | oh | — og (4.17) 
ot? \ or or 23) f t 


By substituting the found values of the partial derivatives into (4.8), the following 
is obtained: 


Py ə 9 
Q(x,t) - ui) + EAE = (4.18) 


or 


oy a oy 
HO) e 7 3x ler ex 


(4.19) is the equation of the longitudinal oscillations of the root under the action 
of the external longitudinal load Q(x, t). Further, expressions of all values that are 
included in (4.8) will be found. Since the root has the shape of a cone, we find that its 
area of cross-section F(x) at the point that is located at an arbitrary distance x from 


= Q(x,t) (4.19) 


point O will be: 
F(x) = mx*tan*y, (4.20) 


It is obvious that the mass per length of the root can be determined using the 
following expression obtained using (4.18) too: 


u(x) = pF(x)= prx7tan*y, (4.21) 


where p is the density of the root in kg-m ?. 

Since the value Q(x, t) in (4.17), represents the intensity of the distributed load 
measured in N-m™!, the perturbing force in the right-hand member of (4.19) in each 
specific case must be measured as the intensity of load. It is possible to determine 
the intensity of a concentrated load with the use of the first-order impulse function 
o1(x) (m^!) [20] (Dirac delta function) and to thereby include concentrated forces 
and moments of force in the contents of the load distributed over the length. 

According to [20], c1 (x) is a function that is equal to zero at all values of x except 
x = 0, where it goes to infinity and is, at the same time equal to is o1(x)dx = oo(x), 
Oatx « 0, 
lat x= 0. 

If Q.»,(£) is the concentrated disturbing force applied to point x; and measured 


where o,(x)—a unit function defined as follows: oo(x) = { 


in Newtons, then the function 


Qu. (xt) = Quy. (t)o1(x — x1) (4.22) 


has dimensions in Nm! and expresses intensity of the concentrated load in point x}. 
The function o; (x — x1) equals zero for all values of x, except for x = x, where 
it is transformed into infinity. 
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Let the disturbing force acting according to (4.10), be applied to the root at 
distance x; from the starting point (point O in Figure 4.1). Then, according to (4.22) 
we can write 

Qa. (x,t) = Hsinot-o1(x— x1) (4.23) 


Since the root is connected with the soil, which is an elastic environment, 
application of the disturbing force of (4.12) to the root leads to emergence of the force 
of resistance of the soil to movement of the root due to its oscillations. This force 
also has affects the process of own oscillations of the root in the soil, especially at 
the beginning of the oscillations process, until connections of the root with the soil 
are destroyed. 

It is obvious that the force of resistance of the soil (for the entire body of the root) 
is the distributed load along the area of contact of the root with the soil, which is why 
we must determine its intensity as the force of resistance of the soil to movement of a 
length unit of the root. 

Let c be the coefficient of the elastic deformation of the soil applied to the area of 
the contact measured in N-m 7. It will now be assumed that the soil surrounding the 
root, under the action of the disturbing force H-sinwt, performs forced oscillations 
according to the same harmonic law with the amplitude that is determined by elastic 
properties of the soil. Then, the intensity P(x, t) in N-m^! of resistance of the soil to 
movement of the root in point x will be: 


P(x,t) = 2ncxtany,- y(x,t) (4.24) 


This allows to obtain the following relation for the longitudinal external load 
which, transformed using (4.23) and (4.24) becomes: 


Q(x,t) = Qu.(x,t) - P(x, t) = Hsinot-o1(x x1) - 2ncxtanyy: y(x,t), (4.24’) 
The total force of the bonding between the root and the soil Ry under the action 


of the perturbing force Q» (f) is equal to (prior and after integration): 


hı 
Ry = f 2ncxtany,:-dx => Ry = cid tany,. (4.25) 
0 


where h;—depth of the root's location (fixation) in the soil (m). 
Then, considering (4.20), (4.21), (4.23) and (4.24), we obtain: 
ay dy 


9 
prx tan? y, —- = S Ente 


Om ox x = Hsinwtoy (x — x1) - 2ncxtany, - y(x, t) 


(4.26) 
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After transforming (4.26), i.e., differentiating the expression in square brackets 
with respect to x, the following equation of the oscillatory process is finally obtained: 


ry 
E 
= Hsinoto4(x — x1) — 2ncxtany, - y(x, t). 


o? d 
prnx?tan? yk > — Enx tan? y > = 2Enxtan y, y 


(4.27) 


Thus, the differential equation of the longitudinal oscillations of the root under 
the action of the perturbing force that varies following a harmonic law has been 
obtained. Since (4.27) is a linear partial differential equation with variable coefficients, 
it can be solved, the same as other equations of similar types, with the use of 
some special methods of the calculus of variations based on the application of the 
Ostrogradsky-Hamilton principle. They include the direct methods of the calculus 
of variations, the application of which is effective in the approximate analysis of the 
natural frequencies and mode shapes of the oscillations of a variable cross-section 
bar with the nonuniform distribution of stiffness and mass along the bar's centreline. 

The root can be conventionally considered as a body that belongs to the 
mentioned type of bars. In the computing practices, the most extensively 
applied direct methods of the calculus of variations are the Ritz, Rayleigh and 
Galerkin methods. 


4.1.3. Finding Mode Shapes and Natural Frequencies of Longitudinal Oscillations of 
Root Body 


The Ritz method will be applied for finding the mode shapes and natural 
frequencies of the longitudinal oscillations of the root body [20]. 

Given (4.20), (4.21), (4.23) and (4.24), the Hamilton-Ostrogradsky function (4.8) 
will look as follows: 


— 1 ft (^ deandy, 9). — Enzan (99) 
S=35 h Í prx tan yi z) -Enx tan yi 3: (4.28) 
+Hsinwto (x — x1 )y(x, t) — -2ncxtany, y^ (x, t)\dxdt. 


In order to find natural forms and frequencies of longitudinal oscillations of the 
root in the soil, the Ritz method can be applied [29]. According to the given method, 
we will need to find harmonic longitudinal oscillations of the root as follows: 


y(x,t) = (x)sin(pt + a) (4.29) 


where @(x) is the natural form of primary oscillations—i.e., the function 
that determines continuous population of amplitude longitudinal deviations of 
cross-section of the root from their equilibrium positions, m and p is the natural 


frequency of primary oscillations, s!. 
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Since natural forms and natural frequencies are related to free oscillations of the 
system, in (4.28) we must highlight the part that specifically describes free oscillations 
of the system. Obviously, the function will look as follows: 


2 2 
S; = 3 ig JP [ptm (4) - Enea y (24) - 2ncxtanyy y? (x, t) |dxdt (4.30) 
Inserting (4.29) into (4.30) so values of the partial derivatives from (4.29) are: 


2. — eG)pcos(pt +a) ans 
9 — e (x)sin(pt +a) | 


Inserting (4.29) and (4.31) into (4.30), we will obtain: 


to ch 
S1 = 1 f£ f{[pnxttan?y, p(x) pheos (pt + a) 
- Enx?tan?y, - [q' (x) sin? (pt + a) (4.32) 
— 2ncxtany,q? (x)sin? (pt + a) dxdt. 


The aim of the Ritz method is reduction in the variational problem and the 
problem of searching for extremum of function of any independent variables. Such 
a reduction is performed by means of selecting a special class of the functions that 
depend on a finite number of initially indefinite parameters a1, a5,..., a; from all 
possible admissible functions, on which the value of the functional is analysed. The 
substitution of such functions into the expression of the functional changes the latter 
into a function of the mentioned parameters, the extremum of which can be found 
with the use of known elementary methods. 

According to the Ritz method, the value of (4.32) is analysed on population of 
linear combinations of functions—i.e., expressions that look as follows: 


n 


p(x) = } aj; (x) (4.33) 


r= 1 


where a; represents the parameters, variations of which enable us to obtain the 
required class of allowed functions; y;(x) represents the basic functions that are 
specifically chosen and are known functions that correspond to geometrical boundary 
conditions of the problem. 

On the class of (4.33), we have: 


So() = S»(a,ao, ..., 0n) (4.34) 
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The first variation of (4.32) is determined by the following expression: 


n 9$» 
i=1 Ja; 


6S,(y) = 5a; (4.35) 


Proceeding from the necessary condition for the existence of an extremum of 
the functional—that is, 6S2(w) = 0—the following system of n equations with n 
unknown quantities a; is obtained: 


27 = 0,(i = 1,2,...,n) (4.36) 


By solving the system of Equation (4.36) and substituting the found quantities 
Q1,Q2,...,Qy into (4.33), the formula for the fundamental modes of oscillations as a 
linear combination of the basic functions is obtained. 

Inserting (4.33) into (4.32) produces: 


2 
h n 
b us $n [petes E so p 
nc 


132 
tty xX vigil) (4.37) 
i-1 
n 2 
"nct X wie) des 
i-1 


Since " 
» so) = }, viela (4.38) 
i=1 ik=1 
n 2 n 
» aj e) = Y, Wiad (eaiag (4.39) 
i=] ik=1 


then, considering (4.38) and (4.39), (4.40) will look as follows: 


J n n 
So = $ [s —Enxtany, i i pi (x) pe (x avian, — aS. M i vi(x)v (x)ajay |dx. (4.40) 
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The following symbols will now be entered: 


p prx*tan? yi (x)p_(x)dx = 
h a A 
dj mA )v, x)dx = Un, (4.41) 
f, * 2ncxtanyyvi(x)vy(x)dx = Cit, 
(ik = 4,2 4.9) 


x 


By inserting (4.41) into (4.40), we will acquire a functional as a function from the 
parameters 21,42, . .., An: 


n n n 
Tt TC TC 
$2(03,02,...,04) = y” pa Tik&iðk — 2p pa Ujkarjay — 2p y Cikaiag (4.42) 


The extremum analysis of (4.42) will now performed. For this purpose, we 
will differentiate (4.42) with respect to parameters of aj, (i = 1,2,...,n) and equate 
the obtained particular derivatives to zero. As a result of this, we will acquire a set 
of linear homogeneous equations with respect to the unknowns 44,45,...,05, from 
which, in turn, we can find the Ritz frequency equation for longitudinal oscillations 
of the root attached in the soil: 

9S5 (01,02,...,0n) 


EA 


= 5r QTua -2Tpao-4...4 2T4,04) 
-5;QUuai + 2U13202 + ... + 2U1505) 
-z Cua +2Cyod2 +... + 2C1nä&n); 


9S» (4 ,012,..-,An) 


E 
= pp QTana +2T oa. +... + 2TonQn) 
-3p (2U2101 + 2U»2a2 +... + 2Uman) (4.43) 
-3p (2C2101 +2Cza2 +... + 2ConQn); 


IS2(01,02,-.-An) 
an 


= mp QTaam +2T 2d. +... + 2T na) 
-3p (Uma + 2Uy2d2 +... + 2Unnän) 
-5;QCnai + 2Cyas-...- 2Cun@n); 
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The obtained partial derivatives (4.43) have been equated to zero and certain 
transformations will be carried out. This results in obtaining the following system of 
linear homogeneous equations in the unknowns a1, a5, ..., æn (as in (4.36)): 


pPTu -Un 7 Cn Jay + (pTi - Un - Ci2Ja2 +... + (Ti, 7 Uin — CinJan = 0, 
PTa -Un - Ca Jay + (p Tz — Un — Cop Ja +... + (p? To, — Uo — Conan = 0, (4.44) 


(PTm Un Cm)ar (PT Un2 C,2)a2 Tee (PTa Unn Cun) On = 0. 


According to [30], for the existence of a nonzero solution of a linear homogeneous 
system of equations it is necessary (and sufficient) for the determinant of the system 
to be equal to zero—i.e., 


pTu -Uyn — Cup? Ti? 7 Un — Cyn... ? Tin 7 Us — Cin 
pTa -Uz -Cap Ta — Uz — Cr... p? Tos — Un — Con 


pTa E Uni = Cup? Tg = Un2 = Cu» t. eT E Unn = Cnn 


= 0 (4.45) 


Ritz equation of frequencies (4.45) for the longitudinal oscillations of the root 
fixed in the soil. Since (4.45) is an equation of the n-th degree in p?, whose solution 
defines the sequence of natural frequencies p? < p? <... < p2. 

It is known that with n > 4 the given equation cannot be solved in radicals, 
which is why it is necessary to apply numerical methods using a PC. 

However, in reality, as a rule, only the lower frequencies are determined, most 
often the first and the second ones, which have the most significant actions on the 
technological process that is being analysed. 

Therefore, the first and the second frequencies of natural oscillations of the root 
will now be determined. 

For the purpose of determination of the first and the second frequencies, (4.45) 
will look as follows: 


pTu-Un-Cu = 0 (4.46) 
where: TAA, 
2 ipd 
= —— 4.47 


Next, the values T11, U11 and C in (4.42) are to be calculated. The result of the 
calculations is: 


hy 
Tu = f prx tan? y, - p? (x)dx (4.48) 
0 


hy 
Un =| Enc ai? - [y 9) ax (4.49) 
0 
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hg 
Cu aa 2nextany, - y? (x)dx. (4.50) 
0 


For this purpose, it is necessary at this stage to select the basic functions contained 
in (4.33). 

As is noted in [20], in many cases the mode shapes of oscillations of the 
homogeneous bar with a uniform cross-section and the same conditions of fixing as 
in the problem under consideration are assumed as the basic functions. 

Such basic functions facilitate finding the shapes that meet not only the geometric 
boundary conditions required by the Ritz method, but also the dynamic boundary 
conditions of the problem. 

Therefore, the mode shapes of longitudinal oscillations of a homogeneous bar 
with a uniform cross-section fixed at one end will be assumed as the basic functions in 
the problem under consideration. According to [20], such shapes appear as follows: 


(2i - 1)nx 


w(x) = sin (i = 1,2,8,...) (4.51) 
2h. 
Then, 
ua Qi-1m  Qi-1m , — 
vx) = am S CENE (i = Ty 253520) (4.52) 


The geometric boundary conditions for a bar with one fixed end appear, according 
to [20], as follows: 


atx = 0 (at the fixed end): (0) = 0; (4.53) 

atx = h, (at the free end) : y'(hy) = 0. (4.54) 

The fulfilment of (4.53) and (4.54) has to be checked for (4.51) 
and (4.52), respectively: v;(0) = sinO = 0,(i-— L2,8,... 
Wi (hg) = —— cos z CP cos(ni - 1) = A (cosnicos$ + sinnisin) = 


0,(i = 1,2,3,...). 

Thereby, the requirements of the Ritz method with respect to the basic functions 
are satisfied. 

Hence, the mode shape of the root’s longitudinal oscillations for any n will 
appear, taking into account (4.33), as follows: 


(x) = >; asin E m (4.55) 
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In particular, to find the first frequency of oscillations (n = 1) the following 
shape of longitudinal oscillations of the root is available: 


(x) = en (x) or d(x) = asins (4.56) 
that is to say 
pı(x) = sins (4.57) 
Then, T TX 
yix) = 2i. hy (4.58) 


Taking into account (4.48) and (4.57), T11 is computed: 


hy TX 
Ty = prtan? yz f xsin? — dx (4.59) 

0 2h, 
The integration of (4.59) is carried out with the use of the method of integrating 

by parts. 
After applying said method twice, the following is obtained: 
hi (e + 6) 
2270 au E 3 

| x^sin TA ZEE I (4.60) 


Taking into account (4.60), (4.59) assumes the following form: 


(re + 6) 


612 


Ty = pntant y, m (4.61) 


Further, U41 is to be computed. For this purpose, (4.58) is substituted into (4.49), 
which results in: 


3 £542. 
ie ss "ik (1 — sin? $* dx, or 
4h? 0 2hy (4.62) 
2 ph d 
Uu = Entan? yy gp p x? cos? Hr dx. 
(4.62) is transformed as follows: 
Entan? hy En? tan? hy 
Uy = as f x?dx — a f xsin? dx (4.63) 
4h? 0 4h? 0 2h; 
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(4.60) is substituted into (4.63); then, after a number of transformations, the 
(2-6) 
24 


Taking into account (4.50) and (4.57), C11 is computed: 


following is obtained: 


Uy = Entan?y, hy (4.64) 


Th TX 
Cy = 2entany, | xsin? — dx (4.65) 
0 2h, 


Using the method of integrating by parts, the following is arrived at: 


ch?tany 
Cy = —— (r +4) (4.66) 
2n 


From (4.45), taking into account (4.62), (4.64) and (4.66), after the necessary 


transformations, the square of the first frequency is found: 


0.505Etany, + 2.207chy. 
i= —_ oa (4.67) 
0.842phrtanyy 


from which the final expression defining the first frequency of the root's principal 
oscillations is obtained: 


A0.505Etany, + 2.207chy. 
0.917h, y ptany, 


In order to calculate the first frequency of oscillation p; according to (4.68), the 


pı = (4.68) 


necessary values of the quantities contained in it have to be specified. According to [7], 
the following is applicable for sugar beet roots: hy = 250mm, y, = 14°, E = 18.4- 
106 N-m2,p = 750 kg-m^?. According to [6], the soil’s elastic deformation coefficient 
cis assumed asc = 2-10? N-m ?. 

After substituting the above-listed values into (4.69), the value of the first 
frequency is obtained: pı = 496.4 s71, or pı = 79 Hz. 

The obtained calculated value of the first frequency is in high agreement with 
the experimental data presented in [7,31], where py = 75...120 Hz. 

The first frequency of the free oscillations of the root body of such a value 
provides a rather active input in the process of breaking the bonds between the root 
and the soil and facilitates the extraction of the root from the soil. 

In order to determine the second frequency, (4.45) is used in the following form: 


pTu 7 Un 7 Cip? Tao - Un - Cx 


x 4.69 
p?To1 - Uni -Cap Tz; - Uz - Cz; ee?) 
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After expanding (4.67), the following second-degree equation in the unknown 
p? is arrived at: 


(TuiT22 = Tor 


+(-TuUz2 - Tu C2 — Un T22 — Cri T22 + 2T12U15 + 2T13C12)p? (4.70) 
FU Uo» + UnC + C1 Ugg + Cr C2 — UZ, — 2Uy2C12 - C2, = 0. 


The multipliers in (4.70) (second-degree) have to be found: T, is determined 
according to Expression (4.61), U;;—according to (4.64), C1;—according to (4.66). 
It can be concluded from (4.41) that: 


hy 
Tp = pniai'y, f xyi (x)yo (x)dx (4.71) 
0 
Since y (x) is determined from (4.57) and 
W(x) = sinz— (4.72) 


by inserting (4.57) and (4.72) into (4.71), we will have: 


Ti? = pntam y, [ ese (4.73) 
The quantity U12 can be found. In accordance with (4.41), the following is 
obtained: s 
Ur = Enay f Lyi (x) Wh (x)dx (4.74) 
where 
p(x) = 2 oh p(x) = ee (4.75) 


Respectively, we will have: 


2 hy. 3 
Uy = Eton J, Peas zy cos y dx (4.76) 


Further, T2? is to be computed. According to (4.41) we will have: 


To = pntan?y, qe x^y2 (x)dx 


Va(x) from (472) (477 


h 
= 2 KD ae D eA 
To) = pmtan vf x sin Si dx 
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Further, U2 is to be computed. According to (4.41) we will have: 


hy 2. (475 2 hk 
U» = Entam y, eio] di puis es up i iy (4.78) 
0 4h? Jo 2h 
k 
Taking into account (4.41): 
C4? = 2cmlany [ssn sin ay (4.79) 
12 = 2cTüamyy 3 hy hy . 
hi 3nx 
C» = 2extany, | xsin? dx (4.80) 
0 2h 


Thus, the analytic expressions for determining all the quantities included in 
the multiplying factors of p*, p? and the free term of (4.68) (second-degree) have 
been obtained. 

Using (4.61), (4.64), (4.70), (4.73), and (4.76)-(4.70) in the Mathcad environment, 
the values of the first and second frequencies of the free oscillations of the root body 
as a function of the value of the soil's elastic deformation coefficient c are computed. 
In accordance with [6], c = 140? ~ 20-10? N-m^? is assumed. The results of the 
calculations are shown in Table 4.1. 


Table 4.1. Values of first and second natural frequencies of longitudinal oscillations 
of root body. 


Elastic First Circular First ao Second 
Deformation Frequency of Frequency of Hesauencsak Frequency of 
Coefficient of Oscillation, pı Oscillation p, see boa Oscillation p2 

Soil, c (N-m-3) (s-1) (Hz) (5-1) p2 (Hz) 
0 480.173 76.422 3318 528.076 

2x 10° 491.861 78.282 3321 528.554 

4 x 10° 503.276 80.099 3323 528.872 

6 x 10 514.436 81.875 3326 529.346 

8 x 10° 525.356 83.613 3329 529.827 

10 x 10° 536.053 85.315 3331 530.145 
12 x 10° 546.538 86.984 3334 530.623 
14 x 105 556.825 88.621 3337 531.100 
16 x 10° 566.923 90.229 3339 531.418 
18 x 10° 576.842 91.807 3342 531.896 
20 x 105 586.592 93.359 3344 531.214 
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On the basis of the obtained computation results, the graphs of the first and 
second frequencies as functions of the soil’s elastic deformation coefficient c have 
been plotted (Figures 4.2 and 4.3). 
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Figure 4.2. Relation between first natural frequency of longitudinal oscillations of 
root body and soil's elastic deformation coefficient c. 
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Figure 4.3. Relation between second natural frequency of longitudinal oscillations 
of root body and soil’s elastic deformation coefficient c. 


As can be seen in the presented graph (Figure 3.2), when the value of the soil’s 
elastic deformation coefficient c changes within the range of c = 02-106 N:m^?, 
the value of the first circular frequency monotonically increases within the range of 
pı = 480 ~ 587 s^! and frequency changes within the range of 76.4-93.4 Hz. 
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It can be seen in the graph in Figure 3.3 that the second frequency of the free 
oscillations changes insignificantly, as the soil’s elastic deformation coefficient c 
changes within the range of c = 0.2:10° N-m^?: the circular frequency varies, 
accordingly, within p2 = 3318 ~ 3344 s^! and the Hertz frequency varies within 
528 ~ 532 Hz. 

The above-described method of computation of the first and second frequencies 
of the free oscillations of the root body fixed in the soil allows the values of the 
mentioned frequencies to be obtained within quite a wide spectrum of the parameters 
of the sugar beet root. 

Moreover, on the basis of solving the Ritz equation of frequency (4.45) in the 
MathCad environment, it is possible to obtain the value of any frequency of the free 
longitudinal oscillations of the root as an elastic solid in an elastic medium. 


4.1.4. Forced Longitudinal Oscillations of Root Body 
Next, the analysis of the forced oscillations of the root will be discussed. The 
exclusively forced oscillations will happen according to the following law: 


y(x,t) = (x)sinwt (4.81) 


where (x) is the form of the forced oscillations. 
In order to determine the form of the forced oscillations of the root, (4.81) will 
be entered into (4.28) in advance to calculate needful derivates: 


Fl w(x)coswt (4.82) 
2 NP 
X7 p (x)sinwt (4.83) 


(4.82) and (4.83) will now be inserted into (4.28), and we will obtain: 


S3 = 4 i Áo [prx tany; - a? (x) cos?wt — Erx?tan?y,[q' (x) sin?wt (4.84) 
+Ho4 (x - x1)g(x)sin?ot — —2nextgy, p? (x)sin*ct]dxdt. 


By integrating (4.84) over t within the limits of one period T = 2n we will obtain: 


h 
S4 = 45 fh [prxtan?yr: p(x)? 
-Enx? tan? yy[o' (x)? + Hor (x - x1) (x) (4.85) 


—2nxctan yp p? (x) }dx. 
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According to the Ritz method, analysis of the value of (4.85) will be performed 
with respect to population of linear combinations of the following type: 


p(x) = ap(x) (4.86) 


where a is the parameter, variations of which let us obtain the class of the allowed 
functions; y(x) is the basis function. 
(4.86) will now be inserted into (4.85), and we will obtain: 


h 
S4 = 35 Í {pnxtan?y, . ay? (x)o? 
—Enx? tan? y, - a? [p (x)? + Ho (x — x1 Jap (x) (4.87) 
—2nxctan ypa? y? (x) dx. 


The following symbols will now be inserted: 


hy 
f prx tany: Y (x)dx = T (4.88) 
0 
Ju 
f Enx*tan*y,[w' (x) dx = U (4.89) 
0 
Tuc 
i 2ncxtany, y? (x)dx = M (4.90) 
0 
hg 
Hoi(x -xi)y(x)dx = L (4.91) 


0 
(4.86)-(4.89) will now be inserted into (4.85), and we will have: 


Sa(a) = z (^ra? - (U+ Mya? + La) (4.92) 


So, in the population of functions (4.87), (4.88) is transformed into the function 
of the independent variable a—(4.92). 
The first variation of (4.92) will be equal to: 
954 
— = 4.93 
6S4(a) 2a ôa (4.93) 
The necessary condition of the stationary (4.92) (i.e., existence of the extremum) 
is that its first variation equals zero (4.93): 
954 


D4 em 4.94 
5, Ou = 0 (4.94) 
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from which we receive the following equation: 


0S4 
a, 0 (4.95) 
Differentiating (4.92) over a will give 
OS4 TC il 
Ri E NE = 4. 
3; 5 Qu Ta - 2(U - M)a +L) (4.96) 


Taking (4.95) into consideration, the following equation is obtained: 
2a?Ta -2(U+M)a+L = 0 (4.97) 
from which we find the required value of the parameter a. This will be: 


a= — — (4.98) 
2(U 4- M -o?T) 

The form of the forced longitudinal oscillations of the rod with the constant 
cross-section with one end firmly attached, emerging under the action of the 
longitudinal harmonic force of frequency w, applied at the point x = x, will 
now be assumed as the basis function y(t). 

According to [20], the form of the forced oscillations of the given rod looks 
as follows: 

w(x) = Dysinax with x € x1 (4.99) 


w(x) = D»ocosa(lh; — x) with x > x1, (4.100) 


where: 
—1 cosa(hy — x1) 


= 4.101 
Di aEF  cosahę (sun 
—1 sinax, 
D = — 4.102 
2 aEF cosahy ( ) 
u 
= a 4.103 
a € A TF ( ) 


uis the mass per length of the rod; F is the area of the longitudinal section of the 
rod; E is the Young's module for material of the rod; h is the length of the rod; w is 
the frequency of the forced oscillations of the rod. 

Further, it is necessary to check the fulfilment of the boundary conditions 
for the basic functions (4.99) and (4.100). These are different for the fixed end 
of the bar (x = 0 = vy(0) = D4:sin0 = 0) and for the free end of the bar 
(x = hy 2 ' (he) = 0). 
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The derivative of (4.100) is to be computed. It is equal to: 
y(x) = D»asina(hy — x) (4.104) 


Therefore, y’ (hy) = Doasina(hy — hp) = Dzasin0 = 0. 

Hence, the boundary conditions for the basic functions (4.99) and (4.100) 
are fulfilled; therefore, the assumed basic functions meet the requirements of the 
Ritz method. 

Further, the values of the quantities T, U, M and L that enter into Expression 
(4.96) are to be computed. 

In accordance with (4.99) and (4.100), the following can be written down: 


X1 Ju 

T = pntan?y, x?D?sin?axdx + x?D2cos?a(hy — x)dx (4.105) 

p y i 1 2 
x, 


By integrating the parts twice, the following values are obtained for the integrals 
contained in (4.105): 


x1 X  x?sin2axi 2 in?, 
f x?sin?axdx = d : DEM H SUM (4.106) 
0 6 4a 4a2 843 


Lh, 


INE KO XP 1g 
E x^cos"a(hy —x)dx = Æ- $t a xsinQahy —2ax1) + qz 


4a" 


(4.107) 
— i:cos Qahy -2ax1) - assin Qaly — 2ax1). 


After substituting (4.106) and (4.107) into (4.105) and carrying out a number of 
algebraic transformations, it is found that: 


2 ] 
x x sin2axı t») 
Te pita y Do E Sie 


4a? F 8a 


2 xicos(2ahy-2axi) — sin(2ahy-2axi) 
+D; 4a? 80? . 


, sin2ax, | 
(4.108) 


In order to determine the quantity U, the derivative of (4.99) is computed. This 
is as follows: 
y(x) = Dyacosax (4.109) 


By substituting (4.104) and (4.109) into (4.89), the following is arrived at: 


X1 hy 
U = Ent] f D?a?x?cos?axdx + f pie sis - is (4.110) 
X 


^t 


(4.108) can be rearranged as follows: 


U = Entam y, (4.111) 
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or 
hy 
U = Entam y, — pie f vos iis (4.112) 
x1 


Further, (4.106) and (4.107) are substituted into (4.112). After a number of 
transformations, the final result is: 


D?a?x3 D2? (R-X x? sin 2ax c i 
U= Enty E 14 2 Ui i) ES pi 1 + 1 + x eosam " singen ) 
(4.113) 
-p2 xta sin(2ali.-2ax1 ) hy  xicosQahy-2ax1) _ sin(2ahy-2ax1) 
2 4 + 4 4 8a j 


In order to determine the quantity M, the values of the basic functions (4.99) and 
(4.100) are substituted into (4.90): 


X1 hy 
M = ncDitany, f. xsir'axds + 2ncDdtany, | xcos?a (hy — x)dx (4.114) 


x 


Using the method of integration by parts, the following is found: 


M22 D?t. xt xysin2ax, , 1-cos2axi 
— TIC 1 anyk 4 4a T 80? 

2 l-cos2a(hy-x4) — (Ry—xi)) , hy (Rigo) x1sin2a(h,—x1) 
+2ncD3tany,| =e = + a ae + —— A. | 


(4.115) 


In order to determine the quantity L, the values of the basic functions (4.99) and 
(4.100) are substituted into (4.91) and the following is obtained: 


X h 
L= | Ho1(x — x)D4sinaxdx + ‘ Ho (x — x1)D»cosa(h, — x)dx. (4.116) 
0 x» 

The integrals in (4.116) have to be computed. 

Since (4.116) for determining the coefficient L contains the impulse function 
01(x — x1), which does not belong to classical functions, it is to be noted that the 
computation of integrals containing such a function has to be carried out with the 
use of the method of integrating generalised functions. 
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The computation starts with finding the following integral and considering the 
definition and properties of the function o (x — x1) 


HD, f "ol (a x1)sinaxdx 
= HD, lim I oi x — x1)sinaxdx 
+HD, lim ee ol x- UNE 


4.117 
=0 ie. lim [At ol x—x)dx. ( 
When lim (7^ Eol x- Hn =] = 
HD, i "o mis = HDmsinax 
Then, we can write: 
hy 
HD» L o1(x —x4)cosa(hy — x)dx = HD, [P 01 (x — x1 )cosa(h, — x)dx 
= HD;lim ve a(x —x4)cosa(hy — x)dx = 0 => (4.118) 


HD» ci a(x — x)cosa(hy — x)dx = 0. 


After substituting the values of (4.117) and (4.118) into (4.116), the value of L is 
found. This is equal to: 
L = HDsinaxi (4.119) 


By substituting (4.108), (4.113), (4.115) and (4.119) into (4.98), the necessary value 
of parameter a that allows for the stationary value of (4.85) is obtained. 

Taking into consideration (4.86), (4.99) and (4.100), we can obtain the expression 
for the form of the forced oscillations of the root attached in the soil. They look as 
follows: 

(x) = a-Dysinax, with x € x1, 


(x) = a-Docosa(h, — x), with x > x1 (4.120) 


where a is determined according to (4.98). 

Having inserted (4.120) into (4.81), we can obtain the final law of the forced 
oscillations of the root attached in the soil. If we take into consideration the action of 
the disturbing force Hsinwt, the given law will be as follows: 


y(x,t) = Dyasinaxsinot, with x € x1 


4.121 
y(x,t) = Doacosa(hy — x)sinwt, with x > x1 ( ) 


For performing the numerical calculations of the forced oscillations of a root 
fixed in the soil, it is necessary to determine a number of the parameters present in 
(4.120) and (4.121). For example, the parameters D1, D» and a are determined with 
the use of (4.101), (4.102) and (4.103), respectively. 
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As the above-mentioned expressions contain the earlier defined quantities E, F, 
u and hy, which are parameters of the uniform cross-section bar, the shapes of forced 
oscillations, which have been assumed as the basic functions, and said quantities 
have to be found. It is assumed that the mass of the bar with a uniform cross-section 
is equal to the mass of the root, which implies that the bar and the root have the same 
inertia properties. 

It is also assumed that the specific gravity of the bar’s material is equal to the 
root's density p. Hence, the bar and the root must have the same volume. One more 
assumption is that the bar and the root are of equal length hg, which is essential in 
the case of longitudinal oscillations. 

Hence, the root's volume is equal to: 


1 
Vy = uU. (4.122) 
where ry—radius of the root (m) (that is, the radius of the cone base, as the root is in 
effect considered to be a cone-shaped solid). 

The volume of the bar (cylinder of revolution) is equal to: 


Vem. = Tan he (4.123) 


where rer, —radius of the bar (m). 
Equating (4.122) and (4.123), i.e., Vk = Vem. is also possible to obtain the bar's 
radius rcp, = Ve 
Hence, the bar's cross-section area F is equal to: 
I. 5 


F = gm; (4.124) 


while the bar’s linear density u is equal to: 
1 2 
u = pF = zP (4.125) 


It is also assumed that the materials of the bar and the root have the same Young 
modulus, which is equal to E. 

The results of the theoretical investigation of the forced oscillations of a root fixed 
in the soil can be used for setting up the algorithm of computation of said oscillations. 

1. The parameters needed for computation have to be set. 

The length (height) of the root hg, its angle of taper yz, the Young modulus E for 
the root body, the specific gravity p of the root, force Pon, of resistance to the vertical 
extraction of a not undercut root from the soil are assumed, in accordance with [7], 
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to be equal to: hy = 250-10? m; yy = 14°; E = 184-106 N-m?; p = 750 kg-m^?; 
Pon. = 439 ~ 481 N. 

The other parameters that govern the process of vibrational digging of roots can 
be obtained with the use of the standard methods of computation as for root's radius 
Ty = hytanyy = 250tanl4^ = 250-0.2493 = 62 mm. The amplitude H of the 
perturbing force is to be selected subject to the following condition: H > Pon.. Hence, 
taking into account the value of the resistance force Pon., H = 500 N is assumed. 

The frequency w of the perturbing force is assumed, in accordance with [6], 
equaltow = 125.6 sl. 

2. The parameter a is computed with the use of Expression (4.103), or, after a 
number of its transformations, the expression of the following form: 


peu (4.126) 


The parameters Dı and D2 are computed with the use of Expressions (4.101) 
and (4.102), respectively, or, after a number of their transformations, the expressions 
of the following forms: 

—3 cosa(hy — x4) 


aEnr? cosahy. 


D, = (4.127) 


and ; 
—-8 sinax, 


D = 
: ü Enr? cosahy. 


(4.128) 


(the latter two expressions are obtained from (4.101) and (4.102) by substituting the 
values found in (4.124) into them). 

4. After this, parameter a is computed with the use of (4.98). 

5. The expression for the shapes of the forced oscillations is generated in 
accordance with (4.120): 


p(x) = aDisinax, atx € x1 (4.129) 
p(x) = aD»cosa(h, — x), at x > x1 f 

6. In accordance with (4.81), the law of the root’s forced oscillations is established: 
y(x, t) = ọ(x)sin wt (4.130) 


where p(x) is determined in accordance with (4.129). 
7. Further, the maximum value of the amplitude of the forced oscillations 
is found: 
max(D a, Da) (4.131) 
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8. It is necessary to carry out the comparative assessment of the obtained 
maximum value of the amplitude of the forced oscillations against the amplitude 
that is permissible with regard to the breaking of the root: 


max(D a, D2a) < [Q] (4.132) 


where [#|—amplitude that is permissible for the root with regard to its tensile fracture 
(m). 

9. In case the inequality of opposite sense is true, it is necessary to reduce the 
amplitude of the perturbing force and repeat the computation. 

In what follows, an example of the PC-assisted computation of the amplitude of 
the longitudinal oscillations of the root body fixed in the soil is presented. 

The calculation is performed using the Mathcad program in order to determine 
the relations between the amplitude of the forced longitudinal oscillations of the 
body of the root attached in the soil from the coefficient c of the elastic deformation 
of the soil surrounding the root, and the distance of the cross-section of the root 
from the conditional point of its attachment for the frequency of the disturbing force 
v = 10Hzandv = 20 Hz. 

On the basis of the calculations, we obtained the following graphs (Figures 4.4 
and 4.5). 

As it is seen from the graphs stated above, in the case of an increase in the 
coefficient c of the elastic deformation of the surrounding soil, the amplitude of the 
forced oscillations of the root is reduced, and in the case of an increase in the distance 
x of the cross-section of the root from the point of conditional attachment with x < x1 
it is increased, and with x > x4 it almost does not change. 

Figure 4.5 shows the given relation for a number of specific cross-sections of the 
root, in particular: for x = 0.07 m; 0.1 m; 0.12 m; 0.15 m (point of gripping). 

On the given graph we can quite clearly see the tendency of increase in the 
amplitude of the forced longitudinal oscillations in the case of an increase in the 
distance of the cross-section from the conditional point of attachment and the tendency 
of its reduction due to increase in the coefficient c of the elastic deformation of the 
surrounding soil. 

For example, with x = 0.07 m and change in the coefficient c within the limits 
c = 0-20-10° N-m7°, the amplitude is changed within the limits of 0.7-0.47 mm; with 
x = 0.1 m—within the limits of 0.67-0.99 mm; with x = 0.12 m—within the limits of 
0.81-1.19 mm; with x = 0.15 m (point of gripping)—within the limits of 1.01-1.49 mm. 

However, as the graph in Figure 4.6 shows, for cross-section of the root above 
the point of gripping (x 2 0.15 m) the amplitude of forced oscillations of the body of 
the root with increasing distance of the cross-section from the conditional point of 
attachment almost does not change and remains the same as in the case of x = 0.15 m. 
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However, the tendency of decrease in the amplitude from increase in the coefficient c 
is the same as for the sections below the point of gripping (x < 0.15). 


n L—J 
en) LET 


(a) (b) 


Figure 4.4. Relation between the amplitude of the forced longitudinal 
oscillations of the root as an elastic body attached in the soil and 
the coefficient c of the elastic deformation of the surrounding soil, and 
between the distance x of the cross-section of the root and the conditional 
point of attachment: (a) x < xy; (b) x = x, (x;—point of gripping, 
v = 20Hz). 


84 


0.0012 


6-104 
4-104 
D 5-105 1-108 1.5108 2-108 
— í1 (cl, x 20.15 m) 
wees f2(cl,x 2 0.15 m) 
--- f1(cl, x 20.12 m) 
—— f 1 (cl, x 20.10 m) 
— Í 1 (cl, x 20.07 m) 


Figure 4.5. Relation between the amplitude of the forced longitudinal oscillations of 
the root as an elastic body and the distance x of the cross-section of the conditional 
point of attachment x < xj, v = 20 Hz. 
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Figure 4.6. Relation between the amplitude of the forced longitudinal oscillations of 


the root as an elastic body and the distance x of the cross-section from the conditional 
point of attachment (x > x ,),v = 20 Hz. 


In the case of the frequency of the disturbing force v = 10 Hz, values of the 
amplitude are slightly lower. For example, with x = 0.07 m the value of the amplitude 
remains within the limits of 0.45-0.66 mm; with x = 0.1—within the limits of 0.65-0.94 
mm, with x = 0.12 m—within the limits of 1.13-0.78 mm; with x = 0.15 m (point of 
gripping)—within the limits of 0.97-1.41 mm. 


Additionally, we have obtained the estimated relation between the amplitude of 
the forced longitudinal oscillations of the body of the root and the amplitude of the 
disturbing force for the frequency of the disturbing force v = 20 Hz (Figures 4.7 
and 4.8). 
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Figure 4.7. Relation between the amplitude of the forced longitudinal oscillations of 
the body of the root and the amplitude of the disturbing force (x < x, v = 20 Hz). 
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Figure 4.8. Relation between the amplitude of the forced longitudinal oscillations of 
the body of the root and the amplitude of the disturbing force (x 2 x, v = 20 Hz). 


As it is seen from the presented graphs, an increase in the amplitude of the 
disturbing force leads to increase in the amplitude of longitudinal forced oscillations 
of the body of the root according to the linear law. 


It should also be noted that below the point of gripping (x < 0.15 m), with an 
increase in the distance of the cross-section of the root from the conditional point of 
attachment O, the amplitude also increases (Figure 4.7). For example, with x = 0.07 m 
the amplitude remains within the limits of 0.13~0.8 mm; with x = 0.1 m—within 
the limits of 0.19~1.14 mm; with x = 1.12 m—within the limits of 0.23~1.36 mm; 
with x = 0.15 m (point of gripping)—within the limits of 0.28~1.7 mm. However, 
above the point of gripping (x > 0.15 m), in the case of an increase in distance of the 
cross-section from the conditional point of attachment O, the amplitude almost does 
not change, as is shown on the graph in Figure 4.8. 

In the case of the frequency of the disturbing force v = 10 Hz, the obtained 
values of amplitudes were a little bit lower; however, for v — 10 Hz they were 
the same. For example, with x = 0.07 m the amplitude remains within the limits of 
0.12~0.76 mm; with x = 0.1 m—within the limits of 0.18~1.08 mm; with x = 0.12 m 
—within the limits of 0.21~1.3 mm; with x = 0.15 m (point of gripping)—within the 
limits of 0.27~1.62 mm. 

Respectively, the obtained values of the frequencies of natural longitudinal 
oscillations and amplitudes of the forced longitudinal oscillations of the body of the 
root foster the process of intense knocking of the soil that adhered to the roots, and in 
the case of such amplitudes, tearing of the bodies of the roots is unlikely. 


4.2. Theory of Transverse Oscillations of Root as Elastic Solid Fixed in Soil 


4.2.1. Free Transverse Oscillations of Root as Elastic Solid Fixed in Soil 


At the initial stage of the development of vibrational digging tools for beet 
harvesters, the forces were imparted on the root in the transverse horizontal plane, at 
a right angle to the line of translational motion of the lifter. 

Nevertheless, despite the quite thorough analytical investigations of the process 
of vibrational digging of sugar beet roots by applying to them perturbing forces in 
the transverse horizontal plane as well as the full-scale engineering projects along 
this line of development, the industrial production of several pilot units and the 
performance of elaborate experimental studies and official tests, such vibrational 
digging tools have not gained ground. 

The main reason for this was the conclusion that such vibrational lifting tools 
are unable to deliver a sufficiently high rate of travel (and, accordingly, a sufficiently 
high labour efficiency) subject to retaining the required harvesting quality indicators, 
which resulted from the fact that applying the perturbing forces to the beet roots 
in the plane that was perpendicular to the line of the lifter’s translational motion 
would lead to the constant plugging of its working channel with root bodies and soil, 
break-off of the roots’ tail parts and the complete loss of the self-cleaning ability. The 
power consumption rate of this process was also too high. 
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As was later established in experiments, the negative phenomenon could be 
completely avoided by switching the line of action of the perturbing forces from 
the transverse horizontal plane and the alignment perpendicular to the line of the 
lifter’s translational motion into the longitudinal vertical plane. This changeover 
brought about a very good performance in the harvesting of sugar beet roots at high 
rates of travel. Virtually all universally known manufacturers of beet harvesting 
machinery launched the production of beet harvesters with vibrational lifting tools, 
which operated based on the principle of imparting perturbing forces to the roots in 
the longitudinal vertical plane. 

In what follows, the case of transverse free and forced oscillations of the root 
body, where the directions of the perturbing forces and the translational motion of 
the vibrational lifting tool coincide, is analysed. Said case has not been investigated 
and is of considerable interest, both from the theoretic and practical points of view, 
as the alteration of the line of action of the perturbing force gives rise to substantial 
changes in the course of the process of vibrational lifting of roots. For example, 
with the mentioned line of action of the perturbing force the bonds between the 
root and the soil are broken more effectively (what is known as the loosening effect 
takes place); furthermore, the build-up of roots and soil in the working channel 
of the vibrational lifter is significantly reduced. In addition to this, the design of 
the vibrational lifter that operates on the described principle is less energy- and 
metal-intensive, etc. However, it will be proved theoretically that even with said line 
of action of the perturbing force certain deficiencies are observed, contrary to the 
longitudinal oscillations. 

In the development of the theory of the transverse oscillations of the root body, 
assumptions similar to those stated in [20] are made. For example, in the first instance, 
it is assumed that the centreline of the root in the unstrained state is strictly rectilinear 
and coincides with the line of the centroids of the root’s cross-sections; at the same 
time, the deflection of individual points on the root's centreline is vectored at a right 
angle to its rectilinear unstrained line. Further, it is assumed that the deflections 
of points on the root's centreline during transverse oscillations are contained in the 
same plane and are small deflections in the sense that the associated restoring forces 
remain within the range of proportionality. 

First of all, it is necessary to set up the equivalent schematic model with a root 
that has its bottom point fixed (Figure 4.9). 
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Figure 4.9. Equivalent schematic model of transverse oscillations of root body at 
the moment when vibrational digging tool grips it. 


The root is a cone-shaped solid (its apex angle is equal to 2y;, the upper part of it 
is positioned above the level of the soil surface) modelled as a variable cross-section 
bar with its lower end fixed (point O). At the same time, the cone is assumed to be 
cut off at point O. The force of the root’s weight G is applied at the centre of mass 
designated as point C. The total length of the root is /;. The vertical coordinate 
axis Oz, the origin of which coincides with the conventional point of fixation O, is 
drawn through the root's symmetry axis. The bonding between the root and the 
soil is defined by the soil's total reaction R. The above-mentioned perturbing force 
is applied to the root simultaneously from the two digging shares on its two sides; 
therefore, in the schematic model it is represented by the two components Q-) and 
Qzp.». Said forces are applied at a distance of zı from the origin of coordinates (point 
O) and they give rise to the root's transverse oscillations, which break the bonds 
between the root and the soil and create the conditions for its extraction from the soil. 

In the development of the theory of the transverse oscillations of the body of a 
root fixed in the soil, the Ostrogradsky-Hamilton variation principle will be applied. 
In this context, it is assumed that the transverse oscillations of the root are generated 
by the action of a horizontal perturbing force, which varies according to the harmonic 
law of the following form: 

Qa. = Hsinot (4.133) 


where H—amplitude of the perturbing force (m); w—frequency of the perturbing 
force (s71). 
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Further, it is necessary to set up the Ostrogradsky—Hamilton function that 
describes the transverse oscillations of the root. 

Under the above-listed assumptions, the deflections of the points on the root’s 
centreline during transverse oscillations are uniquely defined by the following 
function of two variables: 

y = y(zt) (4.134) 


where z—distance from the point on axis Oz, through which the root's cross-section 
passes, to the conventional point of the root fixation in the soil O (m); t—current time 
(s). 


The following designations are necessary for further considerations: 


u(z)—linear density (mass of a length unit) of the root (kg-m7!); 

E4—Young modulus of the material of the root (N-m~?); 

J(z)—moment of inertia of a cross-section of the root about the neutral axis of the 
cross-section, which is at right angle to the oscillation plane (m?); 

Q(z,t)—intensity of the transverse external load vectored at a right angle to the axis 
of the root (axis Oz) along axis Ox (N-m7!). 


According to [20], the Ostrogradsky-Hamilton functional for a variable 
cross-section bar performing transverse oscillations under the action of an external 
transverse load is as follows: 


s=5/ Í Í ee] eue] as 


Taking into account the fact that the root is modelled by a conically shaped 
solid, the quantities that enter into (4.135) will be expressed in terms of the main 
parameters of the conic surface. 

Obviously, the linear density of the root can be determined with the use of the 
following expression: 


dzdt (4.135) 


ulz) = prz*tan*y, (4.136) 


where p—specific gravity of the root's material (kg-m ?). 
The moment of inertia J(z) is determined as follows: 


Atgn y 
JG) = Oe — i (4.137) 


Since the quantity Q(z, t) contained in (4.137) is an intensity of distributed load 


measured in N-m, the perturbing force Q.,, that is a concentrated load measured 
in newtons (N) also has to have the unit of measurement N-m. For this purpose, 
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the impulse function of the first-order o1(z) [20], determined as shown below, 


is introduced: 
coatz = 0, 


O atz #0, 


o1(z) = { 


Oatz « 0, 
1 atz > 0. 

Thus, while Q.» (t) is a concentrated perturbing force applied at point z; and 
measured in newtons, the function: 


where do(z)—unit function: oo(z) = { 


Qa.(z,t) = Qup.(t)o1(z- z1) (4.138) 


has the unit of measurement N-m and expresses the intensity of concentrated load at 
point zı. The function o4(z — z1) is equal to zero for all values of z except z = zi, 
where it goes to infinity. 

Hence, taking into consideration (4.133), the following can be written down: 


Qz (zt) = Hsinwtoy(z - z1) (4.139) 


As the root at the beginning of the oscillatory process is strongly bonded to 
the soil, which is an elastic medium, the force of the soil’s resistance to the root’s 
transverse oscillations arises, when the perturbing force (4.133) acts on the root. It is 
obvious that the soil’s resistance force (for the whole root body) is a load distributed 
over the area of contact between the root and the soil. Moreover, it is an external 
force with respect to the root body and it acts as a perturbing force applied by the 
soil to the root. 

Further, the designation c will denote the coefficient of the soil’s elastic 
deformation (ratio between the first Winckler coefficient and the area of contact) 
(N/m). It is assumed that during transverse oscillations the root rests on the soil with 
half of its side surface throughout the whole depth of the root in the unbroken soil. 
The soil that contacts with that half of the side surface generates a distributed load 
vectored opposite to the perturbing force. Thus, during the transverse oscillations of 
the root and the digging tool itself, a distributed load arises on one side of the root 
after the other. Said load is applied to the root by the soil and is vectored opposite to 
the perturbing force. 
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Hence, considering the aforesaid information, it is possible to state that to a 
certain approximation the intensity of the distributed load of the soil’s resistance 
P(z, t) is equal to: 

P(z,t) = mextanyy -y(z, t) (4.140) 

Since the perturbing forces applied by the vibrational digging tool and the 


resisting soil are vectored oppositely to each other, the resulting perturbing force 
acting on the root is equal to: 


Q(z,t) = Qa. (zt) - P(z, t), 
or, taking into account (4.139) and (4.140), the following expression is obtained: 
Q(zt) = Hsinwto,(z— z1) — ncztany, : y(z,t) (4.141) 


Hence, taking into account (4.136), (4.137) and (4.141), (4.135) will be as follows: 


2 2 
_ 1h pe 247,2, OY nz^tan*y, (Py 
S= 3h, h (prz m »(s) faa Aa (4.142) 


Hsinotoi(z — 21) y(z, t) — neztanyyy? (z, t)\dedt. 


It is necessary to first analyse the free transverse oscillations of the root fixed in 
the soil as an elastic solid in an elastic medium. 

For this purpose, it is necessary to separate, in (4.142), the part that represents 
the free oscillations of the system. 

Apparently, this functional has the following appearance: 

to phy 2, — Atanty, [ y VÀ 

S = 4 rg f" Jes) ——— — ncztanyy - y^ (z, t) |dzdt (4.143) 

The basis for finding the mode shapes and natural frequencies of the free 
oscillations of the root in the soil is provided by the general principle of the linear 
theory of oscillations—i.e., the principle of superposition of small oscillations. 


Following the mentioned principle, the harmonic transverse oscillations of the 
following form have to be found: 


y(zt) = @(z)sin(pt + a) (4.144) 


where @(z)—fundamental mode of oscillations—i.e., the function that defines the 
continuous set of transverse amplitude (peak) deflections of the root’s centreline from 
its equilibrium position (m); p —natural frequency of the transverse oscillations (s71). 
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Further, having initially computed all necessary derivatives of (4.144), (4.144) is 
substituted into (4.143): 


oy ay "TN 
3r ^ P(2)peos(pt + a), 5 = p” (z)sin(pt + a). (4.145) 


By substituting (4.144) and (4.145) into (4.143), the following is obtained: 


Sı = i T f " pnz?tan?yr: p? (z)p?cos? (pt + a) EU oh 
bv (4.146) 
[p” (z)] sin? (pt + a) — nceztany, - p? (z)sin? (pt + o) dzdt. 


After integrating (4.146) with respect to t over one period T = T the result is: 


Sı = f f przttan®y, pep- E pr (e)? - neztanye g(z)bdz (4.147) 


For finding the modes and frequencies of the free transverse oscillations of the 
root in the soil, the Ritz method can be applied. 

Following the Ritz method, the values of (4.147) are analysed over the set of the 
linear combinations of functions of the following form: 


n 


$() = y! apil) (4.148) 


[EE 


where a;—parameters, the variation of which allows the obtention of the required 
class of admissible functions; v/;(z)—basic functions, which are the specially selected 
and known functions that meet the geometric conditions of the problem. 

Hence, by substituting (4.148) into (4.147), the following is arrived at: 


h 2 E, nz*tanty 
Sı = a "pnz?tantys| X7. , oipi(2)] p= 


4.149 
[et at CO] - meatamya [EP esit] be iid 
Since 
n 2 n 
È ssh) = Y vilz)ve aia, (4.150) 
i=1 ik=1 
n 2 n 
» ou; e| = Y, wt Gu, aac (4.151) 
ied ik=1 
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(4.150) and (4.151) are substituted into (4.149) and the following expression of 
the functional represented by a quadratic form is obtained: 


E,nz*tan*y, 
4 


H 
$1 = p fr^ [onte pt Y — 1 Pilz) Wp (Zz) aja, — 


, (4.152) 
Lina W; V, G)aiak — neztanyk Lig = 1 bi(z) px (z)a;as dz. 
Further, the following designations are introduced: 
hg 21.2 hy Dnm EynzHtan* yy ” 
[^ prian? ye- tile) Ye )da = Ta, [a (e des dz quas) 
= Ui, J," neztany, (zv (z)dz = Ca (i ik = 13, jn). 


By substituting (4.153) into (4.152), the functional represented by a function of 
the parameters a1, a5, ..., æn is obtained: 


$1(01,02,...,05) = 5P Xy = 1 Titio — 3 Lig =  Uittit — 35 Lig 1 Citt (4.154) 


It is necessary to determine the set of the parameters a1, &2,..., An, at which 
Functional (4.154) assumes a stationary value. For this purpose, (4.154) has to be 
differentiated with respect to the parameters a;(i = 1,2,...,n) and the obtained 
partial derivatives have to be equal to zero. 

This will result in obtaining the following system of linear homogeneous 
equations in the unknown quantities a1, a5, .. . , æn: 


pTu - Ug — Cri Jes + (p?Tyz - Un 7 Ci2Jaz +... (Ti, 7 Uin 7 Cin)an = 0, 
pTa — Uz - Cz Jay + PT», — Uz - Cz» Ja» +... + P Tos — Ub», — Con )an = 0, (4 155) 

(PTm - Um- Cm) G (PT2 Uo Ci2)a2 ee (r?Tws Unn Cun Jan = 102 
where the coefficients U;k, Tj C; (i,k = 1,2,...,n) are determined in accordance with 


(4.153). 
In order for a nonzero solution of a system of linear homogeneous equations to 
exist, it is necessary for the determinant of the system to be equal to zero—i.e., 


pTu 7 Ug — Cup? Tio — Ui — C12... p? Tin 7 Us — Cin 
p?T x — Un — Cap’ Ta — Un — C29... p? To, — Un — Con 


= 0 (4.156) 
pT ni - Unm- Cmp?Tn2 —Un- ep Tan — Unn — Cun 


(4.156), in which the coefficients Uj, Ti Ca, (i,k = 1,2,...,n) are determined 
in accordance with (4.153), is the Ritz equation of fiéquencies for the transverse 
oscillations of the root fixed in the soil. Since (4.153) is an equation of the n-th degree 
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in p?, its solution specifies a sequence of natural frequencies: p? < p < ... < p3, 
where p1,po, ...,pn—tirst, second, ... n-th natural frequency, respectively. 

In practice, only the lowest frequencies, which have the most substantial effect on 
the work process under consideration, are generally determined. Therefore, the first 
two frequencies of the free transverse oscillations of the root body will be analysed. 

For this purpose, it is necessary to select the basic functions contained in (4.148). 

As has been pointed out in [20], in many cases the required results are obtained 
by taking the mode shapes of transverse oscillations of a homogeneous bar with a 
uniform stiffness of EJ under the same fixation conditions as in the problem under 
consideration as the basic functions. Such basic functions make it possible to find the 
shapes that not only meet the geometric conditions as required by the Ritz method, 
but the dynamic boundary conditions of the problem as well. 

Therefore, the mode shapes of transverse oscillations of a homogeneous bar 
with uniform stiffness of E4J and linear density u are taken as the basic functions. 

In accordance with [20], such shapes appear as follows: 


E^ PV (kiz) (4.157) 


where U (z), S(z), T(z), V(z)—Krylov functions, while: 


U(z) = l(chkz—coskz),S(z) = 2 (chkz + coskz), T(z) (4.158) 
2 


= 4(shkz + sinkz),V(z) = $(shkz—sinkz), 
kil —roots of the following equation: 
chkhycoskhy 4-1 = OFirst two roots [20] = Kih, = 1875;koh, = 4694 (4.159) 


It ought to be noted that the basic functions selected in this way meet the 
geometric and dynamic boundary conditions of the problem: 


y(0) = y(0) = 0,y" (hy) = y” (hy) = 0. (4.160) 


Further, by substituting (4.157) into (4.153), the following is obtained: 


hy z 
Tg = prtan?yr fy fuka) = nee V(&z)||uta) - Ue - V (kk 2): ?dz (4.161) 
Lk = 12,..,n 


a, = ttn qs - A - Run es 


Lk 12; 


(4.162) 
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hy ; 
Cy = entany, | jute Sh) vezus- E zdz (4.163) 
0 


T (kihy) T (kd) 

As can be concluded from (4.161), (4.162) and (4.163), 
Tk = Tki Ui = Uki Cik = Ck. 

Hence, for determining the first two frequencies it is necessary to compute 
the values of the coefficients T11, T12, T22. , U11, U12, U22, C11, C15, C22 in accordance 
with (4.161)-(4.163), where the Krylov functions S(kjh,), T(kjl;) are to be computed 
at the above-stated values of kjlij,. Obviously, the computation of the coefficients 
Tix, Uik, Cik has to be carried out with the use of a PC. The obtained values of the 
coefficients Tj, Uik, Cj are substituted into the Ritz equation of frequencies (4.156) 
at n = 2 (determinant of second order), which is used for determining the natural 
frequencies p1, p2 of the transverse oscillations of the root. 

On the basis of the developed theory, the algorithm of computation of the natural 
frequencies of the transverse oscillations of the root as an elastic solid fixed in the soil 
can be developed. 

1. The data needed for the calculation are set in accordance with [7]: length 
of the root hyk = 0.25 m; elastic modulus of the root body E, = 18.4- 106 N-m7?; 
specific gravity of the root's material p = 750 kg-m ?; angle of taper of the root 
yk = 14°; parameters for the calculation of frequencies (for the first two frequencies: 
ky = 750m^l,k; = 1878 m“!, [20]). 

2. The Krylov functions U(z), S(z), T(z), V(z) are set in accordance with (4.158). 

3. The coefficients Tj, Ui, Cj, are calculated in accordance with (4.161), (4.162), 
(4.163), respectively; i,k = 1,2,...,n, Tj. = Thi, Ui = Ubi, Ci = Cy. (For the first 
two frequencies: i,k = 1,2.) 

4. The Ritz equation of frequencies is generated in accordance with (4.156). (For 
the first two frequencies, it is a determinant of second order, n = 2). 

5. The Ritz equation of frequencies is solved in the MathCad environment. 
Implementing the described algorithm for the above-stated data, the values of the 
first and second frequencies of the natural transverse oscillations of the root body 
fixed in the soil are computed as a function of the soil’s elastic deformation coefficient 
c. The following range is assumed: c = 020-10? N-m 2. 

The results of the calculations are presented in Table 4.2. 

On the basis of the obtained computation results, the graphs of the first and 
second frequencies as functions of the soil's elastic deformation coefficient c have 
been plotted (Figures 4.10 and 4.11). 

As can be seen in the presented graph (Figure 4.10), when the value of the 
soil's elastic deformation coefficient c changes within the range of c = 0 ~ 2-106 
N-m^?, the value of the first circular frequency monotonically increases within the 
range of p; = 35.6 ~ 226.5 s 1, or 5.7-36.0 Hz. Hence, the first frequency of the 
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free transverse oscillations of the root body increases significantly together with the 
increase in the coefficient of elastic deformation of the soil c. 


Table 4.2. Values of first and second natural frequencies of transverse oscillations 


of root body. 
Elasti : ; ; Second 
astic First Circular First Circular Second 
Deformation Frequency of Frequency of Frequency of Frequency of 
Coefficient of Oscillation, Oscillation pı viae cd Oscillation 
Soil, c (N-m^3) pi (s?) (Hz) (il) p2 p2 (Hz) 
0 35.644 5.673 1744 277.566 
2x 10° 79.217 12.608 1746 277.885 
4 x 10° 106.205 16.903 1748 278.203 
6 x 105 127.605 20.309 1750 278.521 
8 x 105 145.897 23.22 1752 278.839 
10 x 105 162.136 25.805 1754 279.158 
12 x 105 176.889 28.153 1756 279.476 
14 x 105 190.501 30.319 1758 279.794 
16 x 10° 203.202 32.341 1760 280.113 
18 x 10° 215.152 34.243 1762 280.431 
20 x 105 226.472 36.044 1764 280.749 
250) 
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Soil's elastic deformation coefficient c,, N-m™ 


Figure 4.10. Relation between first natural frequency of transverse oscillations of 
root body and soil's elastic deformation coefficient c. 
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Figure 4.11. Relation between second natural frequency of transverse oscillations 
of root body and soil’s elastic deformation coefficient c. 


It can be seen in the graph (Figure 4.11) that the second frequency of the free 
transverse oscillations changes insignificantly, when the soil’s elastic deformation 
coefficient c changes within the range of c = 0 ~ 2-106 N-m ^: respectively, the 
circular frequency varies within p? = 1744 ~ 1764 s^, or 277.6-280.7 Hz. 

The obtained calculated value of the first frequency is in agreement with the 
experimental data presented in [20]. Such a frequency allows for the intensive 
breaking of the bonds between the root and the soil and the active shaking off of the 
soil from the surface of the root. 

The method that has been worked out facilitates finding any frequencies of the 
free transverse oscillations of the root as an elastic solid in an elastic medium. 


4.2.2. Forced Transverse Oscillations of the Root as Elastic Solid Fixed in Soil 


The next step is to investigate the forced transverse oscillations of the root body 
fixed in the soil. Since the perturbing force acts on the root at a frequency of w, the 
purely forced oscillations take place under the following law [20]: 


y(z,t) = q(z)sinot (4.164) 


where $(z)—shape of the forced oscillations. 
The necessary partial derivatives of (4.164) are computed as follows: 


oy ry TAN 
3:57 «Xp (z)coseot, > = Q"(z)sincot. (4.165) 
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By substituting (4.164) and (4.165) into (4.142), the following is obtained: 


— d e Pk i died 2,,. Emz!tan*y, 
S = Rl T [pnz tan“y,- wp (z)costwt — ——1—-— 


” 2 42 2 PN wo -D (4.166) 
[p” (z)]^sin*^ot + Hoy (z ^ z1) (z)sin wt — neztany, - p*(z)sin wt\dzdt. 


After integrating (4.166) with respect to z over one period T = 22, the result is: 
2 Eynzttan*y, 
T 4 


S= 55 " Lonz?tan?y, - ? (2)o 


gsm B - pe (4.167) 
[p” (z)]^ + Hoy (z ^ 21) p(z) ^ neztany,- p (z)}dz. 


In accordance with the Ritz method, the values of (4.166) are analysed over the 
set of linear combinations of the following form: 


$(z) = ap(z) (4.168) 


where a—parameter to be found, the variation of which allows the obtention of the 
class of admissible functions; i/(z)—basic function. 
(4.168) will be inserted into (4.167) and we will obtain: 


S = & (^ [onzttanty, - a? y? (z)o? 


E,nzttan*y, 5, ,,, 2 Sad (4.169) 
-— a v" (z)]^ + Hor (z ^ zi)ew(z) — neztany, : a^ (z)]dz. 
The following symbols will now be entered: 
hy 
f pnztan?yg: y? (z)dz = M (4.170) 
0 
hk Ẹ Ay 4 
f M [U^ (2]dz = N (4.171) 
0 
Jic 
f neztany,y*(z)dz = R (4.172) 
0 
hy 
Ho (z—21)p(z)dz = L (4.173) 
0 
(4.170)- (4.173) will now be inserted into (4.169), and we will have: 
S = “(w*Ma? - (N + R)a? + La) (4.174) 
20 


Hence, over the set of functions (4.168), (4.169) becomes a function of the 
independent variable a. 
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The necessary condition of existence of an extremum of (4.174) is its first-order 
derivative with respect to a being equal to zero. 

Differentiating (4.174) with respect to a and equating the obtained derivative to 
zero, the following equation is arrived at: 


2w*Ma -2(N+R)a+L = 0 (4.175) 


from which parameter a can be determined; the result is: 


a= — (4.176) 
2(N +R- w?M) 

Further, the shape of the forced transverse oscillations of a homogeneous bar 
with a uniform stiffness of E1J and one end rigidly fixed that are generated by the 
action of a transverse harmonic unit force at a frequency of w, with said force being 
applied at the point z = 2}, is taken as the basic function v(z). In accordance 
with [20], said shape appears as follows: 


y(z) = CU(kz)+DV(kz), | 0sxz«z (4.177) 
1 
y(z) = CU(kz) + DV(kz) + BEY re -u)], mp <z < hy, (4.178) 
where U(kz), V(kz)—Krylov functions; k = apo” ; u—linear density of the bar; 
ry Ep y 


C, D—arbitrary constants determined on the basis of the boundary conditions (4.160). 
It ought to be noted that the values of the function y(z) at the point 
z = Zz, computed with the use of (4.177) and (4.178) are identical and equal 
to: (z1) = CU(kzi) + DV (kz). 
As the following boundary conditions are observed at the free end of the bar 
z = hg y'(hy) = 0,y" (hy) = 0, the second and third derivatives of (4.178) with 
respect to z can be obtained as follows: 
y” (z) = Ck*S(kz) + D?T(kz) + BEE Tke —21)|,21 < Z < hy ; 
W” (2) = CRV (kz) + DES(ke) + giPSkG- aha szsm. — C79) 
Taking into account the boundary conditions at the free end of the bar (z = hx), 
the following system of equations with respect to the unknowns y)(z), C, D is arrived at: 


0,0€zt£z, 
-(z) + CU(kz) + DV(kz) = — BE VIR —21)|,21 < Z < hy, 
A 4.179 
CS(khy) + DT (khk) = gg T[KOG -21)], Peng 
CV(khy) + DS(khy) = prs k - z1)]. 


The determinant of the system appears as follows: 
-—1U (kz) V (kz) 
A = | OS(Khy)T(khy) |. (4.179’) 
OV (kh, )S (kh) 
Expanding said determinant along the first column, the following is obtained: 


A = T(kh)V(khy) — S? (kh) = ZE (A + chkingcoskh) (4.180) 


From (4.179), y (z) can be found: 


QU (kz)V (kz) 
p(z) = A, T [k(hy — 21)|S(khy)T (khp) |,0 <z < 21, 
S[k (hg — 21) ]V (Wi) S (Ky) (4.181) 
V|k(z — z1)|U(kz) V(kz) f 
p(z) = a T[k (hy — 21)|S(khg)T (kh) 12528 hy 
S[k (hg — 21)] V (Wn) S (kh) 
Opening the determinant found above, we obtain: 
pl) = ELAT [Kn — 21)]S (Kh) — T (d) SU (n — 21)]} -—— 
— xe EDT [k (h — 21)]V (hg) — Stk (ty — 21)]S(khy)}, 0 < z < z1, 
pe) = -EGELS (kh) - T) V (e) 
+ Eg (T [K(k — zi)]S (8) — T (kg) SU (n — 21)]} (4.182) 
ES -z)]V (khp) — S[k(hy —21)]5 (kh) zi < z < hi 
The following symbols will now be entered: 
T[k(hy — z1)]5 (x) - T(X)Slk(e —21)) _ B (4.183) 
ABE; 
T[k(hy = 21)]V (kh) - SlkQ —21))5 8) _ GC (4.184) 
AGE 
S? (kh) = T (khi) V (khi) _ 
SO K (4.185) 


(4.183), (4.184), and (4.185) will now be inserted into (4.181) and (4.182), and we 


will have: 


y(z) = BU(kz) —-GV(kz),0<z<Z (4.186) 
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y(z) = —KV[k(z—z1)] + BU(kz) - GV(kz),z < z € hy (4.187) 


Further, the coefficients M, N, R, L that enter into (4.174) are determined. 
By substituting (4.186) and (4.187) into (4.170), the value of the coefficient M can 
be found: 
Zy 
M = pntan? yk J [Bu(kz) = GV (kz) dz 
m " (4.188) 
+prtan? yx f [-KV[k(z —z1)] + BU(kz) - GV (kz)}°z2dz. 
Zy 


In order to determine the coefficient N, the second derivatives of (4.186) and 
(4.187) have to be found. 


Y” (z) = BRS(kz) -GÉT(kz) 0 < z < z1 (4.189) 


y"(z) = -KkT[k(z —z1)] + BK S(kz) - GT (kz), z1 < z < hy (4.190) 


By substituting (4.189) and (4.190) into (4.171), the value of the coefficient N 
is found: 


Zi 
N = menie f K [BS (kz) - GT (kz) z^az 
? (4.191) 


hg 
PETERE f AKT |k(z—21)] + BS (kz) - GT(z) Pd 
Zı 


By substituting (4.186) and (4.187) into (4.172), the value of the coefficient R 
is obtained: 


Zy 
R = cntanyk J [Bu(kz) — GV (kzy^ |zaz 
ss 9 (4.192) 
+entanyx f (-KV[k(z ^ z1)] + BU(kz) - GV (kz) zdz. 


Z 


The value of the coefficient L will be obtained by substituting (4.184) and (4.185) 
into (4.173): 


ZA 
L = f Ho(z-z)[BU(kz) - GV (kz) dz 
c : (4.193) 
4 f Hoi(z - 21){-KV|k(z — z1)] + Bu(kz) — GV (kz) dz. 


Zı 
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The computation of the coefficients M, N and R can be performed with the use 
of a PC or by direct integration with the Krylov functions, or, after the conversion 
into elementary functions, with the use of (4.158). 

Since (4.193) for finding the coefficient L contains the impulse function 0} (z — z1), 
which does not belong to classical functions, the integrals contained in said expression 
and containing the impulse function will be computed analytically. 

First, the following integral is analysed: Pa Ho(z — z)|BU(kz) - GV (kz)]|dz. 

Considering the definition and properties of the function c (z — z1 ), the following 
can be written: 


i " Hoy (z - z)[BU(kz) - GV (kz) Jd 


ZTE 
= lim Ho (z — z1 )[BU (kz) - GV (kz)ļdz 
€—>0 v0 
€»0 
Z1 +E 
+ lim Ho (z — z1 )[BU (kz) - GV(kz)]dz (4.194) 
€ 20 vn-€ 
€»0 
Z1 +E 
= 0 + H[BU(kz,) - GV (kzı)] lim 01 (z — z1 )dz. 
€ — 0 van-t 
€»0 
Z1 +E 
lim oı(z-zı)dz = 1 
E> 0 van-€ 
€»0 


f Ho1(z -z)|BU(kz) - GV(kz)]dz = H[BU(kz1) — GV (kzi)] 
0 


It ought to be noted that over the intervals, the function y (z) has different analytic 
expressions ((4.186) and (4.187), respectively); nevertheless, in the case of € — 0 the 
limits of said expressions are identical and equal to (z1) = BU(kz,) - GV(kz1) 
so, when the limit in (4.194) is integrated, any of the mentioned expressions can be 
selected for the function i/(z)—for example, (4.186) 

Further, the next integral of (4.193) is computed: 


hy 


Hoy (z —21){-KV |k(z — z1)| + BU(kz) — GV (kz) }dz 


Z1 
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hy 
lim Hoy (z—21){-KV |k(z — z1)] + BU(kz) - GV(kz)}dz = 0, (4.195) 
€ — 0 vanct 


e>0 


since the following is true over the interval o1(z—z1) = 0. 
By substituting the values of (4.193) and (4.195) into (4.193), the following is 
obtained: 
L = H[BU(kzi) - GV (kzi)] (4.196) 


By substituting (4.188), (4.191), (4.192) and (4.196) into (4.176), the necessary 
value of the parameter a, at which (4.167) has a stationary value, is found. Hence, 
taking into account (4.168), (4.186) and (4.187), the expressions for the shape of the 
forced transverse oscillations of a root body fixed in the soil are obtained. 

Said expressions appear as follows: 


$(z) = a[BU(kz) - GV(kz)], 0< z < z1, 


p(z) = a(-KVl[k(z —z1)] + Bu(kz) - GV(kz), z < z € hy (4.197) 


where a is determined in accordance with (4.174). 
By substituting (4.197) into (4.164), the law of the forced transverse oscillations 
of a root body fixed in the soil is finally arrived at: 


p(z) = a[BU(kz) - GV(kz)]sinot, 0 < z < z, 


$(z) = a(-KV|k(z —z1)] + BU(kz) - GV(kz)]sinot,z € z € hy (4.198) 


Further, some of the quantities contained in the expressions obtained above 
need to be determined and will be given detailed consideration. 

Since the shapes of the forced transverse oscillations of the bar with a uniform 
stiffness of E;] have been taken as the basic functions, it is necessary to determine the 
mentioned quantity. Apparently, the cylinder-shaped bar is an example of the bar 
with a uniform stiffness in the case of E; = const. Therefore, it is assumed that the 
mentioned bar has a shape of the cylinder of revolution, which has an axial moment 
of inertia of cross-section equal to: 


4 
fa Em (4.199) 


where rem. —radius of the bar (m). 

Itis also assumed that the mass of the bar is equal to that of the root. Additionally, 
assuming that the specific gravity of the bar's material is equal to the density of 
the root p, the bar and the root with the same mass must have the same volume. 
Another assumption is that the bar and the root have the same length equal to hg. 
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Since the root can be represented by a right circular cone and the bar—by a cylinder 
of revolution—the following relation between their volumes can be observed: 


i 
37 = nrn hy (4.200) 


where r;,— radius of the root (of the cone base) (m). 
It can be found from the latter relation that: rem, = 


aF 


is 


TU 


Then, given the (4.199), the following is obtained: J = =. 

Further, it is assumed that the Young modulus of the bar's material is the same 
as the Young modulus of the root and is equal to E. 

Hence, the stiffness of the bar is equal to: 


E or 4.201 
J = 36 (4.201) 


or, given the ry = hytany,, we will finally have: 


rhttantyE 
k 
EJ = —- > 4.202 
iJ 36 (4.202) 
The linear density u of the bar is determined as follows. By reason of the 
assumption that the masses of the bar and the root are equal, the mass m of the bar is 
found: m — inrihp; in this case, u = m = inp, oru = irdttan?y, : p. 
After it becomes possible to determine the quantity k, which is equal to: 


4| uw? 


k —4 
EJ 


(4.203) 

Based on the results of the above-stated theoretical investigation of the forced 
transverse oscillations of the root body, an algorithm of PC-assisted computation of 
said oscillations can be generated. 

The algorithm comprises the following stages: 

Reference data required for the computation—specifically, the length of root hg, 
its angle of taper y, Young modulus E4, specific gravity p, amplitude of perturbing 
force H, frequency of perturbing force c, soil's elastic deformation coefficient c, and 
coordinate of point of gripping z;—are set. 

Quantity E1/ is computed in accordance with (4.202). 

Quantity k is computed in accordance with (4.203). 

Determinant A is found to be in accordance with (4.180). 

Coefficients B, G, K are computed in accordance with (4.183), (4.184), and 
(4.185), respectively. 
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Coefficients M, N, R, L are determined in accordance with Expressions (4.188), 
(4.191), (4.192), and (4.197), respectively. 

Parameter a is computed in accordance with (4.176). 

Shape (amplitude) of forced transverse oscillations is in accordance with (4.197) 
for a number of root body cross-sections (for a number of values of z). 

Anexample of the PC-assisted computation of the amplitude of forced transverse 
oscillations of a root body fixed in the soil as a function of the surrounding soil's 
elastic deformation coefficient c and the distance of the root's cross-section from the 
conventional point of fixation is presented below. 

The assumed reference data have been the same as in the computation of free 
transverse oscillations of a root body fixed in the soil. 

The computation has been carried out in the Mathcad environment on the basis 
of the algorithm developed above. As a result, the following graphs have been 
obtained (Figure 4.12). 


(a) (b) 


Figure 4.12. Relation between amplitude of forced transverse oscillations of 


root body and elastic deformation coefficient of soil c and distance from root's 
cross-section to conventional point of fixation z: (a) z = 0 ~ 0.15m;(b)z = 0.15 ~ 
0.25 m; (amplitude of perturbing force N = 500 N, frequency of perturbing force 
v = 20 Hz). 


As is seen from the presented graphs (Figure 4.12), the amplitude of the forced 
transverse oscillation of the root body sharply rises at c = 5.5-10°~6.0-10° N-m^?. 
These are the values of the soil's elastic deformation coefficient c, at which the 
first frequency of the root's free oscillations is in the neighbourhood of p, = 20 Hz 
(Figure 4.10). 
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Hence, the resonance is observed within the mentioned range of values of the 
soil’s elastic deformation coefficient c and at the frequency of forced oscillations 
v = 20 Hz; therefore, the amplitude in this case can reach values in excess of 0.3 m. 
This, certainly, will result in the breaking of the root; moreover, as is seen from the 
graphs (Figure 4.12), within the resonance state limits the amplitude sharply rises as 
the cross-section is removed farther from the conventional point of fixation, especially 
in the case of the cross-sections located below the point of gripping (Figure 4.12a). At 
all other values of the soil’s elastic deformation coefficient c, the amplitude depends 
little on the distance from root's cross-section to the conventional point of the root's 
fixation in the soil. 

In Figure 4.13, the graphs depicting the relations between the amplitude of 
forced transverse oscillations of the root body and the soil's elastic deformation 
coefficient c at various frequencies of the perturbing force v are shown. 

As is seen from the presented graphs, when the frequency of the perturbing 
force rises, the resonance range shifts to the right: 


at v = 10 Hz, resonance is observed at c = 1.5-10?-1.7-10? N-m^?; 
at v = 15 Hz, resonance is observed at c = 3.0-10°-3.5-10° N-m^?; 
at v = 20 Hz, resonance is observed at c = 5.5-10?-6.0-10? N-m^?. 


According to the obtained results, the amplitude of forced oscillations of the 
root body exceeds 20 mm at the following values of the soil's elastic deformation 
coefficient c: 


at v = 10 Hz—c = 024.510? N-m 2; 
at v = 15 Hz—c = 0.5-10°-6.0-10° N-m7?; 
at v = 20 Hz—c = 3.0-10°-8.5-10° N-m ?. 


Thus, in the instances when the perturbing force acts at right angle to the 
root's centreline, the breaking of the root can take place at certain frequencies of the 
perturbing force and value of elastic deformation coefficient of the soil c, which is 
different in the case of the vertical perturbing force, under the action of which the root 
can be stretched by no more than 1.7 mm (Figures 4.4-4.8). The natural frequencies 
of longitudinal oscillations of a root body fall within the range of 76.4-93.4 Hz, while 
the frequency of the perturbing force does not exceed 20 Hz; hence, the resonance is 
impossible. The final conclusion is that the designs of vibrational digging tools have 
to allow the generation of a vertical perturbing force and not a horizontal one. 
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Figure 4.13. Relation between amplitude of forced transverse oscillations of root 
body and elastic deformation coefficient of soil c and perturbing force frequency v 
for root's cross-section at point of gripping (z = z1 = 0.15 m): (a) v = 10 Hz; (b) 
v = 15 Hz; (c) v = 20 Hz (perturbing force amplitude N = 500 N). 


4.3. Conclusions 


1. 


The presented theory has been developed with regard to longitudinal oscillations 
of the root of sugar beet as a body attached in the soil as an elastic body in an 
elastic environment that emerges under the action of the vertical disturbing 
force that changes according to the harmonic law. The Hamilton-Ostrogradsky 
variational principle of stationary action is used for longitudinal oscillations 
of the root taking into account the physical and mechanical properties of the 
root of sugar beet as an elastic body and the surrounding soil. Using the Ritz 
direct variational method, the Ritz frequencies equation has been obtained, 
from which different frequencies of free longitudinal oscillations of the root as 
an elastic body are determined. This, for example, allowed the obtention of the 
analytical expression for calculation of the first natural frequency depending 
on the physical and mechanical properties of the root and elasticity of the soil 
surrounding it, which plays the main role in destruction of the tights of the root 
with the soil. According to the calculations performed, when the coefficient c 
of the elastic deformation of the soil is changed, the first frequency of natural 
oscillations of the body of the root monotonously increases within the limits of 
76.4—93.4 Hz, which sufficiently and precisely corresponds to the experimental 
data in [7,31]. At the same time, the second frequency is changed within the 
limits of 528-532 Hz—i.e., it has little dependency on the coefficient c of the 
elastic deformation of the soil. 
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2. The Hamilton-Ostrogradsky functional for forced longitudinal oscillations of 
the root as an elastic body was constructed, on the basis of which the theory 
of forced oscillations of the beet root in the soil was created. The results of 
theoretical research of the forced oscillations of beet root attached in the soil 
were the basis for finding the algorithm for calculation on a PC of the specified 
oscillations—in particular, finding the law of the forced longitudinal oscillations 
and amplitude under the condition of prevention of damage (tearing) of the 
beet root depending on the coefficient c of the elastic deformation of the soil 
and the amplitude of the disturbing force. 


It was analytically established that the amplitude of the forced oscillations of 
the body of the root decreases in the case of an increase in the coefficient c of elastic 
deformation of the soil and increases in the case of an increase in distance of the 
cross-section of the beet root from the conditional point of its attachment in the soil. 
For example, with x — 0.07 m and the change in the coefficient c within the limits of 
c = 0-20 105 N-m7°, the amplitude is measured within the limits of 0.47-0.7 mm; with 
x = 0.1 m—within the limits of 0.67-0.99 mm; with x = 0.12 m—within the limits of 
0.81-1.19 mm; with x = 0.15 m (point of gripping)—within the limits of 1.01-1.49 mm. 

However, for the cross-sections of the root above the point of gripping 
(x = 0.15 m), the amplitude of the forced oscillations of the body of the root almost 
does not change in the case of an increase in the distance of the cross-section from the 
conditional point of attachment and remains the same as in the case of x = 0.15 m. 
However, the tendency for the amplitude to decrease from an increase in the coefficient 
c is the same as for sections below the point of gripping (x < 0.15 m). 

The paper also presents the calculations performed for the amplitude of forced 
longitudinal oscillations in the case of change in the amplitude of the disturbing force 
within the limits of 100-600 N. As the calculations demonstrated, the increase in 
the amplitude of the disturbing force leads to an increase in the longitudinal forced 
oscillations of the body of the beet root according to the linear law and an increase in 
the distance of the area of cross-section of the root from the conditional point of its 
attachment in the soil also leads to increase in the amplitude. 

For example, with x = 0.07 m, the amplitude remains within the limits of 
0.13-0.8 mm, with x = 0.1 m—within the limits of 0.19-1.14 mm, with x = 0.12 m— 
within the limits of 0.23-1.36 mm, with x = 0.15 m (point of gripping)—within the 
limits of 0.28-1.7 mm. However, above the point of gripping in the case of an increase 
in the distance of the cross-section from the conditional point of attachment, the 
amplitude almost does not change. 


3. The theory of free transverse oscillations of the root in the soil as an elastic 
solid in an elastic medium has been developed. On the basis of the 
Ostrogradsky-Hamilton variation principle of stationary action and with the use 
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of the Ritz method, the Ritz equation of frequencies for free transverse oscillations 
has been generated. By solving said equation, the first two frequencies of free 
transverse oscillations of the root body, which play a leading part in the 
destruction of the bonds between the root and the soil, have been determined. 


A relation has been established between the first and second frequencies of the 
free transverse oscillations of the root body on the one hand and the coefficient of 
elastic deformation of the soil c on the other hand. For example, when the coefficient 
c varies within the range of 0-2-106 N-m~°, the first frequency varies within the range 
of 5.7-36 Hz and the second one varies within the range of 277.6—280.7 Hz—i.e., the 
first frequency depends on the coefficient c to a great extent, and its influence on the 
second frequency is insignificant. 


4. Onthe basis of the above-mentioned principle, the theory of the forced transverse 
oscillations of the root body generated by the action of a horizontal perturbing 
force that varies following a harmonic law and is vectored along the line 
of the lifter’s translational motion has been worked out. The algorithm of 
computation of transverse oscillations has been devised—in particular, for 
finding the amplitude of transverse oscillations under the condition of not 
breaking the root in relation to the soil's elastic deformation coefficient c and 
the amplitude of the perturbing force. 


Ithas been proved thatat certain values of the soil's elastic deformation coefficient 
c, resonance takes place, and the amplitude of transverse oscillations can reach values 
in excess of 0.3 m. 

Thus, in the instances when the perturbing force is at a right angle to the 
root’s centreline, the breaking of the root can take place at certain frequencies of the 
perturbing force and value of elastic deformation coefficient of the soil c, which is 
different in the case of the vertical perturbing force, under the action of which the 
root can be stretched not more than 1.7 mm. The natural frequencies of longitudinal 
oscillations of a root body fall within the range of 76.4-93.4 Hz, while the frequency 
of the perturbing force does not exceed 20 Hz; hence, the resonance is impossible. 

The final conclusion is that the designs of vibrational digging tools have to aim 
at the generation of a vertical perturbing force and not a horizontal one. 
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5. Theory of Extraction of Root from 
Soil during Vibrational Lifting 


5.1. Differential Equations of Oscillations of Root in Soil Based on Kinematic 


The theory of the free and forced longitudinal and transverse oscillations of a 
root body fixed in the soil generated by the action of a vibrational digging tool on 
the root, presented in the previous sections, facilitates the analysis of the effect that 
the mentioned oscillations have on the process of disrupting the bonds between the 
root and the soil, as well as the evaluation of the kinematic parameters of vibrational 
lifting subject to not damaging the roots. Nevertheless, said study is not sufficient for 
the complete analysis of the extraction of roots from the soil. It is also necessary to 
give separate consideration to the dynamic system “root—digging tool” in order to 
analyse the process of oscillations in the soil and extraction of the root from it as a 
rigid body, which takes place under the effect of the vibration of the digging tool in 
the longitudinal and vertical planes and the tool’s translational motion. 

As can be concluded from the above, the analysis of the process of the root 
extraction from the soil with the use of a vibrational digging tool requires considering 
the direct contact between the root and the working faces of the shares during its 
gripping by the tool. Said contact can occur directly between the lifter’s working 
faces and the root body, or such a contact can take place through a sufficiently thin 
layer of soil. In order to analyse the mentioned process in detail, it is necessary to 
distinguish three modes of the root extraction from the soil—i.e., the three essential 
stages of the interaction between the root and the working faces of the vibrational 
digging tool. This need results from the fact that at each stage of its extraction the root 
performs various kinds of mechanical motions in consequence of the breaking of the 
bonds between the root and the soil; therefore, the differential equations representing 
said motions also differ from each other. 

Further, the possible modes of the interaction between the vibrational digging 
tool and the root are described. The first stage is as follows. The vibrational digging 
tool performs the gripping of the root; however, the root is still strongly bonded with 
the soil. In this case, the root starts performing oscillatory motions in the soil as a 
rigid body in an elastic medium, as at this stage the soil surrounding the root can be 
considered as an elastic medium. 

In the second stage, the bonds between the root and the soil in the area of the 
motion of the vibrational digging tool’s working faces are almost broken and the soil 
surrounding the root in its upper part (at the running depth of the lifter in the soil) is 
already sufficiently loosened; nevertheless, the process of direct extraction has not 
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yet started. At this stage of extraction, the root performs motion in the soil as a rigid 
body with one point fixed or as a rigid body rotating about a fixed axis. It ought 
to be noted that during the root extraction, the soil surrounding the root maintains 
resistance over its whole conical surface (the root firmly embeds in the soil in the 
process of its growth). As a consequence, when the working faces of the vibrating 
digging tool that moves at a certain depth in the soil break the upper layer of the 
soil and disrupt the bonds, the lower part of the root still resides in the unstrained 
compact layer of the soil and it can be assumed that in this part there is a point on 
the root’s symmetry axis, which can be considered as the point of fixation of the root 
in the soil. The motion of the root at the second stage can be described with the use 
of kinematic and dynamic Euler equations as the motion of a symmetrical rigid body 
with one point fixed or a rigid body rotating about a fixed axis (in the longitudinal 
and vertical plane). 

In the third stage, the bonds between the root and the soil are completely broken 
(in its upper and lower parts) and the process of directly extracting the root from the 
soil begins. At this stage, the root’s motion can be seen as the motion of a free rigid 
body under the action of a certain system of forces. Such a motion can be described 
with the use of the differential equations of the motion of the root’s centre of mass 
and the differential equations of the rotation of the root as a rigid body about its 
centre of mass. 

In what follows, the first stage of the root extraction from the soil is analysed 
in detail. Since it is possible that some roots are offset from the centreline of the 
row, the cases where the root is in direct contact with only one of the wedges of 
the vibrating digging tool are not to be ruled out. In such cases, the root performs 
three-dimensional oscillations about the conventional point of fixation in the soil 
as a solid body in an elastic medium. The root is gripped by the vibrating digging 
tool asymmetrically. 

Further, we have to show, in the equivalent schematic model, the adopted 
coordinate systems. First, we relate to the vibrating digging tool the orthogonal 
Cartesian coordinate system O4x1y1z; with the centre O4 in the middle of its necked-in 
passage. In this system, axis O 1% is in line with the direction of the tool’s translational 
motion, axis O1z; points vertically up, and axis Oy; points to the right (Figure 5.1). 
The vibrating digging tool’s oscillatory movements in the longitudinal vertical plane 
should be examined in reference to the coordinate system O4x1y1z1. 
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x. 


Figure 5.1. Equivalent schematic model of the force interaction between the 
vibrating digging tool and the beet root during the latter’s gyration about the 
conventional point of fixation in the ground. 


We also introduce the moving coordinate system Oxyz rigidly connected with 
the beet root and having an origin at point O, which is the point of fixation of the 
beet root in the ground, its axis Oz being aligned with the root’s symmetry axis 
and pointing upwards, axes Ox and Oy placed in the plane that is perpendicular to 
axis Oz. 

Additionally, to characterise the gyration of the root about the fixation point O it 
is necessary to introduce one more orthogonal Cartesian coordinate system O2X2Y2Z2, 
which is shown in Figure 5.1. 

Since the vibrating digging tool at the moment it contacts the beet root advances 
linearly along axis O1x1 (O1%2), the root deflects from its vertical position (effectively 
from axis Oz) through angle y unidirectionally with the motion of the tool. In the 
most general case, the initial contact between the beet root and the tool is asymmetric, 
meaning that one of the digging shares moves into direct contact with the root body, 
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while the other one makes contact through a certain thickness of the broken soil. This 
results in the beet root’s deflection from its vertical position transversely through 
angle 0 following the deformation of soil (of the aforementioned thickness). Moreover, 
the difference in the torques produced by the direct contact of the root with one of 
the shares and its contact with the other share through the thickness of soil can result 
in the rotation of the root through angle p about axis Oz. Overall, summing up the 
above-mentioned physical conditions, we have good reason to believe that the beet 
root in its interaction with the vibrating digging tool, during its lifting, immediately 
simultaneously performs the rotation about a line OH (nodal line) through the angle 
0, the rotation about axis Oz» through the angle y and the rotation about axis Oz 
through the angle o. Hence, the introduced angular displacements in the space of 
the root during its lifting from the ground are Euler angles, with the angle 0 being a 
nutation angle, the angle y a precession angle, the angle Q an intrinsic rotation angle. 

We also have to take into account that, since the root body has a conical shape, 
the direct contact between the digging shares and the root body is lost in the case of 
the vibrating digging tool going down. As a result, the perturbing force stops acting 
on the beet root, and therefore the root, due to the elasticity of the soil surrounding it, 
and the root body's own elastic properties tend to return to the vertical equilibrium 
position. With the following upward motion, the digging shares resume their contact 
with the root body, take hold of the root, and impart the perturbing force on it and 
the mentioned process of root rotations recurs. 

Thus, the beet root performs oscillations about the line of nodes OH about axis 
Oz; and about axis Oz. Actually, the root's oscillations at the first stage of its lifting 
from the ground comprise the longitudinal linear oscillations of the point of the root's 
fixation in the ground O and the angular oscillations of the root relative to point O, 
characterised by the variation of the Euler angles 0, w and q. 

The equivalent schematic model of the interaction between the root and the 
working faces of the vibrating digging tool at the first stage of extraction has to 
be set up. For this purpose, the vibrating digging tool is represented as the two 
wedges A,B,C; and A2B2C3, each of them having three-dimensional inclination at 
angles of a, B, y and both of them positioned with respect to each other in such 
a way that the working channel necking rearwards is created (Figure 5.1). The 
mentioned wedges perform oscillatory motions in the longitudinal and vertical plane 
(the mechanism that drives the oscillatory motion of the shares is not shown); the 
line of the translational motion of the vibrating digging tool is shown by an arrow. 
The projections of points Bı and B» on axis O1y1 are designated as points Dı and 
D», respectively. 

It is assumed that the faces of wedges A,B,C; and ABC» interact at the 
corresponding points with the root that is approximated as a cone-shaped body; that 
said, in the general case the gripping of the root by the tool can be asymmetrical. 
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This asymmetry results from the fact that the root’s symmetry axis (axis Oz) can be 
somewhat offset from the row centreline. It is assumed that before the direct contact 
between the root and the tool starts, axis Oz is parallel to axis O12). 

We have assumed that the beet root is in direct contact with only one of the 
work faces of the vibrating digging tool—specifically, A,B,C, at point Kj—while 
face A2B2C2 acts on the root body surface via soil of a certain thickness and this 
contact can occur at point K, (Figure 5.1). Certainly, the contact between the vibrating 
digging tool and the root body at point K2 is made throughout an area surrounding 
point Ky, but in our further considerations we are going to assume that point K3 is 
the point of application of the forces imparted on the beet root. 

Additionally, the asymmetry of the contact with the beet root is also due to the 
fact that its symmetry axis (axis Oz) can be offset relative to the centreline of the 
sowing rows (due to the requirements of the agricultural sowing and plant handling 
technologies). We assume that prior to the commencement of the direct contact 
between the beet root and the digging tool, axis Oz is parallel to axis O1z1. 

Additionally, we have to designate some representative points in the equivalent 
schematic model. Thus, the right lines drawn via points B4 and B5, perpendicular 
to the wedge sides A1C1 and A2C2, respectively, generate at their intersections with 
said wedge sides the respective points M; and M». Hence, 6 is the dihedral angle 
(4B,M, Dj) between the first wedge's lower base A1D4C and the work face A1B4C4 
and also the dihedral angle (4B2M5D»5) between the second wedge's lower base 
A25D»5C» and the work face wedge A2D2C2. Angle 2y; is the apical angle of the cone 
used as a model of the beet root. The meaning of other dimensions can be understood 
from the equivalent schematic model (Figure 5.1). 

Now, let us consider the forces originating from the interaction between the 
vibrating digging tool and the beet root. 

Since the digging tool, as has been stated, is a vibrational tool, it imparts the 
vertical perturbing force Q., , which varies under the following harmonic law: 


Qa. = Hsinwt (5.1) 


where H—amplitude of the perturbing force; w—frequency of the perturbing force. 
This force plays the primary role in the process of soil breaking in the zone 
of the digging tool’s work passage and the direct lifting of the beet root out of the 
ground. The perturbing force Q, is applied to the beet root or the soil surrounding 
it on two sides; therefore, it is represented in the equivalent schematic model by two 
components Q.; and Q..,2, which apparently have the following values: 


Q1 = Quo = 0.5Nsinot (5.2) 
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Further considerations require careful analysis of the relation between the 
oscillations of the vibrating digging tool and the concurrent action of the perturbing 
force Q.;, on the root. It is sufficient to carry out the analysis for only one oscillation 
period, from wt = 0 to wt = 27. In all other oscillation periods, the process is repeated. 
As mentioned above, the perturbing force Q.;, acts on the beet root only when the 
digging shares of the tool move up from their lowermost position to their uppermost 
position, making contact with the conical root body. Further, the assumption is that 
on the interval [0, z], the digging tool moves upwards from its lowest position —a to 
its highest position a, where a is the amplitude of oscillations of the tool, and on the 
interval [7,27] the digging tool moves downwards from position a to position —a. 
Hence, the oscillations of the tool have to take place in accordance with the following 
harmonic law: 

ZK = —acoswt (5.3) 


where zx—displacement of the tool from the horizontal axis, about which the 
oscillations take place (m); w—frequency of oscillations of the tool (s71). 

For this reason, during the movement of the digging shares of the tool up on the 
interval [0, 7], the perturbing force Q.,, acts on the beet root following the sinusoidal 
law (5.1). In this process, on the interval [o, z] it increases from the zero value 


Qz. = Oat point wt = 0 to the maximum value Q.,, = Hat point wt = 5. 
On the interval |3, n] it decreases from its maximum value Q.j, = H to the 
minimum one Q. = 0. On the interval [7, 27], the digging shares of the tool move 


down, and therefore the perturbing force Q.;, does not act on the root on this leg. On 
the interval [27, 47], everything recurs. Thus, in general, on the intervals [2k7, (2k 
+ 1)r], k = 0, 1, 2, ... , the perturbing force p acts on the beet root following the 
sinusoidal law (5.1), and on the intervals [(2k — 1)z, 2kr], k = 0, 1, 2, ... , it has no 
effect on the beet root, since it is equal to zero. 

As the cutting edges, AC; and A2C> of the digging shares are located below the 
contact points K; and K,, the soil in the area of the contact between the beet root and 
the vibrating digging tool is already sufficiently broken, but the soil breaking occurs 
primarily in the front part of the tool's passage, while the direct contact between 
the beet root and the tool occurs in the middle and rear parts of the work passage. 
Therefore, in the case of asymmetric contact with the beet root at point K4, the root 
is under the direct effect of the perturbing force Qj, while at the contact point K3 
the perturbing force Q, acts only on the thickness of broken soil, which makes 
us assume that this latter force is virtually not imparted directly on the root body. 
Hence, at the first contact between the root body and the vibrating digging tool, the 


effect of perturbing force Q.; » on the beet root can be ignored and it can be assumed 


zb. 


that the root is under the effect of only the perturbing force Dar acting from the side 
of face A;B,C;—i.e., only one digging share. 
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Certainly, due to the necking shape of the working channel and the lifter’s 
translational motion, at the second or third stages of the gripping of the root by the 
tool, the direct contact between the root and the tool will occur on both the shares; 
in extreme cases, this will happen through a thin layer of soil. It can be assumed 
that through a thin layer of soil the perturbing force is transferred in full and the 
(probable) difference can be observed only in the forces of friction arising on the 
working faces of the shares as a consequence of the different coefficients of friction. 

In addition, it should be pointed out that an interesting aspect of the asymmetric 
contact with the beet root is that it makes the rotation of the root about its axis 
possible, promoting the intensive breaking of the bonds between the root and the 
soil (phenomenon of the root’s spinning in the ground during it being dug out). 
Therefore, in the case of asymmetric contact between the beet root and the vibrating 
digging tool, we are going to only use the force action of work face A,B,C of one 
digging share in the differential equations for the root's motion. For this purpose, we 
decomposed force Qui into two components: Nj, normal to face AiB4C,, and Ti, 
tangential to the same face, as shown in the equivalent schematic model in Figure 5.1. 
This force is equal to: 

Qaa = Ni Ta (5.4) 


Apparently, the T4 force vector is parallel to the right line B1Mj. 

As the vibrating digging tool advances linearly along axis Ox, relative to the 
beet root fixed in the ground, driving force P; acts along the course of the translational 
movement (along axis O4x1) and also acts on the root along that axis at the moment 
when contact is made between the beet root and digging tool. Now, let us also 
decompose force P, into two components: L4, normal to wedge face A,B,C; and $, 
tangential to the same face—i.e., 


Pi = Lı +S; (5.5) 


Thus, at the contact point K; the beet root is under the effect of the force applied 
by wedge A4B4C1, which is equal to: 


Nx, = Ni +L (5.6) 


and points along the normal to the surface of wedge A4B4C1. 
Apparently, the magnitude of this force is: 


Ng, = N44 14 (5.7) 


1 


Additionally, at the contact point K4, the force of friction F Kis applied, which 
counteracts the slipping of the beet root on the work face of the wedge A; B,C; during 
its contact with the vibrating digging tool. The vector of this force is in opposition 
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to the vector of the relative velocity of the wedge’s slipping on the surface of the 
beet root. The root weight force G; is applied vertically at the centre of mass (point 
C) of the beet root. Additionally, during the contact between the beet root and the 
vibrating digging tool, when the latter’s shares move upwards, the root is under the 
effect of the soil's elastic deformation force acting along axis Oz, designated as R; in 
the equivalent schematic model (Figure 5.1). 

Further, it is necessary to determine the values of the above-mentioned forces 
acting on the root during its contact with the vibrating digging tool. The tangential 
component T; of the perturbing force Q.11 and the tangential component Sı of the 
driving force P; do not act directly on the beet root—they only cause the breaking of 
the soil around the beet root, and therefore they are not included in the differential 
equations of the movement of the root as a solid body. Using the schematic model 
in Figure 5.1, the following expressions that define the normal N and tangential T 
components of the perturbing force Q.,,, are obtained: 


Ni = Qzp.1c086, (5.8) 


T4 = Qzp15sinó. (5.9) 


With the use of the same schematic model, the following expressions for finding 
the normal L; and tangential S4 components of the driving force P4 are obtained: 


Lı 


Pisiny, (5.10) 


$1 = Picosy. (5.11) 
The magnitude of force N Kı, taking into account (5.7), (5.8) and (5.10), is equal 

to: 
Nx, = QxgmUacosó + Pysiny (5.12) 


or, taking into account (5.2), the following is arrived at: 
Nx, = 0.5Hcosó - sinwt + P4siny (5.13) 
Subsequently, the value of the force of friction Fx, is equal to: 
Fx, = fNx, = f(Qzu1cosó + P1siny) (5.14) 
or, taking into account (5.2), the following is arrived at: 


Fx, = 0.5fHcos6-sinwt + f P4siny (5.15) 


1 
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It is obvious that during the direct contact between wedge A,B,C, and the 
surface of the root, the vector of the force of friction Fx, will always lie in the wedge’s 
plane A,B,C}. Since at the start of the gripping the root is still strongly bonded with 
the soil, it is possible that the root slips on the face of the wedge in the direction 
that is opposite to the line of action of force Tı (parallel to the line B1M1ı) and in the 
direction that is opposite to the line of action of force 54. 

The mentioned slips can occur under the action of forces Q, and P4, respectively. 
Therefore, the vector of the relative velocity of the wedge slipping on the surface 
of the root can be resolved into the components in the above-mentioned directions. 
Hence, the force of friction Fx, can also be decomposed into the two components F4 
and E; in the directions of the vectors T, and 5;, respectively—that is: 


Fa = Fy +E (5.16) 


The magnitudes of components F, and F; have to be determined. On 
account of the above considerations, it is possible to conclude that on the intervals 
[2kr, (2k -- 1)rn],k = 0,1,2,...—in particular, on the interval [0, n], the magnitude of 
the force of friction F K, is determined in accordance with (5.15); moreover, on the 


interval [o, z], it increases from the minimum value: 
Flsiny k min (5.17) 


to the maximum value: 


1 
F5, 00563 SiN)’ Ky max (5.18) 


while on the interval [£ n], it decreases from Fx, max to Fx, min. That said, the direction 
of the vector on the interval [o, d also changes. Vector Fk min has the same direction 
as the friction force vector for a traditional lifter (in the absence of a perturbing 
force)—i.e., parallel to the right line A410}, while 707A1M4 = y (Figure 3.3). Vector 
Fx, max deflects from vector F K,min through a certain angle of a, max- 

Thus, on the interval [o, z], vector Fx, strokes from vector Fx, min to Vector F Kymaxy 
on the interval [5 n|—from vector Pein to vector Edi Thereby, the angle of 
deflection ay, of vector F K, from vector Eg min on the interval [0, 7] varies under the 
following law: 

AK, = AK,maxsinwt (5.19) 


Apparently, the value aK, max depends first of all on the ratio B and the greater 
said ratio is, the greater the value is. Hence, on the interval [0,7], the magnitude 
of the friction force vector F K, varies in accordance with (5.15); its direction is in 
accordance with (5.19). 
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Thus, on the interval [0, z], the following values of components F; and E; are 
arrived at: 
Fy = Fx, sin(ax, — ») (5.20) 


E = Fx, cos(ax, -y) (5.21) 


or, taking into account (5.15) and (5.19), the following is arrived at: 
Fi = (0.5fHocosó - sinet + fPisiny sin(asino, max) (5.22) 


E, = (0.5fHcosó sinet + fPisiny )cos(ax,,,, sincot = ») (5.23) 


(5.22 and (523) are applicable on any of the intervals 
[2kr, (2k +1)r],k = 0,1,2,... 
It is obvious that on the intervals [(2k-—1)7,2km],k = 1,2,..., the force of 
friction Fx, is equal to: 
Fg = Flsinyk,min (5.24) 


Hence, on the mentioned intervals, the following is true: 


Fi = Fsiny1sinysiny4sin? y y, min (5.25) 


1 
E = Feosy sinycosy 5 Sin2k, min (5.26) 


Further, the forces that arise as a consequence of the deformation of the soil as 
an elastic medium during the motion of the root in it have to be computed. When 
the root rotates about its centreline (axis Oz) through the angle of ọ, a distributed 
load appears on the surface of contact between the root and the soil in the area of 
the latter’s unbroken layer or, to be more accurate, a couple of distributed loads, as 
the intensity vectors of said load are directed tangentially to the root’s surface and 
distributed over the circumference in the planes of the root’s cross-sections. The 
action of the couple is specified by its moment about the Oz axis vectored along the 
Oz axis. 

Said moment can be calculated as follows. 

It is assumed that cj—coefficient of elastic deformation of the soil, which shows 
by how much the force on the surface of contact increases when the surface of contact 
is displaced over a unit of contact area (Nm ?). 

Consider an element of surface dF of the contact between the root and the soil in 
its unbroken area located at a distance of z from the point of fixation O, 0 € z < hı, 
where /14—depth of the root's position in the unbroken area of the soil. The radius of 
the root's cross-section situated at said distance of z from point O is equal to ztanyx, 
where 2y,—angle of apex of the cone (the root is modelled as a cone-shaped solid). 
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Further, it is assumed that da—angle at the centre intercepted by the element of 
surface dF in the plane of the cross-section under consideration. 
Apparently, the height of the element of surface is equal to 


o 
Subsequently, the area of the element of surface dF is equal to: 


d 
dS = ztanyyda ——— E (5.27) 
coSYk 
As the element of surface dF rotates through an angle of ọ, the soil surrounding 
the root is subjected to a shear strain of dSy, which is equal to: dSp = o, or, 
considering (5.27), the following is arrived at: 
zsinyydadz 
dise oe. (5.28) 
2ncos?y,, 
where the angle p is measured in radians. 
Hence, the elementary elastic force exerted by the soil, when the element of 
surface dF rotates through an angle of ọ, is equal to: 


cizsinyydadz 


dE np, = (5.29) 


2ncos?y,, 
The elementary moment of said elementary force about axis Oz is equal to: 


—c1zsinyydadz 


daMnp.p = gztany, (5.30) 


2ncos?y,, 
The moment of the elastic soil deformation force due to the angular displacement 
of the beet root through the angle q is equal to: 


hi pum ciz/dzgsin?y,da yda 
M = 5.31 
nee -Í Í ~ 2reoyp — Pon 


where c,—elastic stiffness of the soil that determines the increase in the force acting 
on the contact surface in the case of displacement of the contact surface for a contact 
area unit (N-m?). 

By integrating (5.31), the following is obtained: 


dodi 
—cy hy psin“y¢ 


5.32 
3cos?y;. PRO 


Mp = 


Further, the values of the elastic forces exerted by the soil, when the root fixed 
in the soil rotates about the Oz axis through an angle of YQnp.y, and about the nodal 
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line OH through an angle of 0Q,, o have to be computed. Obviously, the mentioned 
forces are also loads distributed over the surface of contact between the root and the 
unbroken layer of soil. It is assumed that, during the rotation of the root through 
angles of y and 0, deformation is observed in that part of the soil, which is in contact 
with half of the side surface of the cone (i.e., part of the root that sits in the unbroken 
layer of soil). The designation c will further denote the coefficient of the soil's elastic 
deformation (ratio between the first Winckler coefficient and the area of contact) 
(N-m7°). 
Subsequently, the moment of force Qnp.y about axis Oz» is equal to: 


h csiny, - vdaz?dz0 - cos(yy + V) 
5.71 
My(Qup.) p =- f f cos? yy ( ) 
By integrating (5.71), the following is obtained: 
= —cnli5siny, YO - cos(yy + Y) 
i 1 
My(Qup.y) = 107 (5.72) 
My(G) = 0 (5.73) 
as the force vector Gy is parallel to axis Oz. 
My(Rz) = 0 (5.74) 


as the force vector R, intersects axis Oz». 

Thus, taking into account the obtained expressions of the moments (5.60), (5.61), 
(5.62), (5.64) or (5.65), (5.69) and (5.72) and (5.74), the magnitude of the resultant 
moment of all external forces about axis Oz» that causes the root's rotation about axis 
Oz» through an angle of v is found: 


My = Py (htanyy — h0) + f cos6 - sinwt + P,siny)cos(asinerx, max()) 
crdit tsi pocos (y,—0) crhtsiny,-WOcos (yy--V) 
x (itary - hg) - heus 6). eism ver (575) 


wt € kn, 2k - 1)n]k = 0,1,2, 


or 
Mt, = Pi(htany, — h0) + 0.5f P4sin2y (htany, — h0) 
crditsinyy-8Ucos(yy—0) crditsinyy-8-cos(yy-- V") (5.76) 
Acos? y, Acos? y, t ` 


wt € |(2k -1)r,2kr],k = 1,2,--- 


Further, it is necessary to find the moments of all external forces that cause the 
root's rotation about the nodal line OH. As plane zOz» is at right angle to the nodal 


124 


line OH, in order to find the moments of all forces about axis OH it is necessary to 
project each of the forces on plane zOz». With this aim in mind, it ought to be noted 
that plane zOz» is angularly displaced about axis Oz? with respect to plane y2Oz» 
through an angle of y, as the angle between the axes that uniquely set the positions 
of these planes, i.e., between axes Ox? and OH, is equal to y. Hence, the following 
values of the mentioned moments are obtained: 


Mo(Qzo1) = -Quah-tany, (5.77) 
since the vector of force Q., , is parallel to plane zO2p. 
Mo(P1) = Pisin -h (5.78) 


since the vector of force P4 deflects from the perpendicular to plane zOz» (nodal line 
OH) through an angle of y. 


Me(Ei) = Eisimp -h (5.79) 
or, taking into account (5.23) or (5.26), (5.79) finally obtains the following appearance: 


Me(E:) = f(Ecoso - Ssinct + Pisiny Jcos(asincoy, max (siny) 


wt € Dkn, (2k + 1)r],k = 061,2,--., 13-80) 
or 
Me(Ei) = ; f Pisin2y -siny - h,ot € [((Qk - 1)r,2kn],k = 1,2,--- (5.81) 
Me(Fi) = 0 (5.82) 
since the vector of force F; intersects axis OH at point O. 
Mo(Qnpy) = 0 (5.83) 


since the vector of force Orns which is the resultant force of the distributed load, 
intersects axis OH. 
The moment created by the distributed load, which is represented by the 
resultant force Disi can be determined as follows. 
It is obvious that said moment for an elementary force dO, o about the nodal 
line OH is equal to: 
Meo(dQ,, o) = —dQup.ecosy -z (5.84) 
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or, taking into account (5.37), the result is: 


-csiny, Odaz3dzcosy 


Mo(4Qip.0) = (5.85) 


cos? yx 


Subsequently, the moment of force Quo about the nodal line OH is equal to: 


h csiny,@daz*dzcosy) 

Mo(Qnp.0) = =f f = aa (5.86) 

COS? y. 

After the integration of (5.86), the following is arrived at: 

= —cniitsinyyOcosy 
M - 1 87 
e(Qus.o) 4cos*yj, (5 8 ) 
Mo(G,) = Gi hð (5.88) 

3 

Me(R:) = 0 (5.89) 


as the vector of force R; intersects axis OH. 

Thus, taking into account (5.77), (5.78), (5.80) or (5.81), (5.87), (5.88) and (5.89) of 
the moments, the magnitude of the resultant moment of all external forces about axis 
OH is found: 


Mọ = -Qu4jhtany, + Pisimp -h + f cosô : sinwt + Pysiny)x 


cnh? 4sinyy-0-cosi 
cos[asinex, max ( )simps 3kk ey 


wt € kr, (2k - 1)n]k = 0,1,2, 


(5.90) 


As the rotations of the root through angles of o, y and 0 are caused by the action 
of the moments M* , My and Mọ, respectively, and these rotations constitute the 
complete motion of the a asa rigid body, then, evidently, the resultant moment 
Mo of all external forces about point O, which is the very cause of the root’s motion 
about point O, is equal to the vector sum of the moments M°, My and Mọ—i.e., it 
can be decomposed on axes Oz, Oz; and OH—that is: 

Mo = Mok + Mio +Mpi (5.91) 

where k, ky, i —unit vectors of axes Oz, Oz» and OH, respectively. 
In order to determine the resultant moments of all external forces about axes Ox, 
Oy and Oz, it is necessary to project (5.91) on axes Ox, Oy and Oz, respectively. For 
this purpose, the table of direction cosines of the unit vectors Ko, ï in the system of 
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moving axes Oxyz, which is presented in [32] to generate kinematic Euler equations, 
has to be used. After substituting angle 0 with —0 in the table, the following relations 
are obtained: 


x y Zz 
ko — sinO - sinp — sinO - cosp cosQ 
4 à 

i cosh — sind 0 
k 0 0 1 


After projecting (5.91) on axis Ox, the result is: 


M = -MisinO - sinp + Macosp (5.92) 


By substituting the obtained values of moments (5.75) or (5.76) and (5.90) or 
(5.91) into (5.92), the following is obtained: 


Mf = [=P (h- tany, — h0) — f(&coso - Sina + P;siny)cos( aK, maxsincot - ») 
crditsinyy OU 


x(h - tamyy — h0) 4 ue (cos (yy — 0) + cos (yg + v) ine -sinp 
+{-Qu1h -tany, + Pysinw - h + f(Hcoso - sinot + P,siny) 


A4cos? yy. 


wt € [2kn, 2k - 1)n], k = 0,1,2,-:-, 


; : cenh*siny,-@cos 
xcos[asincois mar Osinp$ dil uud Sa Jicose | 


(5.93) 
or: 
M = [-Pi(h -tany, — h0) — 4 fPasiny (h - tany, — h0) 
RHODE. ( x 0) ( ) NS 
“deo, OB + cos(yy + W)) |sinO - sing (5.94) 


—srthtsiny,-0-cos 
+[Pisin -h+ lfPisin2y -simp -h — Z Gh EN loose, 


Acos? y, 


ot € [Qk-1)r,2ku],k = 1,2,--- 
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The projection of (5.91) on axis Oy provides the following result: 
My = —M,sin@ - cosp — Mesing (5.95) 


After the substitution of (5.75) or (5.76) and (5.90) or (5.91) into (5.95), the 
following is obtained: 
My = [-5: (htany, — h8) — f(Ecoso sinat + Pysiny Jcos(ox maxsincot = y) 
x(htany, — h0) + 2. (cosy - 6) + cos(yy + v) x sinOcosp 
-[-Qu;^ - tanyy + Pysin wh + f(Ecoso - sint + P,siny) (5.96) 
xc0s{asineok mar Osimp d ie) sino] 


Acos? yy. 
wt € Dkn, 2k - 1)n],k = 0,1,2,-:-, 


snhtsiny,-Op 


or: 
M; = [-Pi (htany, —hO) - 5 fPisin2y (htany, — h0) 


enhtsiny, OU 


Acos3yy (cos(yy — 0) + cos(yy + v) sino - cosp— (5.97) 
wt € [QGk-1)r,2knu]k = 1,2,--- 


The projection of (5.91) on axis Oz results in the following: 


Mz = Mọ + Mycos0 (5.98) 


By substituting the values of the moments (5.58) or (5.59), (5.75) or (5.76) into 
(5.98), the following is obtained: 


M = [P1cos0 - htanyy + f( Beoss - sinwt + Pysiny cos(o, massincot - y) 


3 ainda 
X cos0 - htany, — El + [Pi (htanyy — h0) + f(Ecoso* sinwt + P4siny) (5.99) 
f cnh*-siny,-Ow i 
cos(asinwxımax()r(htanyy = no) ee) X (cos(yy — 0) + cos(yy + v)) eese, 
wt € [2kn, Qk - 1)n]k = 0,1,2,- , 
Or: 
© = |Pycos0-h 1 fPssin2y - cosO -] i E 
Mz = |P1c0s0 - h -tanyy, 5 f P1sin2y - cos0 - h -tanyy — E (5.100) 


wt € [Qk-1)rm,2kn|]k = 1,2,--- 


Thereby, the resultant moments M}, Mi, and Mz, which are terms of the system 
of equations (5.54), have been determined. 

Further, it is necessary to determine the axial moments of inertia Ix, Iy and 
Iz, which are also terms of the mentioned system of equations. It is assumed that 
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the root's mass is rrr and its height is ix. Subsequently, the radius of the root as a 
cone-shaped solid is equal to: 
ry = hy: tany, (5.101) 


Further, the system of coordinates Cx, ycz. with its origin at the centre of mass of 
the root (point C) is defined, where axis Cx; is parallel to axis Ox, axis Cy; is parallel 
to axis Oy and axis Cz, lies in axis Oz. Subsequently, in accordance with [32]: 


3 
ha = 19 (5.102) 
3 (1 
Lo = Tye = x mz en) (5.103) 
Additionally, it is obvious that: 
3 2 
Ie = Tec = qns (5.104) 


The following is obtained by the Huygens-Steiner theorem: 


2 2 
bed +my( 5h) (5.105) 
= 347 3 
es, Pee. acta 2 she 
Ie = (Fo + Stan? yg m f (5.106) 


Since Iye = l;., the following is finally arrived at: 


pos (= x mn) 4 (5.107) 

Thus, the root's moments of inertia about axes Ox, Oy and Oz have been 
determined. Thereafter, by substituting (5.93) or (5.94), (5.96) or (5.97), (5.99) or 
(5.100), (5.104), (5.107) into the system of Equations (5.45) and taking into account 
(5.2) and (5.47), after some transformations, the system of differential equations that 
describe the root's motion in the case of asymmetric gripping by the vibrating digging 
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tool at the first stage of extraction is obtained. This system of equations appears 
as follows: 


(0.48 + 0.15 tan? y, m2 “Sz + (0.15 tan? y, + 0.52)mdhideo yo: 

= [-Pi(htan yy — h0) 

-f (0.5H cos à: sin wt + P4 sin y) cos(a max sin wt — ») (htan yy — h8) 

crit sin yp i (cos(yy—0)-cos(yy-4-V)) 
Acos? yy 


+[-0.5Hh tan yy sin wt + hP4 sin iy 
+ (0.5H cos ô- sin wt + Pı sin y)cos( aK, max sin wt — ») sin y-h + e 


| sin 6: sino 


cnhi- sin y,-0- cos ij 


yO — Nu ] cos p, 
dy, 
(0.48 + 0.15 tan? ym, 77 + (0.48 — 0.15 tan? y, mudo cos 


= [-Pi(htan y, — h0) 

— f (0.5H cos ô- sin wt + P4 sin y )cos(ec max sin wt — ») (htan yj — h0) 

B" cnhi sin yj-Oy(cos(y,—0)—cos(yy--V)) 

4 cos? yk 

—(-0.5Hh tan yy sin wt + hP4 sin iy 

+f (0.5H cos ô: sin wt + P4 sin y)eos(ax, max sin wt — ») sin y-h + 2G, 
enh}: sin y,-0- cos ij 


Heg - 4cos? y, |sin p, 
0.3mr tan? y; do 
= hP1 cos 0: tan yg + f (0.5H cos ô: sin wt + P, sin y) 


]3 n2 
cahi p: sin^ yy 


]sin 0- cos o 


(5.108) 


- cos(ox max’ sin wt — y) cos 0: tan yh — 

+ [P1 (h tan yy — h0) 

+f(0.5H cos ó: sin wt + P4 sin y)cos( aK, max sin wt — ») (htan yy — h0) 

crtht-0-y- sin yy (cos(yy-6)-cos(yy--)) 
Acos? yy 

wı = -Wsin@-sing — O cos 9, 


3cos? y, 


] cos 6, 


Q2 = —i sin 0- cos p - Osin p, 
wz = —ycos0- à, 
wt € [2kn, (2k 4- 1)n] k eU L2 ues 
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or 


(0.48 + 0.15 tan? yp) mh? 8 + (0.15 tan? yx + 0.52)m, -h2 wy + wz 


= [-Pi(ntan y, —h- 0) — 4 fP1 sin 2y (h- tan yy — h- 0) 


cnhi sin yp O-y 


(cos(yy — 0) + cos(yy + v» sin 0 sing 
cnhi sin yy-0 cos ij 


+r, sin v + lfhP, sin2y - sin y + Gh —— cos Q, 


(0.48 + 0-15 tan? y,) mh? “G2 + (0.48 — 0.15 tan? y,) mwa 
= [-P4(htan yy — h0) — 0.5fP1 sin 2y (h tan yy —h- 0) 


cnhi sin yp O-y 


4 cos? yk 


(cos(yy — 0) + cos(yy + 20 sin 0: cos p 
echt sin yy-0-cos d sing, (5.109) 


4cos? yk 


Acos? yy 


- [HP sin +0.5fhP; sin 2y : sin + Gh- 


dw, 


0.3mr tan? Vege = hP41cos0 tan yy + 0.5f hP, sin 2y : cos 0 : tan yg 
"S pene ay 
LO PLE 4 [Pi (htany, — h0) + 0.5fP, sin2y (htan yy — h0) 


EU -p 
E (cos(y, — 8) + cos(y; + v» cos 0, 
wy = -psin@- sin p — 0 cos o, 
Wy = -ysin@- cos p + sinp, 
Wz = ij cos 0 4 q, 
ote[Qk-1)n2kn, k = 1,2,- 


It is obvious that the above systems of differential equations must meet the 
following initial conditions: att = 0: 


e(0) = 0,9(0 = 0,0(0) = 0,¢(0) = 0,4(0) = 0,6(0) = 0. (5.110) 


Since (5.108) contains the moments of the restoring forces (the soil’s resistance 
forces), the system describes the three-dimensional process of the root's oscillations 
in the soil as an elastic medium. The integration of systems of differential equations 
such as (5.108) or (5.109) poses considerable mathematical difficulties. Obtaining an 
analytical solution is impossible. This system of equations can be solved only with 
the use of numerical techniques with the assistance of modern PCs. 

If (5.109) is considered by itself, it describes the motion of the root in case 
the digging tool grips it asymmetrically in the absence of the action of perturbing 
forces—i.e., when Qp, = 0. 

Thus, by applying the original kinematic and dynamic Euler equations, the 
system of differential equations of the root's oscillations during its vibrational digging 
for the case when the root interacts with one wedge of the vibrating digging tool at 
one of its points has been set up. In the next part of the study, the case when the root 
interacts with both wedges of the vibrating digging tool is investigated. 
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5.2. Differential Equations of a Root’s Angular Oscillations in Soil During Symmetric 
Gripping by a Vibrating Digging Tool 

As was noted above, the gripping of the root by the vibrating digging tool on 
only one side lasts for a short while. As a result of the lifter’s translational motion 
and the necking of the working channel, at the next stage the digging tool proceeds 
to gripping the root on both sides. At the same time, if the root has no offset from the 
row’s centreline (i.e., it is situated strictly on the centreline of the row) and is on the 
axis of symmetry of the vibrating digging tool, the root will be gripped on both sides 
from the beginning (known as symmetric gripping). 

This is the kind of gripping of the root by the digging shares that enables the 
process of complete extraction of the root from the soil. Therefore, the following 
investigation deals with the process of the root extraction in the case of symmetric 
gripping by the tool at the first stage of extraction (when the root is still fast bonded 
with the soil). 

It is necessary to set up the equivalent schematic model of the interaction 
between the root and the working faces of the vibrating digging tool in the case of 
symmetric gripping (Figure 5.2). 

Distinct from asymmetric gripping, in the case of symmetric gripping the 
interaction forces appear on the working faces of both shares, as is shown in 
Figure 5.2. At the points of contact Kı and Kz between the root and the respective 
wedge faces A1B4C1 and A2?B5C5, the root is under the action of the perturbing forces 
Q.n1 and Q.y 9, respectively. 

We resolved these perturbing forces into the normal components N4 and Nz and 
tangential components T; and T5, as shown in Figure 5.2. The compositions of the 
forces will be as follows: 

Qui = Nic Ti (5.111) 


Qa2 = N24 Ta (5.112) 


Apparently, the lines of the force vectors T, and T5 will be parallel to the right 
lines B31M and B2M5, respectively. 

As the vibrational lifting tool advances linearly along axis O1x, with respect to 
the beet root fixed in the soil, at the moment when the tool grips the root, there are 
also moving forces P; and P» acting along axis O1x1. We resolved the moving forces 
P1 and P5 into the normal components Lı and L; and tangential components Sı and 
S» with reference to planes A1B41C1 and A2B2C3, respectively—i.e., 


Py = L+S (5.113) 


Py = Ly +S (5.114) 
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The force vectors 54 and S» act along the vector lines of speed of the shares relative 
to the root surface during the translational motion of the vibrational lifting tool. 


Figure 5.2. Force interaction between root and wedges of vibrating digging tool in 
the case of symmetric gripping of root. 


Thus, the lifting wedges A,B,C; and A2B2C> exert the following forces on the 
sugar beet root at the contact points K; and K»: 


Ng = NL, (5.115) 


Nx, = No +L, (5.116) 


which act along the normal to planes A,B,C; and A?B2C5, respectively. 
Obviously, the magnitudes of these forces are as follows: 


Nx, =N,+1, (5.117) 
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Nx, = No+L) (5.118) 


In addition to this, at the contact points K; and K; the friction forces Fx, and 
Fx», respectively, are applied, which counteract the slipping of the beet root body on 
the working surfaces of wedges A1B4C4 and A2B2C2 when the lifting tool grips the 
root. The vectors of these forces have opposite directions that those of the vectors of 
the relative speed of the beet root slipping on the surfaces of said wedges. 

At the root's centre of gravity (point C), the root weight force Gx is applied. The 
forces of resistance exerted by the loosened soil during the beet root’s movement in 
the working passage of the vibrational lifting tool along axis O1z are designated as 
Ra. 

In contrast to asymmetric gripping, symmetric gripping does not cause the root 
to rotate about its centreline Oz (p = 0) or to rotate about axis Oz? ( = 0). The 
only rotation of the root that takes place is its rotation about axis Oy» through an 
angle of 0 along the line of translational motion of the vibrational lifter (i.e., along 
axis Ox2). 

At the same time, it ought to be noted that the rotation of a solid about one of 
the axes is not always a special case of a solid's motion around a fixed point. This 
becomes evident from the analysis of the kinematic Euler equations. For example, 
it is impossible to derive the kinematic relations for the rotation of the solid about 
axis Oy» from these equations, which is what occurs in the case under consideration. 
Therefore, this case has to be investigated separately as the rotation of a solid about a 
fixed axis. 

Moreover, in the case of symmetric gripping the point of fixation in the soil, O 
oscillates in the longitudinal and vertical plane. 

Thereby, in this case the soil's elastic forces Das and Qui are absent. The only 
restoring force that acts during the oscillations of the root about point O is force Qoa; 
and during the oscillations of the point of fixation O—forces Ry and Ry. 

Now, we are going to find the magnitudes of the forces shown in Figure 5.2. The 
tangential components Í; and f of the perturbing forces Q.; ,, and Q.4 9, respectively, 
and the tangential components $4 and $5 of the moving forces P4 and B, respectively, 
do not have any direct effect on the beet root—they only produce loosening of the 
soil around the root. 

It should be noted, taking into account the symmetry of the beet root gripping by 
the vibrational lifting tool, that the same forces generated on the two share working 
surfaces during their interaction with the beet root will have equal magnitudes and 
symmetrical lines of action with respect to the symmetry plane x1O424 (Figure 4.2). 
Accordingly, from the schematic model of forces we derive the formulae for finding 
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the normal components N4 and N» and the tangential components f; and f» of the 
perturbing forces Q.; 4, and Q;;». They have the following values: 


Ni = No = Qai (5.119) 


T, = To = Qysinó (5.120) 


From the same schematic force model the formulae for finding the normal 
components Í4 and Í4 and tangential components $4 and $5 of the moving forces Py 
and P», respectively, can be derived: 


Lı = Lj = Pysiny (5.121) 


$1 = So = Pisy (5.122) 


The magnitudes of forces Nx, and Nx are as follows, taking into account (5.117), 
(5.119) and (5.121): 
Ng = Ng = Qyq4cosó + P1siny (5.123) 


or, considering (5.2), we come to the following: 
Nx = Ng» = 0.5Hocosósinot + P1siny (5.124) 
Hence, the magnitudes of the friction forces Fx and Fx are: 
Fx. = Fro = fNia = f(Qzp1cosô + Pisiny) (5.125) 
or, considering (5.2), we come to: 
Fry = Fro = 0.5fHcosdsinwt + f P4siny (5.126) 


where f—coefficient of friction. 

Apparently, during the immediate contact between wedges A,B,C; and A2B2C2 
and the beet root surface, the friction force vectors Fx; and Fx always lie in wedge 
planes A,B,C; and A2B2C3, respectively. In addition to this, due to the soil resistance 
forces, the slipping of the beet root on the surfaces of the wedges along the lines 
of action of forces T4, f (parallel to the lines BM; and B2M3) and in the direction 
opposite to forces $; and $» is possible. 

The above-mentioned slipping can result from the action of forces Q.;1, Qzp.2 
and D, P», respectively. Therefore, the vector of the relative speed of the beet root 
slipping on the surfaces of the wedges can be resolved into components in the 
above-said directions. Thus, the friction force Fx, can also be resolved into two 
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components: F;—in the direction opposite to the vector f4, and E,—in the direction 
of the vector $4—i.e., 
Fy = Á +É (5.127) 


Similarly, the friction force Fx can be resolved into two components as well: 
É;—in the direction opposite to the vector f^, and É;—in the direction of the vector 
oie, 

Fro = Fo + Eo (5.128) 

Obviously, Fy = F5, Ey = Ep. 

Now, let us find the magnitudes of the components of forces É, and É}, and 
consequently É> and E>. Based on the above considerations, a deduction can be made 
that in the intervals [2k7, (2k + 1)r], k = 0, 1,2, ... , particularly in the interval [0, 7], 
the magnitude of the friction force Fy (Fx2) shall be determined in accordance with 
(5.18); moreover, in the interval [0, 77/2] [o, 3], it rises from its minimum value: 


Ékimin E Ékomin = fPisiny (5.129) 
to the maximum value: 


2 : 1 ; 
Fkamax = FK2max = jf Hcosó + fPisiny (5.130) 


While in the interval [772, 7]. E n] it decreases from Ékimay (FK2max) to ÉKimax 
(Fx2max). Besides that, the direction of the friction force vector in the interval [o, z]. 
also changes. The vector Éķımin (ÉK2min) has the same direction as the friction force 
vector of a usual share lifter (in the absence of any perturbing force), i.e., parallel 
to the right lines A101’ (A207), while 201’A,My = ZO7'A2M3 = y (Section 2). The 
vector Ékimax (FK2max) deflects from the vector Égimin (ÉK2min) through a certain angle 
OK1max (AK2max), While &kamax = AK2max j ; 

Therefore, in the interval |0, 5 | the force vector Fx; (Fx2) changes from the vector 
Fxumin (F K2min) to the vector ÉKimax (É K2max), and in the interval |3, n|—from the 
vector Ékımax (ÉK2max) to the vector Ékımin (Ék2min). Hence, the angle «gı (a2) of 
the deflection of the vector Fx; (Fx2) from the vector Ékimin (Exomin) changes in the 
interval [0, 7] under the following law: 


QK2 = QKI = Akimaxsinwt (5.131) 


Apparently, the value &Kiımax (@k2mx) depends first of all on the ratio 
#(#) &(R) and the greater the ratio is, the greater the value grows. Therefore, 
in the interval [0, n] the magnitude of the friction force vector Fy (Fx) changes 
according to (5.126), while its direction—according to (5.131). 
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Therefore, in the interval [0, 7] we have the following values of the component 
forces É; (Fz) and É; (E2): 


Fi = F5 = Fiasin(aga — y) (5.132) 
Fy = E» = Fyacos(aya — y) (5.133) 


then, taking into account (5.126) and (5.131), we obtain: 


Fi = Fo = (3f Hcosösinot + fPasinysin(arimasinot -y) (5.134) 


E = Ep (5 fricosossimot + fPysiny eos AKimaxsinet —y) (5.135) 


(5.134) and (5.135) are effective in any of the intervals [2k7, (2k + 1)z], k = 0, 1, 2, 


Obviously, within the intervals [(2k + 1)7, 2k], k = 0, 1, 2, ... , the friction forces 
Fx (Fx2) are as follows: 


Fg; = Fro = Frimin = fPisiny (5.136) 
Hence, the following is observed in the denoted intervals: 


Fy = Fo = Friminsinv = P sin y-siny = Pisin? (5.137) 
) ysmy y 


1 
Ey = E» = Frimincosy = fPi4siny-cosy = 5fPisin2y (5.138) 


The soil’s elastic force Quo is determined in accordance with (5.39). 

The bonding force R4 between the root and the soil is also determined with 
(5.44). 

Further, the differential equation of the root's rotational motion about axis Oy; 
has to be set up. In accordance with [32], the required equation appears as follows: 


(5.139) 


where 0—angular displacement of the root about axis Oy2; [yz—moment of inertia of 
the root about axisO,?; My, 
of all external forces acting on the root about axis Oy). 

The moments of all external forces about axis Oy are determined in accordance 


—moment of force about axis Oy» (sum of the moments 


with the schematic model of forces shown in Figure 5.2. These moments are equal to: 


My (Q1) = My4(Qa.2) = -Qgujh0 (5.140) 
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since the vectors of forces Q,,,; and Q., are parallel to plane x?Oz». 
My(P1) = My(P2) = Picos oh (5.141) 
since the vectors of forces P, and P; are parallel to plane x?0z». 
My(Fi) = My,(F2) = 0 (5.142) 
since the vectors of forces F4 and Fp intersect axis Oy». 
My(Ei) = My,(E2) = Ei cos y-h cos 0 (5.143) 
Taking into account (5.135), the following is obtained: 


My, (Ei) = My (E2) 
= (0.5fH cos: sin wt + fP; sin y) 


5.144 
-COS(AKimax Sin wt — y) cos y-h cos 0, ( 
wt € Dkr, (2k-1)n], k = 0,1,2,.... 
or, taking into account (5.138), the result is: 
My,(E1) = My, (Ez) = 0.5fP; sin 2y: cos y:h cos 6, (5.145) 
wt € [(2k-1)n,2kn], k = 1,2,.... i 
— 2 
My(G,) = a Gio (5.146) 
My(R4) = 0 (5.147) 
since the vector of force R} intersects axis Oy. 
— 2 
My(Quio) = -5Qw.olni cosy + 0) (5.148) 
or, taking into account (5.39), the following is arrived at: 
= 2crth*6 sin yy: cos(y, + 0) 
My(Quo) = i (5.149) 


9 cos? yk 
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Hence, taking into account (5.140), (5.141), (5.144) or (5.145), (5.146), (5.147) and 
(5.149) of the moments, the magnitude of the rotary momentMy,, of all external forces 
about axis Oy» is obtained as follows: 


Mi, = -2Q,,,h0 + 2P; cos Oh + (fH cos ô- sin ar +2fP; siny) 
2cTth* 0 sin yg ve +0 
. cos( aK, max sin wt — y) cos y: cos 0 + 2 GyiO a Wm = (5.150) 


wt € [2kn,(2k+1)x], k = 0,1,2,.... 


or 
My, = -2P, cos Oh + fP sin 2y- cos y- cos 0 + $GyIO 
m meetin os pe) (5.151) 


9 cos? yk 
ote[(2k-1)n2kn|] k = 1,2,... 
The moment of the root's inertia I,? about axis Oy? is determined with (5.107). 
By substituting (5.2), (5.107) and (5.150) or (5.151) into the differential Equation 
(5.139) and carrying out certain transformations, the differential equation of the root’s 
rotational motion about axis O,2 is obtained, which appears as follows: 


k dt? 
= —Hh@sinwt + 2P4 cos Oh 


+(fH cos ô- sin wt + 2f P4 sin y) cos(a max sin wt — y) cos y-hcos 0 (5.152) 


2 
EE Ghi O 9 cos? y, 
wt € Dkr, 2k--1)n, k = 0612... 


(0.48 + 0.15 tan? y;)m12 £2 


enh} sin yy: cos(y,—0) 


Or 
2 
(0.48 + 0.15 tan? y m2 £ 
= 2P; cos Oh + f P4 sin2y (5.153) 
2crht sin yy cos(y,—0) ` 
+ cos y-hcos 0 + 3Co = So 


wt € [(2k-1)n,2kn], k = 1,2,... 


The initial conditions for the above differential equation can be written as follows: 


att =0:0 =0, 0 = 0. (5.154) 


By virtue of the fact that the (5.152) and (5.153) contain the moment of restoring 
force, specificallyM yo(Qny.o), they describe the oscillations of the root about axis Oy» 
in plane x? O22. 

The obtained differential equation can only be solved with the use of numerical 
methods and the PC. 

Thus, the differential equations describing the angular oscillations of the root 
about its fixation point that arise under the action of the vertical perturbing force 
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imparted on the root by the vibrating digging tool and the tractive force generated 
by the translational motion of the lifter have been set up. 


5.3. Analysis of Translational Oscillations of Root Together with Its Point of Fixation in the 
Longitudinal and Vertical Plane 


Further, it is necessary to analyse the oscillations of the root in the soil together 
with its point of fixation O in the longitudinal and vertical plane at the first stage 
of extraction. As noted above, the oscillations under consideration are translational 
motions; therefore, it is sufficient to analyse the oscillations of a single point of the 
root—for example, its point of fixation. As the root still remains strongly bonded with 
the soil, it will oscillate together with the surrounding soil, which remains unbroken 
in the layer below the cutting edges of the shares. The mass of said soil can be 
designated as mgr.; then, its weight Gey, is equal to Gey, = r5, g, where g—acceleration 
of gravity. As the analysed process is considered for the case of the symmetric 
gripping of the root by the tool, the schematic model of the forces of interaction 
between the root and the tool shown in Figure 5.3 will be used for setting up the 
differential equation that describes the mentioned oscillatory process. 


Figure 5.3. Force interaction between root and shares of vibrating digging tool 
during its translational oscillations together with its conventional point of fixation 
in soil. 
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The required differential equation in the vector notation appears as follows: 


(my mg. JO = Ny +N +E Lok Fi + Fo + Ey + Eat Ge + Gor + Ry Rs (5.155) 


where a—acceleration of the root (i.e., of point O). 

In order to analyse the oscillatory process under consideration in detail, (5.155) 
can be written in its projections on the axes of the Cartesian coordinate system 
Oyx1y1z1.. It ought to be noted that in view of the fact that the projections of the 
normal reactions Nj, L; (i = 1, 2) of the working faces A,B,C; and A2B2C3 on axis O1y 
have equal magnitudes and opposite senses, the analysed oscillatory process takes 
place in effect in plane x1O1z4 (in the case of symmetric gripping); hence, (5.155) is 
reduced to the following system of two equations: 


(mi mg = Nix, + Lin + Nox, + Lox, — Fix, + Eq, 7 Fax, + Ez, 7 Ry, 
(m. Je gr. JY = Niza + Liz, sp Noz t Loz, T: Fiz F Eiz + E22 T Eo: — Gy - Gor. EX Ry 


| (5.156) 


Let us determine the values of the force projections on axes Ox; and Oz, used in 
the (5.156). As was shown in Section 3, the projections of the normal components N1 
and N> on axis O14, are as follows: 


eee (5.157) 


Nin = Nay = ——— 
Jin? y+1i+ tan? P 


or, taking into account (5.119), we obtain: 
Qj cos Ô: tan y 


Nix, = Nox, 5 ———M—ÓÁÓ—É—Ó——— (5.158) 
Jin? y - 1+ tan? f 


The projections of the normal components L4 and L5 on axis O4,44 have the 


following values: 
Lı tan y 


Lyx, = Lox, = (5.159) 


Jin? y +1 + tan? p 
or, taking into account (5.121), we obtain: 


Py sin y- tan y 
be =i = a (5.160) 


Altar? y +1 + tan? B 
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For the projections of the friction force components F4 and F», the following 
expressions are obtained: 


Fix, = Fox, = Ficosósiny, (5.161) 
or, taking into account (5.134), we have: 


Fix, = Fox, = (0.5fHcos6-sinwt + fP: siny) sin( max sin wt — y) cos ô: sin y, 
wt € [2kn, (2k + 1)n], k = 0,1,2,... 
(5.162) 
Taking into consideration (5.137), we come to: 


Fix, = Fox, = fPisin? y-cos6 wt € [Qk - 1)r2kr], k = 1,2,... — (5163) 


The projections of the friction force components E, andE; on axis O4x4 will be 
as follows: 
Ej, = E», = E, cosy, (5.164) 


or, taking into account (5.135), the following expression can be obtained: 


Ej, = E», = (0.5fH cos ô sin wt + fP: sin y) COS A max sin wt — ») cosy, 
wt € [2kr, (2k - 1)n|, k = 0,1,2,... 
(5.165) 
Taking into account (5.138), we obtain: 


Ej, = Ea, = 0 5fP,sin2y:cosy, wt € [(2k-1)n,2kn], k = 1,2,... (5.166) 


Force Rx is projected on axis Ox; at full size. It is determined according to the 
following expression: 
cnh? sin y, 
= er, (5.167) 


R 
j 2 cos? yy 


(5.167) is obtained in the similar way as (5.44). 
As was shown in Section 3, the projections of the normal components N and N 
on axis O44 are as follows: 


Nj tan f 


Niza = No = r (5.168) 


NS y+1+tan?p 
or, taking into account (5.119), we come to: 
Q-1 cos 6: tan B 


Niza = Noa = (5.169) 
Jin? y +1 + tan? p 
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The projections of the normal components L4 and L; on axis Oz; will be equal 


to: 
Lı tan f 


qaftan? y +1 + tan? f 


or, taking into account (5.121), we have: 


Lyz, = Lo, = (5.170) 


Py sin y: tan 
Liz = Loz = ee (5.171) 


qaftan? y +1-+ tan? f 


The projections of the friction force components F; and F; on axis O12; will be 
equal to: 
Fi, = Fy, = Fisinó, (5.172) 


or, taking into account (5.134), we have: 


Fiz, = Fo4 = (0.5fHcos6-sinwt + fP1 sin y) sin( aK, max sin wt — ») sin ô, 
wt € [2kn, (2k - 1)n], k = 0,1,2,... 
(5.173) 
Taking into consideration (5.137), we obtain: 


Fiz, = Fo = fPisin’ysind, wt € [(2k-1)n,2kn], k = L2,.. (5174) 


The projections of the friction force components E; and E» on axis O1z4 are equal 
to zero in any interval—i.e., E17; = E57; = 0. 

Force R;, is projected on axis O12) at full size. It is determined according 
to Expression (4.44) and is the principal restoring force in the oscillatory process 
under consideration. 

By substituting (5.158), (5.160), (5.162) or (5.163), (5.165) or (5.166), (5.167), 
(5.169), (5.171), (5.173) or (5.174), (5.44) into (5.156), we obtain the following system 
of differential equations: 
2Q44: cos 5: tan y 2P,:sin y-tan y 
ytan?y+1+tan?p  -tan®y+1-+tan2pB 
-( fH cos ô- sin wt + 2P,: siny) sin(ay, max sin wt — y) cos ô- sin y 


anhi et 
enh; sin yk 


2cos? y, *1, (5.1 75) 


(m. + gy. Jn = 


-F(fH cos: sin wt + 2P4: sin y): cos(ox, max sin wt — y) cosy — 

2Q4,:cosótanB ,  2Pysiny-tanf 

ytan?y+1+tan?h i Vean2y+1+tan2p 

(fH cos ô sin wt + 2P1: sin y): sin(ay, max sinwt y} sin ô — Gy — Ggr. 
wt € [2kn, (2k+1)n], k = 0,1,2,... 


(m. t Mer. a — 
cymhy sin yyzi 
cos? yy 
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or: 


: 24 
< 2P1- sin y- tan y 28 E cnhi sin yk 
my +m i = SS — — 2f, sin’ y: cos 6 + 2f P4 sin 2y: cos y — x 
( k+ sl tan2y+1+tan2p f 1 ? 7 f 1 ? y 2cos? y, V ( 
- 2P,-siny-tanf 22 E cy Thy sin yyzi 5 176 
my + Mor. )Z = ~= +2fP] sinf y: sinó — Gi — Ger. - è 
( 7 arj ytan?y+1+tan?ß Jei ) k ar coy, ^ 


ete[(2k-1)n2ku k = 1,2,... 


In view of the fact that on the interval wt € [(2k-—1)7,2kn], k = 1,2,... forces 
Q-»,, andQ.,,, do not act on the root (the tool moves downwards), they in (5.176). 

Thus, the obtained systems of differential equations describe the process of 
the root extraction from the soil at its first stage in two cases: when the tool moves 
upwards symmetrically and directly gripping the root (5.176) and when the tool 
moves downwards and the root is not under the action of the perturbing force (4.177). 

It is obvious that (4.177) describes the process of the root extraction from the soil 
by a standard share lifter as a result of the translational motion of the lifter under the 
action of the driving forces P4 and P» during the direct contact between the root and 
the working faces of the shares. 

As the system of differential Equation (5.175) is nonlinear, it can only be solved 
with the use of approximate numerical techniques and the assistance of the PC under 
preset initial conditions. 

The initial conditions for (5.175) and (5.176) are written as follows at t = 0: 


X = 0, Z1 = 0,x4 = 0, Z1] = 0, (5.177) 


However, if certain assumptions are made, (5.175) can be reduced to a system 
of linear differential equations, which will considerably simplify the solving of the 
system of differential equations under consideration. 

At a first approximation, it is assumed that, within a short time interval, the 
vectors of forces of friction Fx, and F K, retain the same directions, i.e., the angle 


= p! OK, max wk 
between the vectors FxK,min and Fx,, is constant and equal to + ; similarly, the 


= E " aK " 
angle between vectors FK,min and Fx, is constant and equal to —5— at the same time, 


OK max m AK ymax 
2 a 2 t 
By substituting (5.2) into (5.175), we obtain the following system of 
differential equations: 


ô- tany x . (0k : 
eid sys ———— - f cos? ô sin y- sin( == E ») + f cos ô cos y- 
S 2 sin yy T : 
(m. t mer.) + Feosty, “1 Vtan?y+1+tan”f en ‘Asin wt 
cos( == = 
2 

2P,-siny-t $ Aky maa A Ak " 
—Pysinytnf _ 2fPicosó sin( A5 - ») sin? y + 2fP1 cos( == - ») sin2y, 
v tan?y4-1--tan?f (5 178) 


E c Tt sin y; ô- tan f + & os f( eg mar a 
(m. mg. )2 qM comam 4 É sin26- sin( 275 — y) ‘Hsinwt 
s cos’ yk Vian2y+1-+tan2p 
2P,:siny-tanf 
Vitan2y+1-+tan?p 
wt € [ 2kn,(2k+1)z], k = 0,1,2,... 


ky max 


+2fP;siny sind sin( 57 ») = (m Jg mer.) 
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or: 


enh? sin yk 2P4:sin y: tan f nig . 
my +m * : = : 2fP sin" y-cos ô + 2f P, sin 2y- cos 
( k sjid cosi Yk " Nes y+1+tan?p f ) fh ) » 
j | Cuin sin yx 2P;-siny- tan B i EROR ( ) 5.179 
(m. nts. Fn cos? y, 2 M tan? y3 -1--tan?f ZH Ed BE my Mer. JS ( ) 


ete[(2k-1)n2ku k = 1,2,... 


(5.178) and (5.179) are systems of second-order linear differential equations 
with constant coefficients with right-hand sides. (5.178) describes the free and 
forced oscillations of the root (its point of fixation O) along axes O4x1 and Ojzí 
together with the soil surrounding the root at the first stage of extraction; (5.179) 
describes the displacement of the root along axes O1x4 and O24 in the absence of 
the perturbing force—i.e., when the tool moves downwards. Thereby, the systems 
of nonlinear differential equations (5.175) and (5.176), which can be solved only 
approximately with the use of numerical techniques, have been changed to systems of 
linear differential equations (5.178) and (5.179), which are approximate equations, but 
nonetheless can be solved by quadrature. Hence, the analytic relations that describe 
the root's oscillatory process at the first stage of extraction have been obtained. 

In order to simplify the notation of (5.178) and (5.179), the following designations 


are introduced: 
cnh? sin yk 


=k, (5.180) 
2cos2 vim. + mgr.) ! 


Ô- t k Aky ma 
| cos ò: tan y = 2f cos? 6 +siny: sin(* a = y) + f cos ô- cosy: cos( Tm -7)| 


Vtan?y+1+tan? f ; (5.181) 
Taom) 
2siny-tany = Ye max IA ; Y max 
v 2f cos ôv sin( 5 y) sin? ) + f cos( == -y) sin2y| (5.182) 
TEL ce 
xeu b 
h si 
AN, (5.183) 
cos? vim. + mer.) 
os 6: tan a i: 1 
D P | Í ein 25. sin — - y) = A», (5184) 
4 |tan? yctl1-c tan? p (m. + mgr.) 
2siny:t Wk, may 1 
Lo + 2f sin y: sin ò sin = y) ——————— = B, (5.185) 
tan? y + 1+ tan? f (my + mgr.) 
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2siny:t 
sii iiis a — 2 f sin? y- cos ô sin 2y- cos y 


1 
A tar? y + 1+ tan? B (mi + Mer.) 


2siny- tang 


= Bi, (5.186) 


2 sim y sinó —— B; (5.187) 
Jin? y +1+ tan? p (m. dr mgr.) 


After substituting (5.180)-(5.187) into the systems of equations, said systems of 
equations will be as follows: 


Xl + kx = A,Hsinwt + B1P4, | 


Zik = AoHsinot + B3P4 - g, (5.188) 
wt € | 2kr,(2k+1)x], k = 0,1,2,.... 
or: 
X + kx = Bi Pi, 
Z1 + zn = BjPi =Q; (5.189) 


wt € |(2k-1)r, 2kn], k = 1,2,.... 


The first step is to integrate the (5.188). The first and second differential equations 
in (4.189) have the following characteristic equations, respectively: 


r+k = 0, (5.190) 


ri = 0. (5.191) 


Since the roots of these equations are purely imaginary and are equal, respectively, 
to +k,i and +kzi where i—imaginary unit, the general solutions of the homogeneous 
differential equations appear as follows: 


X10H. C1 cos kıt + Co sinkt, (5.192) 


ZioH. = Cacoskot + C4 sin kot, (5.193) 


where C1, C5, C3, C4—arbitrary constants determined in accordance with the initial 
conditions. As w is not a root of the characteristic Equation (5.190) and (5.191), the 
partial solutions of (5.188) are sought in the following form: 


Xipart. = Li sin wt + Mı cos wt + Qi, (5.194) 


Zipart. = Lo sinwt + M» cos wt + Qo, (5.195) 


where L1, Mı, Q1, Lo, M2, Qo»—unknown coefficients, which are, in this case, the 
constant quantities that can be determined with the use of the method of indefinite 
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coefficients. After the implementation of said method, the following values of the 
required coefficients are obtained: 


AH B1P1 
Li = =, Mı = 0, = ——, 5.196 
1 P-a 1 Qı E ( ) 
AjH BoP. 
b=,  M-0 pam (5.197) 
=o ks 


Having substituted (5.196) and (5.197) into (5.194) and (5.195), respectively, the 
following result is obtained: 


AH . BP 
Xipar, = E sin wt + "x (5.198) 
1 1 
oH, B2P1 -8 
Z1part. = 2 _ m sin wt + E * (5.199) 
2 2 


The general solutions of the first and second differential equations in (5.188) 
taking into account (5.192), (5.193), (5.198) and (5.199), are equal to, respectively: 


= C1cosk4 + C» cos kıt 4 a sinwt 4 — 
1 is (5.200) 


zı = C3cosk ot + Casin kot 4 pA sin wt 4 
2 


The arbitrary constants C1, C2, C3 and C4 can be determined on the basis of the 
initial conditions (5.177). For this purpose, each expression in (5.200) is differentiated: 


xı = —Cyky sin kıt + Cok cos kıt + I cos wt, 
. At (5.201) 
Zy = —Cakosinkot + C4k cos kot + 72,2 COS wt. 

2 


By substituting the initial conditions (5.177) into (5.200) and (5.201), the following 
two systems of linear equations are obtained: 


0 = Ci +44 
E 5.202 
roe + Ai ( ) 
v EN C3 ds Ds 3 
0 = Cds E" (5.203) 
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By solving the systems of (5.202) and (5.203), the following values of the arbitrary 
constants are obtained: 


E _ ByPy D" A1Ho 
C = “a? C = mom 
BjPi-g 1 A»Ho (5.204) 
Cy = gH, Ce = Ey 


By substituting the values of the arbitrary constants (5.204) into (5.200), the law 
of the translational oscillatory motion of the root (point of fixation O) along axes O1x1 
and Oz, respectively, is obtained: 


x = NS cos kt — CY 2) sinat + fr zsnt rx 
z= MER cos kat - 625 sin at dato ? sin cot + BaP EiPi-g (5.205) 
k 


[wt € e al k= Ü " p 


The first two terms in the right side of each of the equations in (5.205) describe 
the free oscillations of the root (its point of fixation O) in the soil along axes O1x1 
and O4z;, where the first of said terms corresponds to the free oscillations that 
the root performs in the absence of the perturbing force, and the second one also 
corresponds to the free oscillations, but with an amplitude depending on the present 
perturbing force. The latter are known as free accompanying oscillations [20]. The 
third terms in the right-hand sides of the equations in (5.205) correspond to purely 
forced oscillations of the root. The frequency of the free and free accompanying 
oscillations of the root (point of fixation O) in the soil along axis O4x4 is equal to kı 


and determined from (5.180): 
E hy CTL Sin yk (5.206) 
COS Yk 2(m; + mgr.) 


The frequency of said oscillations along axis Oz, is equal to k; and determined 


from (5.183): 
1 cymth, sin yk (5.207) 
COS Y. my + Mer, ` 


As can be concluded from (5.205), the amplitudes of the free and free 


accompanying oscillations along axes O;x; and O24 are equal to, respectively: 


BıPı A,Hw BoP E A»Ho 


The frequency of the forced oscillations is equal to the frequency of the perturbing 
force, i.e., to w. The amplitudes of the forced oscillations of the root along axes O1x1 
and O24 are, as can be concluded from (5.205), equal to, respectively: 


AH A 
ke — ks -que 


(5.209) 


By substituting the values of the arbitrary constants (5.204) into the system of 
Equation (5.201), the law of variation of the velocity of the root's oscillatory motion 
as a function of time t along axes O1x1 and O24, respectively, is obtained: 


ByPy — — 


Xj = "hs sin kıt — 5 COS kıt + a3 cos wt 
a= — inky j= igo =— Z cos kzt i = cos wt, (5.210) 
k- 


[wt € 2kn,(2k+1)n], k = 214 


Further, the system of differential Equations (5.189) is subjected to integration. 
Since the characteristic equations of (4.190) are the same as in the case of (5.188), 
the general solutions of the homogeneous equations of the differential equations 
under consideration appear the same as (5.192) and (5.193). Taking into consideration 
the terms in the right-hand sides of the differential equations in (5.189), the partial 
solutions of said equations are: 


Xipart. = Qi, (5.211) 


Z]part. = Q», (5.212) 


where Q1, Q»—indefinite constants. After applying the method of indefinite 
coefficients, the following values of the constants Q1, Q» are obtained: 


BL Pi 
Qı = =- (5.213) 
k2 
1 
Ber = 
Gea (5.214) 
k 


Having substituted (5.213) and (5.214) into (5.211) and (5.212), the following 
result is obtained: 


B‘ P1 
Xlpart. = E , (5.215) 
1 
Beg 
Z1part. = "ui (5.216) 
2 
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Thereby, the general solutions of the first and second differential equations in 
(5.189) are equal to, respectively: 


B'P 
xı = Cı cos kt + Co sin kıt + oa 
20, LBIPI-g (5.217) 
zı = Csacos ot + C4sinlot D : 
2 


The arbitrary constants C4, C2, C3, C4 can be determined from the initial 
conditions (5.177). For this purpose, each of the expressions in (5.217) is subjected to 
differentiation: 

xy = -Cık sin kıt + Cok; cos kit, \ 


. 21 
z1 = —Cakosinkot + C4k» cos kot. ips) 


By substituting the initial conditions (5.177) into (5.217) and (5.218), the following 
two systems of linear equations are obtained: 


B'Di 
0 = C4 4-35 
A (5.219) 
0 = Ck, 
BjP1-g 
O= C 2 
a+ RB (5.220) 
0 = Cik, 
Solving (5.219) and (5.220), the following is arrived at: 
BP B! P4 — 
(Ee D. — Qst Q=- 5. Get 62) 
H E 


By substituting the values of the arbitrary constants (5.221) into (5.217), the law 
of the root's oscillatory motion in the soil along axes O1x4 and O24, respectively, on 
the intervals [2k — 1), 2kx], k = 1,2,...n is obtained: 

BP B'P 
x= => cos kıt + "s 
p p, B/P,-g (5.222) 


1- 
Z]— — 13 £ cos kot + 23 
2 2 


The first terms in (5.222) describe the free oscillations performed by the root 
along axes O41x1 and O2, in the absence of the perturbing force. The frequencies 
of the root's free oscillations in the soil along axes O;x; and Oz, are determined 
in accordance with (5.206) and (5.207), respectively. The amplitudes of the root's 
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free oscillations in the soil on the intervals [(2k-—1)z, 2kx], k = 1,2,...n (in the 
absence of the perturbing force) along axes O1x1 and O24 are equal to, respectively: 


BP, BP- 
m —— (5.223) 
1 2 


By substituting the values of the arbitrary constants (5.221) into (5.218), the law 
of variation of the velocity of the root's oscillatory motion in the soil as a function of 
time t along axes O1x4 and Oz, respectively, is obtained: 


x BB sin kıt 

= —— st 

T kB pete[Qk-1)m2k, k= 1,2,.... (5.224) 
zi = 2 sinkt 


ko 


Thus, the translational oscillations of the root (meaning its fixation point O) in 
the soil in the longitudinal and vertical plane at the first stage of extraction have 
been analysed. 

Using the results of the developed theory of the oscillatory process performed 
by the root as a rigid body fixed in the soil, the algorithm of computation of the 
kinematic parameters of said process can be set up as follows. 


1. The initial data required for the computation are set. 
The quantities A4, B1, A2, B5, Bi B; are computed in accordance with (5.181), 
(5.182), (5.184), (5.185), (5.186), and (5.187), respectively. 

3. Frequencies kı and kz of the free and free accompanying oscillations are 
computed in accordance with Expressions (5.206) and (5.207), respectively. 

4. The amplitudes of the free and free accompanying oscillations are computed in 
accordance with (5.208). 

5. The amplitudes of the forced oscillations of the root are computed in accordance 
with (5.209). 

6. The law of the root’s oscillatory motion is established in accordance with (5.205). 
The graphs for various values of the kinematic parameters of the oscillatory 
process and the condition of the soil, in which the root is fixed, are plotted. 


The values of the initial data required for the computation are selected in 
accordance with [7,31]. 

Mass of the root is mg = 0.9 kg; mass of the soil surrounding the root is mg 
Mey, = 0.4 kg; length of the root is hg = 0.25 m; angles of the trihedral wedges of the 
vibrational lifting tool are y = 14^, B = 52°; coefficient of friction of steel on the surface 
of the root is f = 0.45; amplitude of the perturbing force is H = 500 N; magnitude of 
the lateral moving force is P4 = 400 N; maximum angle of deflection of the friction 
force vector from the vector of the minimum value of this force is a, max = 30^; elastic 
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deformation coefficients of the soil are c1 = 2-10? N-m 2, c = 3-10? Nm; frequency 
of oscillation of the lifting shares is v = 10 Hz; angle of taper of the root is y; = 15°; 
dihedral angle 6 between the working face of the share and the bottom side of the 
trihedral wedge is determined in accordance with Expression (3.63). 

The computation is carried out in the MathCAD environment. 

The relation between the frequencies and amplitudes of the oscillations of the 
root in the soil as a rigid body in an elastic medium on the one hand and the varying 
elastic deformation coefficient of the soil on the other hand is a research topic of 
considerable interest. 

According to [20], the soil's elastic deformation coefficient c can vary within the 
range of 0.2:10°-30-10° N-m ?. 

The figures below (Figures 5.4 and 5.5) show the graphs of relation between 
the angular frequencies and Hertz frequencies of the free and free accompanying 
oscillations of the root as a rigid body fixed in the soil on the one hand and the soil's 
elastic deformation coefficients c; and c on the other hand, plotted with the use of 
the above-stated algorithm and initial data for computation. The frequencies of the 
free and free accompanying oscillations significantly rise with the increase in the 
soil's elastic deformation coefficients. Moreover, when the coefficient c varies within 
the range of 0.3-10°-30-10° N-m ^, the frequency of the free and free accompanying 
oscillations varies within the range of 2.1-20.9 Hz on axis Ox4; when the coefficient 
c, varies within the range of 0.2:10°-20-10° N-m~2, said frequency varies within the 
range of 6.6-66.8 Hz on axis O21. 


50 


v0 0 
3-10" 3340 6340 23405 1,23-10° 1.53-10° 1.83-10° 2.13-10° 2.43-10° 2.73-10° 3.03-10° 


c 


Figure 5.4. Graphs of relation between angular frequencies kı and frequencies kj, of 
free and free accompanying oscillations along axis Ox, and soil's elastic deformation 
coefficient c (H = 500 N; P4 = 400N;v = 10 Hz). 
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c1 
Figure 5.5. Graphs of relation between angular frequencies kọ and frequencies k22 of 
free and free accompanying oscillations along axis Oz, and soil's elastic deformation 
coefficient c1 (H = 500 N; P, = 400 N; v = 10 Hz). 


As can be concluded from Expressions (5.208) and (5.209), the values of the 
frequencies in their turn have an effect on the values of the amplitudes of the free, 
free accompanying and forced oscillations of the root as a rigid body fixed in the soil. 

This is evident from the graphs below that show the final result of the analysis 
of the relation between the above-mentioned amplitudes and the elastic deformation 
coefficients of the soil. 

At greater values of the soil's elastic deformation coefficients, the amplitude of 
the free and free accompanying oscillations of the root as a rigid body fixed in the soil 
asymptotically approaches zero. For example, when the soil's elastic deformation 
coefficient approaches a value of 20.10? N-m ^, the amplitudes are equal to: 

Free oscillations: along axis Ox1—5.3 mm; along axis Oz, —0.6 mm; 

Free accompanying oscillations: along axis Oxj—6 mm; along axis Oz; —0.3 mm. 

However, in the most frequently used soils the amplitude of the free oscillations 
of the root as a rigid body in the elastic soil (Figures 5.6 and 5.7) is equal to: 


along axis Ox): atc = 2-10? N-m?—89 mm; 


atc = 3-10? N-m?—49 mm; 
atc = 4-10? N-m?—33 mm; 


along axis Oz: atc = 2.10? N-m ^? — 5.8 mm; 


atc = 3-10? Nm °—4.0 mm; 
atc = 4-10? N-m2—3.0 mm. 


The amplitude of the free accompanying oscillations is equal to: 


along axis Ox): atc = 2-10? N-m^?—67 mm; 
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atc = 3-10? N-m?—55 mm; 
atc = 410? N-m2—52 mm; 


along axis Oz): atc = 2:10? N-m?—16 mm; 


atc = 3:10? N-m2—7 mm; 
atc = 4310? N-m?—42 mm. 


The amplitude of the forced oscillations (Figure 5.8) is equal to: 
along axis Ox): atc = 2-10? N-m^?—145 mm; 


atc = 3-10? N-m ?—86 mm; 
atc = 4-10? N-m?—61 mm; 
along axis Oz: atc = 2-10? N-m2—16 mm; 


atc = 3-10? N-m2—10 mm; 
atc = 4-10? N-m?—7.3 mm 


Ax1(c) 


70.6 
3.0! 33-10 63-105 93-105 123-10* 1.53-10° 1.83-10° 2.13-10° 2.43-10° 2.73-10° 3.03-10° 


[n 


Figure 5.6. Graphs of relation between amplitudes of free A, and free accompanying 
oscillations Bj; along axis Ox, and soil's elastic deformation coefficient c (H = 500 
N; Pı = 400N;v = 10Hz). 
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Bz1(c1) 


5 5 1 
240 22405 42405 624305 $2405 L02105 122105 142-105 1.6210% 182-105 2.02-10° 


Figure 5.7. Graphs of relation between amplitudes of free A.: and free accompanying 
oscillations B„ı along axis Oz, and soil's elastic deformation coefficient c (H = 500 
N; Pı = 400N;v = 10 Hz). 


As is seen in the graphs in Figure 5.8, at sufficiently high values of the soil's 
elastic deformation coefficients, the amplitude of the forced oscillations of the root as 
a rigid body fixed in the soil also asymptotically approaches zero. For example, at 
c = 20-10? N-m^? the amplitude of the forced oscillations along axis Ox, is equal to 13 
mm; at c, = 20-10? N-m ? and along axis Oz; it is equal to 1.4 mm. 

As can be seen from the graphs in Figures 5.6—5.8, at some values of the soil's 
elastic deformation coefficients, abrupt changes of the amplitudes are observed 
due to the frequencies of free and free accompanying oscillations drawing near the 
frequencies of forced oscillations. 

The graphic representations of the law of the translational oscillations of the 
root as a rigid body fixed in the soil obtained with the use of the analytic relations 
(5.205) for several values of the soil's elastic deformation coefficients c and c and the 
frequencies of oscillations of the digging tool are shown below (Figures 5.9-5.11). 

As can be seen in the presented graphs (Figures 5.9-5.11), the root's centre of 
mass in 0.025 s performs a translation along axis Ox, for a distance of 50 mm at a 
perturbing force frequency of v = 10, 15 and 20 Hz and along axis Oz, at a perturbing 
force frequency of v = 10 Hz—for a distance of 33 mm (c; = 2110? N-m 2), for a 
distance of 21 mm (c, = 3-10? N-m^?) or for a distance of 13 mm (c, = 4-10? N-m7?); 
at v = 15 Hz—for a distance of 35 mm (c, = 2-10? N/m’), for a distance of 25 mm 
(cy = 3-10? N-m^?) or for a distance of 15 mm (c4 = 410? N-m^2); at v = 20 Hz—for a 
distance of 40 mm (c, = 2-10? N-m^7?), for a distance of 30 mm (c, = 3-10? N-m"?) or 
for a distance of 20 mm (c, = 410? N-m7?). 

Asis noted in [31], in order to destruct the bonds between the large size roots and 
the soil partially, it is necessary to lift them by up to 6-8 mm, in the case of small size 
roots—up to 4 mm, while the complete breaking of the bonds needs a displacement 


155 


of 12-25 mm. Hence, the obtained values of the amplitudes of oscillations at the 
above-stated initial data fully allow, as can be seen from the graphs (Figures 5.9-5.11), 
the disruption of all bonds between the roots and the soil and establish the conditions 
for their direct lifting. 

The next phase of investigation is the analysis of the root’s motion in the soil 
during direct lifting, where the bonds with the soil are destroyed to such an extent 
that the motion of the root up along the lifter’s working channel begins. 


0.4 


0.2 
0 
Dxi(c) 
70.2 
70.4 
70.6 
4 5 Jg] b b 
340* 33405 63405 9340) 123-105 1,5310 183-105 2.13105 2.43-10° 2:73-10% 3.03 -10° 
c 
(a) 


0 


Dz1(C1) yos 
m 


70.15 
240 2240 42405 62405 $2105 102-105 122-105 1.42-10° 1.62-10° 1.82-10° 2.02-10° 
Cl 


(b) 


Figure 5.8. Graph of relation between amplitude of forced oscillations D,,1 along 
axis Ox, and soil's elastic deformation coefficient c (a) and graph of relation between 
amplitude of forced oscillations D; along axis Oz, and soil's elastic deformation 
coefficient cı (b) (H = 500 N; P, = 400N;v = 10 H2). 
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Figure 5.9. Graphs of functions (law of oscillatory process) x1 (t) (a) and zi(t) (b) 
that describe oscillations of root as rigid body fixed in soil at respective values of 
soil's elastic deformation coefficients c? and c (H = 500 N; P4 = 400 N; v = 10 Hz). 
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Figure 5.10. Graphs of functions (law of oscillatory process) x1 (t) (a) and zi (t) (b) 
that describe oscillations of root as rigid body fixed in soil at respective values of 
soil’s elastic deformation coefficients c4 and c (H = 500 N; P; = 400 N; v = 15 Hz). 
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Figure 5.11. Graphs of functions (law of oscillatory process) x1 (f) (a) andzı (t) (b) 


that describe oscillations of root as rigid body fixed in soil at respective values 
= 500 N; P, = 400N; 


of soil's elastic deformation coefficients c and c (H = 
v = 20 Hz). 
5.4. Direct Lifting of Root from Soil during Vibrational Digging 


As a consequence of the above oscillatory processes, where the root oscillates in 
the soil as in an elastic medium, the bonds between the root and the soil are actively 
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broken and, therefore, forces Quo; Ry Rz (Figure 4.3), which act as restoring forces, 
start sharply diminishing; consequently, the oscillatory processes change into the 
processes of continuous translation of the root along axes O1x4 and O4z as well as 
continuous turn of the root about its centre of mass (point C) through a certain angle 
of 0 without the root returning to the previous position. 

Thus, the stage of direct lifting of the root from the soil starts. The transient 
process from the root's oscillatory motion to its continuous translation in the soil can 
be described in detail as follows. Under the action of the vertical perturbing force 
Qs; the root performs translational oscillations together with the soil surrounding it 
in accordance with Equations (5.205) and (5.222); at the same time, the closer the soil 
is to the root, the more the soil's oscillations are synchronised with the oscillations 
of the root. Additionally, vice versa, the farther the soil is from the root, the less its 
oscillations copy the oscillations of the root, due to the elastoplastic properties of 
the soil. Ultimately, there is a distance from the root where no oscillation happens 
at all, but the boundary of the area of soil that oscillates together with the root is 
rather indistinct. Smooth transition from the area of soil that oscillates to the area that 
does not oscillate is observed; therefore, the discontinuity of the soil at the boundary 
between said areas is unlikely. 

The more probable place for the discontinuity of the soil is in close proximity to 
the root's surface or on the very surface of it. That explains why significantly less 
caked soil is left on the roots during vibrational lifting as compared to the traditional 
share lifting. 

As mentioned above, the extraction is possible only when the root is gripped 
by the digging tool symmetrically; therefore, simultaneously with the translational 
oscillations of the root in accordance with Equations (5.205) and (5.222), the oscillation 
of the root about axis Oy» (Figure 5.3) through a certain angle of 0 takes place in 
accordance with Equations (5.152) and (5.153). 

Atthe firststage of extraction, especially during the first oscillations, the restoring 
force Dus and consequently its moment about axis Oy» are at their maximum. 
Therefore, the angle of deflection 0 is rather insignificant and the complete or partial 
restoration of the root's vertical position is possible in view of the translational motion 
of the lifter. Nevertheless, owing to the action of the translational oscillations of the 
root together with the soil surrounding it, the compactness of said soil decreases 
and, accordingly, force [o also becomes smaller. Thus, with each oscillation of 
the root its angle of deflection 0 increases, while the restoration of the previous 
position declines. The root rocks about axis Oy? with the gradual increase in angle 
0—i.e., the tilt of the root forward along the lifter’s line of travel. This results in 
the breaking of the bonds between the root and the soil along axis O4x1, starting 
from the upper part of the conical surface of the root sitting in unbroken soil and 
gradually drawing near the point of fixation O. Hence, it can be concluded from the 
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above-stated information that the disruption of the bonds between the root and the 
soil takes place simultaneously in two directions—along axes O4x1 and O1z1. At 
the same time, the bonding forces between the root and the soil R., Ry and the soil’s 
elastic forces Quo gradually decrease to the minimum value, where the oscillatory 
processes change into the processes of continuous translation of the root upward 
along axis O1z, and forward along axis Ox, and continuous turn of the root about 
its centre of mass (point C) through an angle of 0 up to the complete extraction of 
the root from the soil. As regards forces Ry, Rz and Qui; they just change into the 
resistance forces exerted by the broken soil when the root moves in the working 
channel of the lifter. It can be assumed that they depend on the velocity of the root's 
motion in the broken soil or are, with small inaccuracy, just constant quantities. 

The displacement of the root during its direct lifting from the soil has to be 
analysed with respect to the fixed system of coordinates O1x1y4z1. Additionally, it 
is necessary to set up the moving system of coordinates C;,y,z, rigidly bound to the 
root, its origin being situated at the root's centre of mass (point C), axis Cz, being 
directed along the axis of symmetry of the root, and axes Cx, and Cyc lying in the 
plane that is at right angle to axis Cz, (Figure 5.12). 

First, it is necessary to set up the differential equations of the motion of the root's 
centre of mass (point C)—i.e., the translational motion of the root along axes O1x1 
and OZ1 . 

Obviously, the schematic model of the forces that act on the root during its 
motion along the working channel of the lifter in the process of its direct lifting from 
the soil to some extent differs from the schematic model of forces shown in Figure 4.3. 
In particular, the couple of the forces of resistance of the broken soil that affects the 
turning of the root about its centre of mass (point C) is applied here instead of force 
Omnp.9- 

For a first approximation, it is assumed that the moment of said couple is 
constant and equal to M. Similarly, the forces of resistance to the translational motion 
of the root in the broken soil along axes O1x1 and Oy, i.e., forces Ra and Ra, 
respectively, are also assumed to be constant. 

Moreover, in view of the fact that the root moves upwards, the directions of the 
friction force vectors Fx; and Fx partially change; therefore, the components Fy, Fo, 
E; and E» of said forces of friction will be determined by the expressions that are to 
some extent different from (5.134) and (5.135), respectively—that is: 


F, = Fy = (0.5fH cosó: sin «t + fPı sin y) sin(y + a mac sinwt), (5.225) 


E, = E» = (0.5fH cos ô sin «t + fP, sin y) cos(y + &K; max Sin wt). (5.226) 
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In this case, the vectors F4 and F; are opposite to the vectors T4 and T5, which 
is contrary to the schematic model of forces shown in Figure 5.3, where their 
senses coincide. 


hy 


X, 


Figure 5.12. Force interaction between root and wedges of vibrating digging tool 


during its direct extraction from soil. 


The described schematic model of forces is shown in Figure 5.12. Moreover, at 
this stage of extraction the mass of the soil stuck to the root is quite small and can 
be ignored. 
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Taking into account the above-stated information, the differential equation of 
the motion of the root’s centre of mass during its direct lifting from the soil in the 
vector notation appears as follows: 


mya = Ni +N2 + Li + L2 + Fy + Fo + E1 + E2 + Gg + Ry + Ray (5.227) 


where a—acceleration of the root's centre of mass. 

Since the process of extraction occurs, as stated above, at the time when the 
root is gripped by the digging tool symmetrically, the motion of the root along the 
working channel of the lifter effectively takes place in the longitudinal and vertical 
plane (plane x101z1); hence, (5.227) can be resolved into the system of two equations 
in the projections on axes O1x1 and Oz; in the following form: 


mi = Nix, d Nox, + Lin + Lox, + Fix, + Fox, + Ern + E24 7 Rx, 
mgzı = Naz + Noz, + Laz, + Loz, — Fiz, — Foz, — Ge - Rz. 


| (5.228) 


The projections of the forces in (5.228) have to be determined. The projections of 
the forces N1, N», L4, L2 on axes O4x4 and O424 are determined in accordance with 
(5.158), (5.160) and (5.169), (5.171), respectively. 

Taking into account (5.161) and (5.225), the projections of the components Fy 


and F; of the forces of friction on axis Ox, are equal to: 


Fix, = Fox, = (0.5fHcos6-sinwt + fP, siny) sin(y + d, Sin wt) cos 6: sin y, 
wt € [2kn, (2k+1)n], k = 0,1,2,... 
(5.229) 
Taking into account (5.164) and (5.226), the projections of components E, and E» 
of the forces of friction on axis O4x are equal to: 


Ej, = En, = (0.5fH cos ô- sin wt + fP1 sin y) cos(y + ag, Sin wt) cosy, (5.230) 
wt € [2kn, (2k-- 1)n] k = 0,1,2,... ` 
The projections of the components F; and F> on axis O4z4 are determined in a 
similar way. 
Taking into account (5.172) and (5.225), the following is obtained: 


Fiz, = Fo = (0.5fH cos ô- sin wt + fP1 siny) sin(y + Kinay Sin wt) sin ô, 


d 
wt € [2kn, (2k+1)n] k = 0,1,2,... 2) 


The projections of components E, and E; of the forces of friction on axis O4z 
are equal to zero—i.e., E11 = E21 = 0. 


163 


The projections of the componentsF 1, F2, E1, E2 on axes O4x4 and O44 on the 
intervals [(2k — 1), 2kn| k = 1,2,...are determined in accordance with Expressions 
(5.163), (5.166) and (5.174), respectively. 

By substituting (5.158), (5.160), (5.229) or (5.163) or (5.166), (5.169), (5.170), or 
(5.174) into (5.228), the following systems of differential equations are obtained: 


2Q4,cosótany , 2fPisiny-tany , 
Aftany -1--tan?f Mtan2y H1 Hang 
*sin(y + &Kımax Sin wt) cos ô: sin y 
+(fHH:- cos: sin wt + 2fP sin y): cos(y + AK, max Sin wt) cos y — Ry, (5.232) 
I 
T 


my, = (fH: cos ô sin wt + 2fP sin y) 


2Q-p, cos ô: tan p 2fP, sin y- tan f 

Vtan2y+1+tan2B Vtan2y+1+tan2B 

—(fH- cos ô sin wt + 2fP; sin y): sin(y + AK, max Sin wt) sin ô — Gk - R5, 
wt € [2kr,(2k+1)n], k = 0,1,2,... 


my = 


2P; sin y- tan y 


x; = <ra 4 FP; sin? y P1 sin 2y- -R 
MX Nonumes rd f P1 sin’ yo cos ô+ f P1 sin 2y- cos y — Ry, 
” — 2P4 sin y- tan f 2 P 32:10): r _ -R 5.233 
TZ Fiore f P4 sinf y sin ô- Gy z7 ( ) 
wt € |(2k-1)n,2krn], k = 1,2 


In (5.232) and (5.233) the magnitudes of the loosened soil resistance forces 
Ry and Ra acting during the beet root’s movement in the working passage of the 
vibrational lifting tool are regarded as constant. 

Now, we are going to establish the initial conditions for (5.232) and (5.233) Since 
the beet root prior to the start of its direct lifting from the soil performs oscillations 
around the equilibrium position, the initial conditions for the coordinates of the root’s 
centre of mass (point C) can be at the initial instant of time x = x49, zy = —hx/3 
where x10 is the distance from the vertical centreline of the beet root to the origin of 
coordinates (point O1) 

An error can arise only within the limits of the beet root oscillation amplitude, 
which is very insignificant as compared with the length of the lifting tool working 
passage and the running depth in soil where the root lifting is carried out. Further, 
considering that during each oscillation within the whole period the instants exist, 
when the beet root displacement velocity is equal to zero, we take, as the initial time 
point, such an instance during the last oscillation followed further by direct beet root 
lifting from the soil. Thus, the initial conditions for (5.50) and (5.51) will be as follows: 
att — 0: 


; : 1 
X1 = 0, Z1 — 0, X1 — X10, Z1 = — git. (5.234) 
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After substituting (5.2) into (5.232) and making certain transformations, we 
obtain the following system of differential equations: 


cosó-tan y. : s x "1 + $ 
= "m fanaa T : rm + f cos? ô- sin(y + AK, max Sin wt) siny+f cosó cos(y + OK, max sin wt): cos y]-H sin wt 

an^y 3 1l-4-tan*, 

‘os ó- tan R; 
+2 Ses ENE - f cos? ô sin(y + Quay SİN wt) cos ô + f sin y- cos y- cos(y + AK; max Sin wt) P,-—t 
ting Vtan?y+1+tan2B y^ 
6- t 
z- Sea f cos ó- sin(y + OK max sin wt) sin 6]-H sin wt (5.235) 
Vtan*y+1+tan2p 


s - ; GR 
- f sin y: sin(y + aiu; sinai) ^ m me 


42 . Sinytanyf — 


Tm Vian? y+1+tan?B 
wt € [2kn, (2k +1)n], k = 0,1,2,... 


(5.235) is nonlinear. It can be integrated only with the use of approximate 
numerical methods on a PC. First, we are going to make certain assumptions. As a 
first approximation, we assume that the friction force vectors Fx, and Fx, maintain 
a constant direction—i.e., the angle between vectors F Kımin and Fx, is constant and 


aK. x " n E = $ 
equal to is similarly, the angle between vectors Fx, nin and Fx, is also constant 


aK. aK OK. X 
and equal to =", while 3" = Z, 


Taking iria account these assumptions, (5.235) acquires the following form: 


de sô- ti "Am Ki aK, * 
x, = H — — f cos? ô- sin(y + =) sin y+ f cos ô- cos(y + H) cosy -Hsin ot 
Pk s/tan2y+1+tan2p 
2 siny-tany OK max 3 : OK max Rx 
+ =| aaa + f sin? sin(y + == cos 6+ f sin y: cos y: cos( y + —— J|P1 - — 
Pk /tan2y+1+tan2p 4 ? Tem) ) ? 2 mg” 
2 al cassa n" (5.236) 
x D === L f coss sin(y + —: sin 6|-H sin wt 
k| tan? y+1+tan2pB 


Ra 


iny- tan y 
2 — sinytanyb __ fsiny: sin(y + AK, max sin wt): sin6|P1 - 5 — g, 


mg tan2y+1+tan2B 
wt € [2kn,(2k+1)n], k = 0,1,2,... 


where g—gravitational acceleration. 

The system of differential Equation (5.236) is a system of linear second-order 
differential equations. It can be solved by using the integration method. 

To reduce the expression of (5.236), we introduce the following designations. 


L 
Mk 


EY Ld f cos? ô- sin(y + em =) sin y + f cos ò cos(y M s) cos » =p; (5287) 


tan? y+1+tan? f 


Lm sin y tany + f sin? y- sin(y 4 Ay") cos à + f siny cos y cos(y + E = Uy, (5.238) 


tan? y--1--tan? f 


1 cos ô: tan f E = q4(Q O9KqmaxY c; = 

x] opel f cos 6 sin(y =; ) sinó| = P2, (5.239) 
2 sin y: tan f E — yd OKimaxY . = 

T | Ee T f sin) sin() m ) sin | Wo. (5.240) 
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Taking into consideration (5.237)-(5.250), (5.54) assumes the following form: 


A Ry 

X4 = q1Hsinot + pıPı - —, 
. 1 pı l yı 1 u^ | (5.241) 
Z = (2H sin wt + P4 = a = 


Now, we are going to integrate (5.241). The first integral will be as follows: 


] Ry H 

xy = -PH coswt+ d Pit- t+ EU +c, (5.242) 
z, = -2 coswt + p2Pit- mt - gt Li. 

where C and L; are arbitrary constants. 
The second integral of (5.242) will be as follows: 
H . Pye Ry? 
x; = -2 sin wt 4 irrt - zm; F C1t +C, 5243) 
— _ 92H |: t PP ^ RaP gP Littl : 
Z1 = -2 SN re TT 1 + Dz 


where C»? and Ly are arbitrary constants. 
The arbitrary constants C4, L4, C? and Lz are determined by the initial conditions 
of (4.235). These arbitrary constants are equal to: 
H 1 
Dem, pe C= x10, Ip = -zhy (5244) 
w w 3 
By substituting the values of the arbitrary constants C, and L; into the system of 
differential Equations (5.242), we obtain: 


EE pıH Rx t gi 

XQ = -5z coswt + 4 Pit zm p (5:245) 
. P2H i zt f P2H d 
Zi = —' cos wt + W2Pit A eis 


By substituting the values of the derived arbitrary constants C, C5, Ly and L3 
into (5.243), we obtain: 


2 
91 pP — Rat qiHt 
X1 — = sin wt + o In, 7 + X10, (5 246) 
_ PH inot BÉ S Raf og Hb 3, 
A= Q2 Hue 2m, 2 ' ow 3k 


(5.245) and (5.246), respectively, characterise the laws of variation of the speed 
and displacement of the beet root’s centre of mass in the process of its direct lifting 
from the soil. From the second equation of (5.264), the time tı of the direct beet 
root lifting from the soil can be found. For this purpose, we have to substitute the 
value z; = 0 into the left member of said equation and solve the resulting equation 
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for t1. Since the equation is transcendental, it is impossible to derive any analytic 
expression to find tı. However, it can be solved with the use of a PC applying the 
known methods. The computed value of t4 can be subsequently used for determining 
the productivity of the sugar beet root harvesting machine equipped with vibrational 
lifting tools. 

Next, we are going to give consideration to (5.233). To reduce the expression of 
this system of equations, we again introduce the following designations: 


1 2siny-tany 23 ; / 
—| —— _ + 2f sin’ y: cosó + f sin2y:cosy | = yi (5.247) 
TE Altar? y +1-+ tan? f 
1 2sin y- tan B 


—|——— IL -2fsin|ysinó| = V4. (5.248) 
Mk Jtan2 y 4-1 + tan? B 


Taking into account (5.247) and (5.248), (5.233) will take the following form: 


Ry 
X= WP m 
z1 


zj = P 1-8-5, 


jore (akan 2k, k=1,2,... (5249) 


After the first integration of (5.249), we obtain: 


= Pit — E Il Cı, 
z = Pit- Št- t + L, 


mMk mMk 


Jore (axa 2k], k = 1,2... (5.250) 


where C, and L,—are arbitrary constants, 
After the second integration of (4.250), we obtain: 


Mi - r zu tC 
Raf 
Zz = M m GP E if | E xd (5.251) 


2m 2m, 


wté|(2k-1)n, 2kn] k= 


where C? and L;—are arbitrary constants. 
The arbitrary constants C1, L1, C? and Lz are determined by the initial conditions 
of (5.234). These arbitrary constants are equal to: 


— 1 
Ci = 0, Ly = 0, No = X10, Lo = ah (5.252) 
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By substituting the values of the arbitrary constants C; and L4 into (5.250), we 
obtain: , 
x = Pit- mh 
à = Pit - Suc TA (5.253) 
wt € [(2k — 1)m, 2kn], kom 52. 


By substituting the values of the arbitrary constants C4, L1, C? and L» into (5.251), 
we obtain: 
2 Ry g 
5.254 
Z1 = P15 Im — om. ~ 8l, iot) 
wt € [(2k — 1)m, 2kr], ka= ee eee 


(5.253) and (5.254), respectively, characterise the laws of variation of the speed 
and displacement of the beet root’s centre of mass in the process of its direct lifting 
from the soil in the absence of the perturbing force action. 

Now, we are going to derive the differential equation of the beet root’s rotation 
around its centre of mass (around axis Cy, which passes through the beet root’s centre 
of mass (point C) parallel to axis O1y1). According to [32], said equation will have 
the following form: 


29 
=, € 
Ly, = d = My, (5.255) 


where 0 is the angular displacement of the beet root around axis Cy; Iyc is the root's 
moment of inertia with reference to axis Cyc; M, is the moment of rotation around 
axis Cyc (total moment of all external forces applied to the beet root with reference to 
axis Cy). 

Further, let us find the moments of all external forces with reference to axis 
Cyc in accordance with the schematic model of forces presented in Figure 5.12. As 
the movement of the beet root's centre of mass is considered with reference to the 
coordinate system x1O1j1z1, we will determine the positions of Kı and K;—the points 
of contact between the root and the digging shares’ working surfaces A,B,C; and 
A5B5C» with reference to the same coordinate system. As we can see in the schematic 
model in Figure 5.12, the ordinate of the contact points Kı and K3 in the assumed 
coordinate system will be equal to zx) = zy» = —h, +h where h is the distance 
from the conditional fixation point O to the plane that extends through the contact 
points and is perpendicular to the beet root symmetry axis. 

Since the movement of the vibrational lifting tool shares takes place at a certain 
depth, the value of h for the specific beet root can vary only within the share oscillation 
amplitude, which is considerably smaller in comparison with the value of h. Therefore, 
the value of h for any specific beet root can be regarded constant. The ordinate of the 
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beet root's centre of mass (point C) at a random instant will be ze = zı where zj is 
determined by the second equation of (5.246). 

Thus, the ordinate of points Kı and K» varies from the ordinate of point C by the 
value —h; + h — zı and, therefore, for example, from the very beginning of the direct 
lifting (z1 = — 3) we have -h +h +% = h- 7. 

Then, the moments of all external forces applied to the beet root at a random 
instant will be equal to: 


My(Qui1) = My(Quo) = -Qa (-hr +h- 21) sin 6, (5.256) 
since the force vectors Qyi and Q,2 are parallel to plane x101z1. 
My,(P1) = My,(P2) = Picos 0(-hy +h -21), (5.257) 
since the force vectors P; and P are parallel to plane x101z1 
My(Fi) = My.(F2) = Fi cosyx(—hg +h — 21) sin 6. (5.258) 
or, taking into account (5.225), we have: 


My(Fi) = My(F2) 
= (0.5fH cos ô- sin wt + f P1 sin y) 
- sin(y + AKkimax Sin wt) cos yy (—HIty +h — z4) sin 0, 
wt € [2kr,(2k+1)n], k = 0,1,2,... 


(5.259) 


Then, taking into consideration (5.137), we obtain: 


My, (F1) = My,(F2) = fP,sin? y: cos y,(—hy +h- z4) sin 0, 


5.260 
wt € [(2k — 1)n, 2kn], ko 32. ( ) 


My,(E1) = My.(E2) = E1 cos y(-In +h- z1) cos 6. (5.261) 
Considering (5.226), we obtain: 
= (0.5fH cos ô sin wt + fP1 sin y) 


- cos(y + AKimax Sin wt) cos y(—hy + h — z1) cos 0, 
wt € [2kn, (2k 4- 1)n], k = 0,1,2,... 


(5.262) 
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Additionally, after using (5.138), we will come to: 


My (Ei) = My, (E2) = 0.5fPisin2y/ cos y(—h, + h —z1) cos 0, 


5.263 

wt € [(2k — 1)r, 2kr], k 12: ( 
Ms. = (Gy) = 0, (5.264) 

My, = (Rx) = 0, (5.265) 

My, = (R4) = 0, (5.266) 


since vectors Gy, Ry, and R;, intersect axis Cyc. 

Hence, based on (5.256), (5.257), (5.259) or (5.260), (5.262) or (5.263), (5.264), 
(5.265), (5.266) and the moment M of the couple of forces of the loosened soil’s 
resistance to the rotation of the beet root, we find the value of the rotation moment 
M}, of all external forces with reference to axis Cyc is as follows: 


My. = 20-51 (7h + h — z1) sin @ + 2P4 cos O(—hy + h = z1) 
+(fH cos ô- sin wt + 2fP; sin y) sin(y + &Kımax Sin wt)-cosy,(—hy + h — z1) sin@ (5.267) 
+(fH cos ô sin wt + 2fP sin y): cos(y + aam Sin wt) cos y(—h, +h — z1) cos 0 - M, 
wt € [2kr, (2k + 1) ], k 2012... 


or, after some transformations: 


My, = 2PY(-hy c h-21) cos 0 c 2fP4(-hy +h-z1) sin? y- 
cos yy: sin 0 + f P4(—hy +h — z4)sin2y: cos y: cos 0 — M, (5.268) 
wt € |Qk-1)n, 2kn], k = 0,1,2,.... 


The moment of inertia Lyc of the beet root with reference to axis Cyc is determined 
with the use of Expression (5.103). By substituting (5.2), (5.103), (5.267) or (5.268) into 
(5.255), we obtain the differential equation of the beet root's rotation around axis Cyc 
during its direct lifting from the soil, which has the following form: 

(0.038 + 0.15 tan? va) 92 = -H(-hy +h- z1) sin O sin wt 
+2P, cos O(—hy + h — z1)+ (fH cos 6: sin wt + 2f P4 sin y)sin(y + &Kimax sin wt) 
-cosy,.(—hy +h — z1) sin 0+ ( fH cos ô- sin wt + 2f P; sin y) (5.269) 
- cos(y + a amax Sin wt) cos y(—hy + h — z1) cos 0 - M, 
wt € [2kn, (2k+1)n], k = 0,1,2,.... 


or 
(0.088 + 0.15tan? y,)m,h2£2 = 2P1 cos O(h +h — 21) 
+2fP, sin? y- cos yy(—hy +h — z1) sin 0 
+2fP sin 2y cos y(-hy +h — z1) cos 0 - M, 
wt € [(2k—-1)n, 2kn|] k = 1,2,.... 


(5.270) 
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The initial conditions for the obtained differential equation are established based 
on the same considerations as for (5.234) and they will have the following form: 


at t= 0:0=0, 0-20 (5.271) 


(5.269) is nonlinear. It can only be solved with the use of numerical techniques 
and a PC. With this approach, the value zı for each cycle of using the numerical 
algorithm has to be obtained from the second equation in (5.246) for the respective 
instant tg. 

(5.270) is also nonlinear, since it includes the value z1, which is a variable, and 
for any instant f; this value z; has to be obtained from the second equation in (5.254). 

Thus, the obtained analytic expressions, essentially, constitute the theory of 
direct sugar beet root lifting from the soil with the use of vibrational lifting tools. 
The reached analytic expressions make it possible to define the kinematic modes of 
vibration-assisted beet root lifting based on the requirement of keeping the roots 
intact and the design parameters of the vibrational lifting tool. 

Now, let us apply the achieved results of the developed theory and construct 
an algorithm for computing the kinematic parameters of the work process under 
consideration. Here are its main provisions: 


l. First, specify the required initial data for the calculation. 

2. Then, find the values 1, 41, @2, 2 in accordance with (5.237), (5.238), (5.239) 
and (5.240), respectively. 

3. | Next, find the sugar beet root motion law during its direct lifting from the soil, 
according to (5.246). 

4. Now, move to drawing the diagrams for various values of the initial parameters; 
from these diagrams, the time of duration of the direct beet root lifting from the 
soil can be found. 

5.  Inorder to carry out the numerical calculations, we have to specify the required 
parameters. Thus, according to [7,31], the specified parameters have the 
following values: 


e (Average) mass of a sugar beet root: mk = 0.9 kg; 

e (Average) length of a sugar beet root: hk = 0.25 m; 

e Angles of the vibrational lifting tool's trihedral wedges: y = 14^, D = 52°; 

e Friction coefficient of steel on the sugar beet root surface: f = 0.45; 

e Resistance force exerted by the soil when a sugar beet root moves in it: 
Rx = 100 N, Rz = 100 N; 

e Amplitude of perturbing force: H = 500 N; 

e Transverse moving force: P1 = 400 N; 
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e = Angle of deflection of the friction force vector from the vector of its minimal 
value: Qximax = 30°; 

e Initial position of the sugar beet root’s centre of mass on axis 
O14:X19 = 0.2 m. 


The dihedral angle 6 between the wedge’s working surface and the lower base 
cos 

sin ô- cosy" 

Calculations have been carried out for several values of the vibrational lifting 


of the lifting tool can be derived from: ô = arctan 


tool oscillation frequency. 

Based on the obtained law of motion of the beet root’s centre of mass (5.63) in 
the system of coordinates x101z1, we draw the graphs x4 = x1(t), zy = 21(#) in the 
MathCAD environment (Figure 5.13) in order to determine the lifting time. 

As may be inferred from the graphs, the duration of the beet root lifting from 
the soil (z1 = 0) reaches only 0.032 s. 

In Figure 5.14, the motion trajectory of the beet root's centre of mass during the 
direct beet root lifting from the soil is shown. 

It becomes evident from the presented graph that within the interval of lifting 
the beet root from the soil (—0.083 < z1 < 0), its centre of mass moves effectively on a 
straight line. 

Obviously, this motion trajectory represents the actual trajectory of motion 
of the beet root's centre of mass only as a certain approximation since the soil 
resistance forces during the beet root displacement R,; and R7; are assumed to have 
constant magnitudes. 
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Figure 5.13. Graphs of the root's centre of mass displacement along axes 
Ox; (a) and Ojz4 (b) as a function of time during the direct beet root 
lifting from the soil (H = 500 N; P, = 400 N; Ry = 100 N; R: = 100 N; 
v = 10 Hz). 
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xHtl) 
Figure 5.14. Beet root motion trajectory in the coordinate system x1 O24 during the 
direct lifting of the root from the soil: (H = 500 N, P, = 400 N, Ry = 100 N, Rz = 100 


N, v = 10 Hz). 


Additionally, calculations have been carried out for the displacement of the 
beet root's centre of mass along axis OZ, until its complete lifting from the soil as a 
function of the changing perturbing force amplitude and z4 = z4(H, t) at P4 = const 
and zı = z3(P, t) at P = const have been obtained. 

In Figure 5.15, the surface and profile graphs of zı = z1(H, t) subject to the 
perturbing force amplitude variation within a range of H = 100-700 N (for a transverse 
moving force value of P, = 400 N and an oscillation frequency value of v = 10 Hz) 


are presented. 
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Figure 5.15. Surface (a) and profile graphs (b) of function zı = z4 (H, t) for the 
perturbing force amplitude's variation within a range of H = 100-700 N (P, = 400 
N, v = 10 Hz). 
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As one may see in the shown graph, when the perturbing force amplitude 
changes within a range of 100-700 N, the time of beet root lifting from the soil changes 
within an interval of 0.053—0.028 s. 

In Figure 5.16, the surface and profile graphs of the function z1 = z3 (P1, t), subject 
to the transverse moving force variation within a range of P4 = 100-700 N (for a 
perturbing force amplitude value of H = 500 N and an oscillation frequency value of 
v = 10 Hz), are presented. 
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Figure 5.16. Surface (a) and profile graphs (b) of function zı = z4(P,, t) for the 
transverse moving force variation within a range of P4 = 100-700 N (H = 500 N, 
v = 10 Hz). 


As may be inferred from the shown graph, when the transverse moving force 
changes within a range of 100-700 N, the time of beet root lifting from the soil changes 
within a range of 0.043-0.026 s. 

Based on the developed technique, a similar computation can be carried out for 
any values of the oscillation frequency of the vibrating digging tool. 


5.5. Conclusions 


1. A theory of lifting sugar beet roots from the soil with vibrational lifting tools 
has been worked out. This includes the analytic description of the work process 
at all stages of lifting, starting from the instant when the vibrational lifting tool 
grips the root, up to the complete lifting of the root out of soil. 

2. On the basis of the kinematic and dynamic Euler equations, the system of 
differential equations has been obtained for the three-dimensional oscillations 
of the root fixed in the soil as a rigid body in an elastic medium in the most 
general case—the case of asymmetric gripping of the root by the digging tool 
(gripping of the root by one share). 
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The mathematical model of oscillations of the root as a rigid body in an elastic 
medium during the symmetric gripping of the root by the digging tool (gripping 
of the root by both shares simultaneously) has been developed. The system 
of differential equations of the root’s translational oscillations together with 
the soil surrounding it as well as the differential equation of the root’s angular 
oscillations about the conventional point of its fixation in the soil have been 
set up. The solving of the obtained system of differential equations allows the 
law of the oscillatory process of the root in the soil during vibrational lifting, 
as well as the analytic expressions for the computation of the frequencies and 
amplitudes of the free and free accompanying oscillations and the amplitudes 
of the forced oscillations of the root as a rigid body in the soil, to be found. In 
accordance with the calculations, the root’s centre of mass covers a distance 
of 50 mm along axis O,4 in 0.025 s at a perturbing force frequency of v = 10, 
15 and 20 Hz along axis Oz1 at a perturbing force frequency of v = 10 Hz—a 
distance of 33 mm (c, = 2-105 N-m^7?), a distance of 21 mm (c4 = 3-105 N-m7?) 
or a distance of 13 mm (c, = 4-105 N-m^?), at v = 15 Hz—a distance of 35 mm 
(c1 = 2-105 N-m~?), a distance of 25 mm (c, = 3-105 N-m^?), a distance of 15 
mm (c1 = 4-105 N-m^7?), at v = 20 Hz—a distance of 40 mm (c; = 2-105 N-m7?), 
a distance of 30 mm (c, = 3-105 N-m7?), and a distance of 20 mm (c, = 4-105 
N:m ?). The obtained theoretical values of the amplitudes of oscillations of the 
root as a rigid body under the analysed kinematic parameters ensure the full 
breaking of the bonds between the root and the soil and establish the conditions 
for the direct lifting of the root. 

The mathematical model of direct lifting of the root from the soil by the vibrating 
digging tool has been generated. The system of differential equations of the 
root's plane-parallel motion during its direct lifting from the soil has been 
obtained. The solving of the mentioned system of differential equations has 
allowed the law of the motion of the root's centre of mass during its direct lifting 
from the soil to be found in the analytical form. The calculations performed 
with the use of the PC have allowed the duration of the direct lifting of the 
root from the soil to be found and the analysis of the effect that the design 
parameters of the digging tool and the kinematic parameters of the performed 
work process have on the duration of the lifting of the root from the soil. 


Thus, at a perturbing force amplitude of H — 500 N and a transverse moving 


force of P; = 400 N, the soil resistance forces along axis Ox; and Oz, Rx = 100, with 
a perturbing force frequency of v = 10 Hz, and time of root lifting from the soil of 
0.032 s. When the perturbing force amplitude varies within a range of 100—700 N (at 
a transverse moving force of P, = 400 N and a perturbing force frequency of v = 10 
Hz), the time of beet root lifting from the soil varies within a range of 0.053-0.028 s. 
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When the transverse moving force varies within a range of P4 = 100-700 N (at a 
perturbing force amplitude of H = 500 N and a perturbing force frequency of 10 Hz), 
the time of beet root lifting from the soil varies within a range of 0.043-0.026 s. 

The achieved results of the theoretical research provide the possibility to 
determine the optimal kinematic modes of operation and vibrational lifting tool 
design parameters, proceeding from the requirement of keeping sugar beet roots 
intact when harvesting them. 
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6. Theory of Impact Interaction between 
Vibrational Lifting Tool and Sugar Beet 
Root 


6.1. Impact Interaction at One Point 


In any work process, the required conditions include providing sufficient 
productivity, reducing the energy consumption and increasing the quality of 
performance of the work process. 

As regards beet harvesters, in order to ensure the quality of performance of 
their work process, it is necessary, first of all, to prevent damaging roots during their 
lifting. Meanwhile, the highest probability of damaging the lifted roots occurs in 
the case of impact interaction between the beet harvester digging tool and the root 
body fixed in the soil. It is quite obvious that at high velocities of the translational 
motion of modern beet harvesters as well as high rates of the oscillatory motion of 
vibrational lifting tools, it is possible to expect, especially when operating in dry and 
hard soil, the impact interaction between the digging shares and the root body at the 
instant when the lifting tool runs into the root. 

This highlights the need to theoretically investigate the mentioned impact 
interaction and use the results obtained from the investigations the determine the 
kinematic and design parameters of the lifting tools that meet the condition of not 
damaging the roots in the impact interaction and comparing them with the kinematic 
parameters obtained in Section 4. 

Since the roots are rather often positioned with an offset with respect to the row 
centreline, in many cases the impact interaction between the root and the tool takes 
place at one point—i.e., the interaction involves only one of the wedges. This is the 
case under consideration in the current subsection. 

As the vibrating digging tool approaches the root, the loosened soil between the 
shares and the root almost does not accumulate due to the oscillation of the shares; 
therefore, the initial contact between the shares and the root’s surface is immediate 
or through a rather thin layer of soil. Thereby, when the shares of the digging tool 
run into the root, they impact the root, which, as is known, features a significant 
impact impulse. As the impact impulse has a certain finite value and is effective 
within a very short time interval, the respective impact force is rather great; in fact, 
its magnitude significantly exceeds the values of all other forces acting on the root at 
the same time. However, since the root is still rigidly fixed in the soil, a danger of it 
breaking off or tearing apart arises. It is common practice to assume that the duration 
of the impact is equal to zero, which implies the assumption that the velocities of 


177 


the colliding bodies vary instantaneously by a finite value. At the same time, the 
positions of the bodies do not change; therefore, the presence of elastic constraints in 
the mechanical system has no effect on the progress of the impact process. This is 
due to the fact that no deformation arises in the mentioned constraints within the 
time of impact—accordingly, the constraints do not generate any reaction forces. If 
the mechanical system contains viscous elements, the reactions are generated in them 
during the impact; nevertheless, these reaction forces have finite magnitudes (as the 
velocities are finite)—hence, their impulses within the time of impact are equal to 
zero [33]. 

Usually, the further motion (after the impact) develops in different ways, 
depending on the presence or absence of elastic or viscous constraints. When the 
digging tool runs into the root, the soil at the lower part of the root remains unbroken 
(the root's tail part is fixed in this soil layer); therefore, said soil during the impact 
acts as an elastic or viscous (depending on the mechanical makeup and moisture 
content of the soil) shock absorber. Certainly, the harder and drier the soil is, the 
more adequate the above description is for the real impact process. 

Further, taking into account the fact that the breaking off or tearing apart of the 
root is more probable in the case when the root is fixed in hard and dry soil, it is 
necessary to investigate such a case. First of all, the equivalent schematic model of 
the impact interaction between the vibrational lifting tool and the root body that 
takes place when the tool runs into the root is to be set up. For this purpose, the 
vibrating digging tool is represented as the two wedges A1B4C4 and A2B2C>, each of 
them having three-dimensional inclinations at angles of a, B, y and both of them are 
positioned with respect to each other in such a way that a working channel necking 
rearwards is created (Figure 6.1). The mentioned wedges perform oscillatory motions 
in the longitudinal and vertical plane; the line of the translational motion of the 
vibrating digging tool is shown by an arrow. 

It is assumed that the root approximated by a cone-shaped body only impacts 
with the face of wedge A1B4C at point K4 (Figure 6.1). 

Moreover, the impact contact can take place either in the form of direct contact 
or contact via the thin layer of soil between the wedge face and the root. 

In order to describe the impact process, it is necessary to set up the system 
of coordinates. For this purpose, the vibrational lifting tool is associated with the 
orthogonal Cartesian coordinate system Oxyz, where the centre O of which is placed 
in the middle of the lifter's necked passage, axis Ox is in line with the direction of the 
lifter's translational movement, axis Oz pointing vertically up, and axis Oy points to 
the lifter's right side (Figure 6.1). 

Further, the forces generated by the interaction between the vibrational lifting 
tool and the root have to be presented (Figure 6.1). 
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Figure 6.1. Equivalent schematic model of impact interaction at one point between 
vibrational lifting tool and root body fixed in soil. 


It is assumed that the vibrational lifting tool exerts the vertical perturbing force 
Qp., which varies according to the following harmonic law: 


Qa, = Hsinat (6.1) 


where H—amplitude of perturbing force (N); w—angular frequency of perturbing 
force (s71). 

Said perturbing force is applied to the root simultaneously by both the wedges; 
therefore, it is represented in the equivalent schematic model by its two components 
O4 and 0.45; applied at points Kı and K3, respectively, at a distance of h from the 
conditional fixation point Oj. 
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Therefore, the following relation is observed: 
Qu = Qus = 0.5Hsin wt (6.2) 


As the vibrational lifting tool advances linearly along axis Ox, there are also 
propulsive forces P4 and P» acting along axis Ox and applied at points Kı and 
Ko, respectively. 

In addition to this, at the contact point Ky, the friction force is applied, which 
counteracts the slipping of the root on the working face of wedge A; B,C}. At the root's 
centre of mass (pointC), the root weight force Gz is applied. The forces of bonding 
between the root and the soil that act along axes Ox, Oy and Oz are designated as 
Rs Ry and Rz, respectively. Further, during the impact the root is subjected to the 
impact impulse Sn generated by the vibrational lifting tool and applied at point Ky. 
Said impact impulse is vectored normally to the work face of the share—i.e., plane 
A,B,C. 

Moreover, the tangential impact impulse Sz acts on the surface of the wedge. 
According to the Routh hypothesis, the relation between the magnitudes of the 
tangential and normal impact impulses is similar to Coulomb's law of friction—that 
is [34]: 

Sr € fS, (6.3) 


where f—dynamic coefficient that specifies the properties of the surfaces of the 
colliding bodies. In the general case, this coefficient can differ from the coefficient of 
friction for the bodies slipping relative to each other in continuous contact. 

The sign of inequality represents the case when the tangential impulse is so 
small that no slipping takes place between the bodies. Only when the slipping is 
present, should the equality sign be applied. 

The impulse S,1 has to be decomposed into component F that is at a right 
angle to the right line AC and component E that is parallel to the right line A1C 
(Figure 6.1). That appears as follows: 


Sa = FR +E (6.4) 


It is obvious that angle y between component E; and vector Sy in a first 
approximation depends on the ratio E 


Vector S;1 in such a representation will allow finding its projections on axes Ox, 
Oy and Oz later. 

The magnitude of the impact impulse can be different depending on the rate of 
the digging tool's oscillatory motion in the vertical plane at the instant when it runs 
into the root. Moreover, in view of the fact that the root has a conical shape when 
the vibrational lifting tool moves downwards, the vertical component of the impact 
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impulse is virtually absent. In such a case, the impact impulse is created only by the 
translational motion of the lifter. 

The next step is to analyse in detail the oscillatory motion of the vibrational 
lifting tool. It is assumed that the digging tool moves upwards from its lowest 
position —a to its highest position a, where a is the amplitude of oscillations of the 
tool; then, the digging tool moves downwards from the highest position a to the 
lowest position —a. Hence, the oscillations of the tool will take place in accordance 
with the following harmonic law: 


Ze = —acosot (6.5) 


where z,—displacement of the tool from the horizontal axis, about which the 
oscillations take place (m); w—angular frequency of oscillations of the digging tool 
(s71). 
Hence, the digging tool’s oscillatory motion velocity V35 at any instant of time t 
is equal to: 
Vz. = awsin wt (6.6) 


The maximum value of the velocity is equal to: 
Vzp;ggy = c (6.7) 


Therefore, it is necessary to investigate the impact interaction case where the 
impact impulse reaches its maximum. Such a case is observed at the moment when 
the vibrational lifting tool runs into the root if the tool is moving at that moment 
upwards at a velocity of V. max- 

In view of the fact that all the forces shown in Figure 6.1 have finite magnitudes, 
the impulses of these forces within the time of impact are virtually equal to zero. 
Only the impact impulses 5,; and S,; have nonzero values. 

Further, the impulse-momentum theorem for the case of an impact is to be 
applied [32]: 

m(U — v) = Sil + Sa (6.8) 


where V— velocity of the digging tool before the impact; U—velocity of the digging 
tool after the impact; m—mass of the reduced digging tool to the point of impact. 
At the same time: 
V= Vp + Vzb.max (6.9) 


where Vp—velocity of the translational motion of the lifter; V2 max —maximum 
velocity of the oscillatory motion of the digging tool. 
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The vector of the lifter’s translational motion velocity V, is directed along axis 
Ox, while the vector of the digging tool’s oscillatory motion velocity V2b.max—along 
axis Oz upwards. Taking into account (6.3), (6.8) acquires the following form: 


m(u-V) = Sm + fS (6.10) 


(6.10) has to be written in the form of its projections on the axes of the Cartesian 
coordinate system Oxyz. 
First, it is necessary to determine the projections of the vectors in Equation (5.10) 
on axis Ox. 
It is obvious that: 
Vy = Vp (6.11) 


As the vector 5,1 is directed along the normal line to the wedge surface, in 
accordance with (3.12) the following is obtained: 


Sy tan y 


Suy = (6.12) 


ytan? y +1 + tan? p 


As can be seen from Figure 6.1, the projections of the vectors E, and F; on axis 
Ox are equal to: 
Ey, = E,cosy = Sq cos y cosy (6.13) 


Fi, = F4cosó:siny = Sy sin y cos ô sin y (6.14) 


The projections of the vectors on axis Oy are found in a similar way. 
Using (2.12), the following is obtained: 


S 
Suy = — o (6.15) 
Jin? y+1+ tan? p 
As is clear from Figure 6.1, 
Ej, = -Esiny = -Sy cos p- siny (6.16) 
Fiy = -F1 cosô: cosy = -S41sin y: cos ô: cos y (6.17) 
It is obvious that: 
Vy = 0 (6.18) 
Next, the projections of the vectors on axis Oz will be found. 
It is obvious that: 
Vz = Vzb.max (6.19) 
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In accordance with Expression (3.12), the following is arrived at: 


5,1 tan 
Saiz = EM LM (6.20) 
ytan? y +1-+ tan? f 
Moreover, 
Ey, = 0 (6.21) 
Fiz = Fy sind = Sy sin y sind (6.22) 


Taking into account (6.11)-(6.22), (6.10) is resolved into the following system 
of equations: 


- Sn tan y " = 1 " -sin v 
m(us - Vp) zio + fSm cos Y- cos y — f Sm sin y^ cos ô: sin y, 
muy — Venu — fS, cos p: sin y — f Sn sin y- cos ô cos y, (6.23) 
Sy tan E i 
m(Uu -— Vzb max ) = = + fS, sin y sin ô. 


Thus, a system of three equations with the four unknown quantities 5,4, Ux, Uy, 
Uz has been obtained. The necessary fourth equation can be obtained using Newton's 
hypothesis about the collision of two bodies [32]. 

The relation between the digging tool velocities prior to and after the impact 
can be expressed with the use of the coefficient of restitution e—that is: 


Un = -£V, (6.24) 


where U,,—projection of the tool velocity after the impact on the normal line to the 
wedge surface; V;—projection of the tool velocity before the impact on the wedge 
surface’s normal line. 

Considering that U = Ux + Uy + Uz and V = Vp + Vzb.max and taking into 
account (3.12), the following is obtained: 


Ux tan y + Uy + Uz tan 
Tipus bos s f (6.25) 


A tar? y +1 + tan? f 


V,tan y + V. tan 
V, = p ) zb.max p (6.26) 


ytan? y+1+tan?p 


By substituting (6.25) and (6.26) into (6.24), the needed fourth equation is 
obtained: 


Uxtany + UyU;z tanp = -e(Vp tany + Vzb.max tan p) (6.27) 
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Thus, the system of four linear equations of the following form is arrived at: 


I S, tan y _ ; . M 
m( Ux - Vp) = ae + fSn1 cos Y- cos y — f5,4 sin j^ cos ô- sin y, 
S, : F 
mu, = py aera vere — fS, cos y: sin y — f 5,4 sin y cos ô cos y, (628) 
u 5,4 tan f n = ` 
m(Uz — Vix) = ieee t fSm sin y- sin ô, 


Us tan y + Uy + Uztanf = -&(V, tan y + Vzb.max tang). 


(6.28) can be formulated in the following form, which is more appropriate for 
solving with the use of Cramer’s rule: 


mU + 0U; + 0U; — — + f cos cos y — f sin cosósiny Sy = mV», 


" 1 = inyc si = 
OU, + mU, + 0Uz VEREOR f cos i sin y — f sin y cos ó cos 2 0, (6.29) 


tanf : à _ 
OU; + um + mu; — — F fsiny sın os = mVzmax, 
tan ys + Uy + tanpuz 05,4 = -eVp tan y + Vzb.max tan p). 


The next step is to write down the principal determinant of (6.29) and find 
its value: 


(er : — f sin v- - si 
m 0 0 — + f cos y cos y — f sin y cos ô siny) 
mE C— -siny — f sin Y- : / 
A= 0 m 0 a enone Eee: f cos- siny — f sin y- cos ô cosy] 
= tan f : _ 
o o T | Vtan2y+1+tan2B a fsiny as o 
tany 1 tanf 0 (6.30) 
2 tanf : : 

— — mp __ : t 

ý — +fsiny sin) anig 

2 1 


COS y sin y — f sin y- cos ô: cos 
ytan? y+1+tan? f f id pop eng » 
2 tan y 


Vee f cos uj" cos y — f sin y- cos ô- sin » tan y. 


Further, the determinant for finding the unknown quantity S, is to be written 
down and its value is to be found: 


m 0 0 mV 
A 0 m 0 0 
Su 7 0 0 m MV zh max (6.31) 
tany 1 tanf -e(V, tan y + Vzb.max tan p) 


= —m3(1+ €)(Vp tan y + Vzb.max tan p). 
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Thereafter, according to Cramer’s rule: 


u (6.32) 


After substituting (6.30) and (6.31) into (6.32) and making some transformations, 
the following is obtained: 


Si 

= m(1+e)-(Vp tan y Vp max tang): Vian2y-+1-+tan2p 

m tan? f^ f sin p- sin ô- tan B Mtan2y 4 -Htan?2B4A- (f cos p- sin y f sin y- cos ô- cos y) (6.33) 
m(1+e)-(Vp tan y - Vzp max tanf): vtan2y+1+tan2ß 

Vian2y+1-+ tan? B+ tan2y+(f cos p: cos y- f sin y- cos ô- sin y) tan y Vtan2y-+1-+tan?p 


Thus, the normal component of the impact impulse generated during the 
impact interaction between one of the wedges and the root fixed in the soil has been 
determined. (6.33) represents the functional relation between the normal component 


Sim of the impact impulse and the design and kinematic parameters of the vibrational 
lifting tool of the beet harvester. 

The sign “—” in (6.33) designates the impact impulse 5,1 applied by the root to 
the digging tool. The impact impulse applied by the digging tool to the root has a 
positive sign and the same magnitude. 

If the total impact impulse applied by the digging tool to the root is denoted by 
S, it is: 
S = $i t $a (6.34) 
then, according to (6.23), its projections on axes Ox, Oy and O: are, respectively, equal 
to: 


Sm tan y 
Sy = as + fS,1 cos y- cosy — fS,1sin-cosó:siny (6.35) 
qaftan? y + 1+ tan? f 
Sy = | fSy1 cos Y sin y — fS;,sinw-cosé-cosy (6.36) 
yon? y - 1-4 tan?f 
Sy tan B : . 
Sz = + fSy sin y" sin ô (6.37) 


Aj tar? y + 1 + tan? B 


where 5,4 is determined in accordance with (6.33), but with a positive sign. 
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Hence, based on (6.35), (6.36), (6.37) and (6.33), it is possible to determine the 
total impact impulse applied by the digging tool to the root: 


S = Ase SoS. (6.38) 


However, the quantity of greater interest is the magnitude of the impact force, 
which is more important than the impact impulse, as a great number of indicators 
for the physical and mechanical properties of sugar beets are only related to the 
forces applied by the digging tool to the root. Generally, the law of the impact force 
variation is unknown, but it is known that said force in a very short time of t„q, rises 
from zero to a very high level, then again falls to zero. Its maximum magnitude is 
about twice as large as its mean value for a time interval of t,,¢, [32]. 

In view of the fact that F,j,, = - where S is the impact impulse, F,,,, is the 
mean value of the impact force and f, is the duration of the impact; it follows that 


25 
Fa. T QF ud sr = Lu (6.39) 
ud. 


where F,,j —maximum value of the impact force. 
Taking into account (6.35), (6.36), (6.37) and (6.39), it is possible to write down 
the formulae for the projections of force F,,q, on axes Ox, Oy and O;, respectively: 


2t 
= +2f cos y" cos y — 2f sin y cos ô: sin y Sn (6.40) 


Fudx = m_e t 
A tar? y +1 + tan? f d 


2 $n 


Fay = | - 2f cos y sin y - 2f sin ij cos ô- cos y : (6.41) 
Af tar? y +1 + tan? f ud- 
2tan S 
Fu; = — C — + 2f sin y- sinó I (6.42) 
yan? y+1+ tan? f ud. 


where the quantity S,,; is determined in accordance with (5.33), taking it with a 
positive sign. 

The duration of impact t,,q can be determined only by experiment. According 
to [31], tq « 0.6-107? s. 

The next step is to analyse the conditions that allow damage to the root to be 
avoided during its impact interaction with the digging tool. 

If the root fixed in the soil is considered as a cantilevered beam, the root under the 
action of the moment created by the horizontal impact force F,4,, = Fudx + Fu, is 
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subjected to bending deformation. Therefore, if the permissible level of said moment 
is exceeded, the root can break. As mentioned earlier, such an event is most probable 
in the case of dry and hard soil. The effect is different in the case of humid and soft 
soil, where the root will more probably incline through an angle to the horizon under 
the action of the horizontal force. If the impact takes place at point K; situated at a 
distance of h from the wedge's lower edge (from the unbroken soil layer) (Figure 6.1), 
the moment of the impact force horizontal component about said point is equal to: 


Fudxy = E uto 2 2 
L -a EE, (643 


where F,4 and F,4,, are determined with (6.40) and (6.41), the above-mentioned 
moment is equal to: 
Considering the conditions that allow for the root to not break off under the 


Moi(Fudxy) = Fyg xy 


action of the moment created by the horizontal force F4 xy, two cases are theoretically 
possible: [Mss] « Moy and [Mss] > Mop where [Mss] is the bending moment 
permissible for the root body, which does not cause the root to break off and Mop is 
the support moment of the unbroken soil, in which the root is fixed. Due to the fact 
that the equilibrium conditions always imply Mop = Mo1 (Faq) where the quantity 
Mop has to be understood as the maximum (potential) support moment that can be 
provided by the restraint, i.e., the soil, in which the root is fixed, without disrupting 
the restraint. 

The first case above reported is typical of dry and hard soil, the second one 
is typically related to humid and soft soil. In the first case, the root breaking off is 
possible under the condition [Ms] < Mal (F dey) < Mop, hence, the condition for the 
root not breaking off in the first case is, taking into account (6.43): 


JF + Fa yt s [Meg] < Mop (6.45) 


In the second case, the root breaking off is unlikely in general; the only possible 
effect is the root inclining through an angle. 

Obviously, in this case the condition for the root inclining through an angle 
without breaking off is, taking into account (6.43): 


2 2 
Mop < JF, + Fag < [Mss] (6.46) 


The second case the root will neither break off nor incline if the the following 
condition (considering (6.43)) is met: 


2 2 
V Puis TES Š Mop < [Mss] (6.47) 
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On the basis of the condition that allows the root not to break off (6.45) in the 
case of impact interaction between the digging tool and the root, the limitation on 
the tool’s velocity can be determined. 

For this purpose, (6.45) can be expanded, taking into account (6.40) and (6.41), 
as follows: 


V Vian? yl Flan? B = + 2f cosp: cos y — 2f sin p- cos ô sin y} 
K an 


7 (6.48) 
oe + 2f cos y^ sin y — 2f sin y- cos ô: cos » „ŝul < [Mss] 
The following designations are to be introduced: 
V 2tany + 2f cos j^ cos y — 2f sin y- cos ô- cosy) 
ee (6.49) 


2 
| du | 2f cos sin - 2 sin coscos) =A 


tan2y+1+tan2B 
tan? B-+f sin y sinô: tan B A/tan2y -14-tan2 B -1— (f cos i sin y+ f sin y- cos ô- cos y) 
ATLETI (6.50) 
tan? y 4- tar? f--tan?y 4- (f cos y- cos y f sin i cos ô sin y) tan y Ytan2y+1+tan26 


Taking into account (6.49), (6.48) acquires the following form: 


ASh 
Ben aiia] (6.51) 
tud. 
wherefrom the following is obtained: 
Sma < [Mes fu (6.52) 
nl S Ah t 


In view of (6.33) and (6.50), (6.52) takes the following form: 


[Mss] tud 
Ah 


Bm(1 + e) (Vp tan y + Vas tan f) < (6.53) 
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Finally, the following is derived from (6.53): 


[Mss] tud 


ABhm(1 + €) Paa 


Vp tan y + Vzb.max tan p < 

Thus, the limitation on the velocity of the lifting tool has been established, taking 
into account its design parameters and reduced mass as well as the root’s strength 
and coefficient of restitution. 

As the velocity of the unit has an effect on its productivity, it is necessary to 
investigate the case of the sign of equality in (6.54). If the beet harvester’s translational 
motion velocity V; is preset, it is possible to derive, from (6.54), the magnitude of the 
maximum velocity Vzb.max of the oscillatory motion of the vibrational lifting tool: 


[Meg |tua 
ABhm(1 + €) 


1 
tan f 


Vip. max = 


V, tan j (6.55) 


On the basis of (6.7), it is possible to determine the required angular frequency 
of the digging tool oscillations at the preset amplitude of the oscillations, subject to 
the condition of not damaging the root: 


1 [Mss ]tus 
= — —————-V,yt 6.56 
atanB| ABhm(1 +e) — SNO PES 
Hence, the hertz frequency of the digging tool oscillations is equal to: 
1 [Meg tad 
= ——| ——— -Vst 6.57 
Z2uatanB| ABhm(1te) P OY ud 


Based on the developed theory of the impact interaction between the vibrating 
digging tool and the root, itis possible to define, subject to the condition of not breaking 
off the root, quite a wide range of acceptable digging tool oscillation frequencies at 
different values of the design and kinematic parameters of the vibrational lifting tool. 

In order to carry out the calculations, it is necessary to specify the values of some 
of the parameters present in (6.57). 

In the further considerations, it is assumed that the design parameters of the 
trihedral wedges of the lifting tool—in particular, angles y and f (Figure 5.1) are 
preset: y = 14°-15°, p = 50°-55°. 

The dihedral angle 6 between the wedge’s working face and its lower face 
(Figure 6.1) is determined with the use of (3.63). 
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The dynamic coefficient of friction of steel on the surface of the root is assumed 
to be equal to f = 0.45 [7]. To a certain approximation, it is assumed that angle 
y = 45°. 

The distance between the impact contact point Kı and the lower edge of the 
wedge (i.e., the boundary of the unbroken soil layer) is = 0.05 m. 

The coefficient of restitution for the impact is assumed to be € = 0.72. 

The permissible bending moment [Mz¢| can be determined on the basis of the 
following considerations. 

If z—depth at which digging tool runs in the soil, it is obvious that the root will 
most probably break off at that depth, as at the depths greater than z the root sits in 
unbroken soil, while at the depths less than z the root cross-section area is greater 
(since the root has a conical shape). 

Considering that the diameter d; of the root cross-section at a depth of z is 
dy = Dy, —2z-tan yy where Dj is the root diameter (m) and y; is the taper angle of 


the root (°). 


d? 
Subsequently, starting from the theory of strength of materials [Mss = lo], E 


where [o]; —modulus of rupture of the root under dynamic load (Pa). Taking into 
account the previous formula, the following is arrived at: 


3 
[M] = jee (6.58) 


According to [7], Dy = 67-122 mm, y, = 9°-18°, [o]; = 1.15-10°Pa. 

For the calculations, it is assumed that Dy = 100 mm, y; = 15°. 

One of the design parameters that is important in determining the impact 
interaction is the mass of the reduced digging tool to the point of impact. An 
indicative set of values for the reduced mass is obtained with (6.57) for the preset 
ranges of the digging tool oscillation amplitudes and frequencies as well as the 
translational motion velocities that are to be used in the experimental investigations. 
The mentioned parameter variation ranges are as follows: 


- digging tool oscillation amplitude a = 8-24 mm; 
- A. digging tool oscillation frequency v = 7.5-20.3 Hz; 
- lifter translation velocity Vp = 1.4-22 ms. 


The following expression for calculating the reduced mass can be derived from 
(6.57): 


KAZ 
mae A, o o o (6.59) 
ABh(1 + e)(2vra tan B + Vp tan y) 
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The calculations will be carried out for various values of the digging tool running 
depth—in particular, for z = 0.08; 0.10; —0.14 m and at three values of the amplitude: 
a = 0.008, 0.016 and 0.024 m. 

The value of the reduced mass is obtained in the form of a function of the digging 
tool oscillation frequency v and the lifter translation velocity Vp—i.e.,m = m(v, Vp). 

The values of the reduced mass calculated in the described manner allow for 
the root not to be broken off in the case of impact interaction at specific values of the 
digging tool running depth, oscillation amplitude and frequency as well as specific 
values of the lifter translation velocity. 

The calculation process results in obtaining, apart from the tables of reduced 
mass values, the graphs of the function m = m(v, Vy) for various value sets of the 
digging tool running depth and oscillation frequency and the respective contour 
diagrams. Since the operational running depth of the lifting tool does not, in the 
majority of cases, exceed 0.10 m [31], the case of calculation for a depth of z = 0.10 
m and an amplitude of a = 0.016 m will be presented as an example. For this 
case, the graph of the function m = m(v, Vp) and the respective contour diagram 
are presented in Figure 6.2. The frequencies in the presented case vary within the 
range of v — 7.5-20.3 Hz and the lifter translation velocities—within the range of 

Vp 214-22 mss. 


3 
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Figure 6.2. Surface (a) and contour diagrams (b) of values for digging tool mass 
reduced to point of impact m = (v, Vp) (kg) (digging tool running depth z = 0.10 
my; oscillation amplitude a = 0.016 m). 


The trend of decreasing reduced mass is observed in the case of an increase in 
the digging tool oscillation amplitude. For example, at z = 0.10 m and an amplitude 
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of a = 0.008 m, the reduced mass varies within the range of m = 1.07~2.38 kg, but at 
z =0.10 m and an amplitude of a = 0.024 m—within the range of m = 0.45-1.11 kg. 

The reduced mass of the digging tool also decreases with the increase in its 
running depth. For example, at an amplitude of a = 0.016 m and a running depth of 
z = 0.10 m, the reduced mass varies within the range of 0.63~1.51 kg, but at the same 
amplitude and a running depth of z = 0.12 m—within the range of 0.29~0.69 kg. 

The obtained diagram clearly displays the trend of the reduced digging tool 
mass decreasing with the increase in the tool oscillation frequency and the lifter 
translation velocity. 

The results of the calculation of the reduced mass values for the frequency 
varying within the range of v= 7.5~20.3 Hz and the lifter translation velocity varying 
within the range of Vp = 1.4~2.2 mss ! are presented in Table 6.1. 


Table 6.1. Ranges of variation of reduced mass against variation of tool oscillation 
frequency and lifter translation velocity. 


Digging Tool Running Reduced Mass Value, m (kg) 


Depth z (m) a = 0.008 m a = 0.016 m a = 0.024 m 
0.08 4.45~2.00 2.82~1.18 2.07~0.83 
0.10 2.38~1.17 1.51~0.63 1.11~0.45 
0.12 1.08~0.49 0.69~0.29 0.50~0.20 


It has been established in the field experiments that the critical impact impulse 
energy that causes the root tail part (a diameter of 30~40 mm) to break off is equal to 
2.5~3.0 J [31]. This corresponds to a digging tool running depth of 0.10~0.12 m. 

Ina first approximation, the impact impulse energy is equal to the kinetic energy 
of the digging tool prior to the impact. Based on this, the reduced mass that enables 
breaking off the root can be assumed to be m = A where m is the reduced mass of 


digging tool (kg); T is the kinetic energy of the digging tool prior to the impact (J)and 
Vj is the lifter translation velocity (m-s~!). 

At V; 214ms !,m = 2.55 kg; at Vp = 2.0 mss !, m = 125 kg; at V, 222mss !, 
m — 1.03 kg. Hence, the obtained values are close to those presented in Table 6.1 
at = 0.10 m. 

Moreover, as is pointed out in [31], during the laboratory and field investigations, 
the impact impulse loads were created with the use of a pendulum impact machine, 
in which the hammer mass was 0.45~1.5 kg and impact velocity—1.0-2.5 m.s^!. 
Thus, the mass of the hammer and the velocity of its motion were the same as the 
parameters mentioned in this paper. 

Hence, the above-mentioned calculations have enabled obtaining quite a wide 
range of reduced mass values of the digging tool. Certainly, when developing 
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a specific vibrational lifting tool, a specific reduced mass value will be used. 
Nevertheless, by using the results of the described calculations, it is always possible to 
determine what kinematic parameters of the digging tool motion are stipulated by the 
specific reduced mass subject to the condition of not breaking off the roots. Moreover, 
if a specific reduced mass value is chosen from the obtained range of reduced 
mass values (or close to it), it is possible to calculate the permissible frequency 
values for a wider range of amplitudes, digging tool running depths and lifter 
translation velocities. 

Said computation can be carried out using (6.57). 

For example, a reduced mass value of m = 1.5 kg, which is within the range 
of reduced mass values m = 1.17~2.38 kg, is selected from Table 6.1 (digging tool 
running depth—0.10 m, oscillation amplitude—0.008 m). Using (6.57), the acceptable 
frequency of oscillations of the digging tool is calculated as a function of the lifter 
translation velocity and the digging tool oscillation amplitude—i.e, v = (Vp,a). In 
this case, the lifter translation velocity varies within the range of 1.4-2.2 m:s ^! and 
the amplitude—within the range of 0.008—0.024 m. The results are in Table 6.2. 


Table 6.2. Acceptable digging tool oscillation frequencies for reduced mass of 
m = 1.5 kg. 


Range of Variation of Digging Tool 


Digging Tool Running Depth, z (m) Oscillation Frequency, v (Hz) 


0.08 33.08~9.97 
0.10 15.17~4.01 
0.12 3.89~0.243 


As can be seen in Table 6.2, the frequency range v = 0.243-3.89 Hz ensures 
the roots are not broken off at a digging tool running depth of 0.12 m and less; the 
frequency range v = 4.01~15.17 Hz ensures the roots are not broken off at a digging 
tool running depth of 0.10 m and less; the frequency range v = 9.97~33.08 Hz—at a 
digging tool running depth of 0.08 m and less. Thereby, theoretically, it is possible to 
compute the digging tool oscillation frequency values that meet the condition of not 
breaking off the roots for quite a wide range of kinematic parameters of operation of 
the vibrational lifting tool. 

The graph of the function v = (Vp,a) and the contour diagram for a reduced 
digging tool mass of m = 1.5 kg and running depth of z = 0.10 m are presented below 
(Figure 6.3). 

As can be concluded from the shown diagram, the acceptable frequency depends 
on the digging tool oscillation amplitude: as the oscillation amplitude goes up, the 
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permitted frequency sharply falls. It also decreases when the lifter translation 
velocity rises. 
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Figure 6.3. Surface (a) and contour diagrams (b) of values of digging tool oscillation 
frequency v = (Vp,a) (Hz) acceptable subject to not breaking off roots during 
their impact interaction with digging tool (digging tool running depth z = 0.10 m; 
reduced digging tool mass m = 1.5 kg). 


In the case of a running depth of z — 0.14 m, a reduced digging tool mass of 
m = 1.5 kg is unacceptable, since the permissible frequency values become, according 
to the calculations, negative, which makes no sense. 

Similar calculations have been carried out for a reduced mass of m — 1 kg with 
the same ranges of the translational motion velocity and digging tool oscillation 
amplitude. The results of the calculations are shown in Table 6.3. 


Table 6.3. Acceptable digging tool oscillation frequencies for reduced mass of 
m — 1 kg. 


Range of Variation of Digging Tool 


Digging Tool Running Depth, z (m) Oscillation Frequency, v (Hz) 


0.08 52.38-16 
0.10 25.52~7 
0.12 8.60~1 


The acceptable frequency values for a reduced mass of m = 0.8 kg are presented 
in Table 6.4. 
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Table 6.4. Acceptable digging tool oscillation frequencies for reduced mass of 
m = 0.8 kg. 


Range of Variation of Digging Tool 


Digging Tool Running Depth, z (m) Oscillation Frequency, v (Hz) 


0.08 66.86-21.23 
0.10 33.28-10.04 
0.12 12.13~2.99 


Additionally, the results of the calculations and the diagrams of acceptable 
frequencies for the digging tool with a reduced mass of m = 2.0 kg within the same 
ranges of the translational motion velocity and the oscillation amplitude are provided 
as an example. In particular, at Z = 0.08 m, the acceptable frequencies are within the 
range of v = 6.76~23.43 Hz, at Z = 0.10 m—within the range of v = 2.28~10.00 Hz. 

It is rather convenient to determine the acceptable frequency value for each pair 
of values (V,,a) with the use of the contour diagram shown in Figure 5.3b. The 
denser the coordinate grid is, the more accurately and conveniently the acceptable 
frequencies are determined. 

As an example, the results of the calculation of the maximum acceptable 
oscillation frequency obtained for a reduced digging tool mass of m = 1.5 kg will be 
further analysed. 

As the calculation results show, at a digging tool running depth of z = 0.08 m 
and an oscillation amplitude of a — 0.008 m, a maximum acceptable digging tool 
oscillation frequency of v = 30 Hz ensures breaking off of the root tail parts within 
the lifter translation velocity range of 1.4~2.2 m«s ^. For the same running depth 
and a digging tool oscillation amplitude of a = 0.010 m, a maximum acceptable 
oscillation frequency of v = 24 Hz ensures the root tail parts are not broken off within 
the above-mentioned lifter translation velocity range. 

Under the same conditions, for an amplitude of a = 0.012 m, the maximum 
acceptable frequency is v = 20 Hz; for an amplitude of a = 0.014 m — 17.1 Hz; for 
a = 0.016 m - 15.0 Hz; a = 0.018 m - 13.3 Hz; a = 0.020 m - 12.0 Hz; a = 0.022 m - 
10.9 Hz; a = 0.024 m — 10.0 Hz. 

The above values of the vibrational tool oscillation frequency are the maximum 
acceptable values of the frequency subject to not breaking off the root tail parts 
during the impact interaction. Lower oscillation frequency values allow, to a 
greater extent, for not breaking off of the root tail parts. Nevertheless, as will be 
shown, the frequencies must be limited from below as well—i.e., there are minimum 
acceptable frequency values that ensure the guaranteed gripping of each root by the 
digging shares. 
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Meanwhile, the calculation has shown that the maximum acceptable frequency 
values for a digging tool running depth of z = 0.10 m are significantly lower. For 
example, at an oscillation amplitude of a = 0.008 m, a maximum acceptable oscillation 
frequency of v = 12 Hz allows the root tail parts to be not broken off within the lifter 
translation velocity range of V = 1.4~2.2 ms! at an oscillation amplitude of a = 0.010 
m—the maximum acceptable frequency is v = 9.6 Hz; at an amplitude of a = 0.012 
m—v = 8 Hz; at an amplitude of a = 0.014 m—v = 6.9 Hz. 

In the case of greater values of the amplitude, the acceptable frequency 
values become even lower. When the frequency values fall below the minimum 
acceptable ones with regard to the guaranteed gripping of each root by the 
digging shares, the respective kinematic conditions must be rejected as they are 
technologically unacceptable. 

For a reduced digging tool mass of m = 1.5 kg and a depth of running in the soil 
of 0.12 m, the maximum acceptable frequency values subject to the root tail parts 
not breaking off during the impact interaction are below 4 Hz. Hence, under the 
condition of the guaranteed gripping of the root by the digging shares, said frequency 
values are unacceptable. 

It is quite obvious that the maximum acceptable frequency values for a reduced 
digging tool mass of m = 1.5 kg will meet the condition of not breaking off the 
root tail parts even more in the case of smaller reduced masses of the digging tool. 
Indeed, the maximum acceptable frequency values for the respective amplitudes and 
digging tool running depths will, in this case, be even higher. This is proved by the 
calculations for reduced digging tool masses of m = 0.8 kg and m = 1.0 kg. While 
the maximum acceptable frequency values for the digging tool's running depth of 
0.12 m and its reduced mass of 1.5 kg are below 4 Hz, in the case of a reduced mass 
of m — 1.0 kg, said values are considerably higher. For example, at an amplitude of 
0.008 m and a lifter translation velocity of 1.4~2.2 ms", they stay within the range of 
8.6-5.4 Hz at an amplitude of 0.010 m; within the same translational motion velocity 
range—within the range of 6.8-4.4 Hz; at an amplitude of 0.012 m—within the range 
of 5.7~3.6 Hz. 

For a reduced digging tool mass of m = 0.8 kg and a digging tool running depth 
of 0.12 m, the respective values of the maximum acceptable frequency are within 
the following ranges: at an amplitude of 0.008 m—12.1~9.0 Hz; at an amplitude of 
0.010 m—9.7~7.1 Hz; at an amplitude of 0.012 m—8.1~6.0 Hz; at an amplitude of 
0.014 m—7.0~5.1 Hz. 

Hence, the above acceptable frequency values subject to the condition of the root 
tail parts not breaking off during the impact interaction with the digging shares have 
to be limited from below, proceeding from the condition of the guaranteed gripping 
of each root by the digging shares of the lifter. 
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Thus, the developed theory of impact interaction between the digging tool and 
the root fixed in the soil as well as the calculation algorithm generated on the basis of 
the theory facilitate computing with the use of the personal computer the kinematic 
operating conditions for a vibrational lifting tool within a sufficiently wide range 
taking into account its design and process parameters and proceeding from the 
condition of not breaking off the roots. 

The algorithm of computing the acceptable oscillation frequency for a vibrational 
lifting tool subject to not damaging the roots during the impact interaction between 
them is presented below. 


1. The permissible bending moment is found with (6.58). 

2. Parameters A and B are found with (6.49) and (6.50), respectively. 

3. The tentative set of the reduced mass values as the function m = m(v, Vp) 
at different values of oscillation amplitude and digging tool running depth is 
computed with (6.59). 

4. After selecting a specific value of the reduced mass m from the set of reduced 
mass values obtained in Step 3, the acceptable frequency is determined as the 
function v = v( Vp,a) in accordance with (6.57) for various values of digging 
tool running depth. 


Thereby, the theory of the impact interaction between the vibrational lifting tool 
and the root fixed in the soil produces rather a wide range of acceptable values for the 
digging tool oscillation frequency. However, it is necessary to place the acceptable 
values of frequency obtained above the limitations—from above and from below. The 
limitation from above is stipulated by the reliability of the digging tool oscillatory 
motion drive, as at excessively high frequencies the dynamic loads on the drive 
components sharply rise, which considerably reduces the reliability and durability 
of the drive. According to the results of experimental studies, the reliability of the 
drive sharply falls in the case of the existing drive designs when the digging tool 
oscillation frequency exceeds 20 Hz [7]. The limitation of the acceptable frequency 
values from below is imposed by the requirement to ensure the gripping of the 
root by the digging tool when the root is situated in the lifter's working channel. 
Therefore, it is important to analyse the relation between the number of the possible 
ways in which the root is gripped by the vibrational lifting tool over the time when 
the root resides in the lifter's working channel, and the following process parameters: 
the lifter's translational motion velocity, the length of its working channel and the 
frequency of oscillations of the working faces of the vibrational lifting tool. 

As the extraction of roots during their vibrational lifting is possible only in the 
case of direct contact between the digging tool and the roots, an issue of importance 
is the length of the rear part of the lifter's working channel, which starts from the 
point of first contact with the root and extends until the end of the working channel 
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(i.e., the length over which the contact with the root and its final extraction from the 
soil take place). Of course, said length can be different (considering the variation of 
the design solutions that take into account the different root sizes, etc.); nevertheless, 
it must have an average value l, which can further be assumed as the design value. 

The analytical relation between the number of oscillations that the vibrational 
lifting tool performs in its interaction with the root during the latter’s stay in the 
rear part of the working channel, on the one hand, should be found, as should the 
length of the rear part of the working channel, the oscillation frequency and the lifter 
translation velocity, on the other hand. 

If I—distance from the point of the first contact with the root to the end of the 
lifter's working channel and V,—lifter translation velocity, the duration of stay of 
the root in the above-mentioned part of the working channel is equal to: 


l 


In that time, the digging tool performs the following number of oscillations: 


l 


k = v— ; 
v V, (6.61) 
where v—frequency of oscillations of the vibrational lifting tool (Hz). 
Hence, for example, if it is assumed, according to [7], that V; = 2 mss! ms, 


v — 20Hz,l — 0.1 m (the minimum possible value of the length), the following 
number of oscillations of the vibrational lifting tool isk = 20.0.1 
Then, knowing the number of oscillations performed by the vibrational lifting 


= 1 oscillation. 


tool, it is necessary to find out how many times the tool grips the root in the time of 
the root's stay in the rear part of the channel atk = 1—i.e., in case the digging tool 
performs one full oscillation in said time. 

In the situation under consideration, two cases are possible. 

The first case: the digging tool meets the root (performs the first direct contact 
with the root) at the instant of time when the tool is moving up from its lowest 
position to its highest position. In further considerations, the digging tool oscillation 
period is denoted by t. As the perturbing force in this case is vectored upwards, this 
first contact between the digging tool and the root will also be the first time when the 
digging tool grips the root and the process of breaking the bonds between the root 
and the soil begins. The gripping continues until the digging tool reaches its highest 
position. In further considerations, this time interval is denoted by tı = s11 where 
0 < s, € 0.5—a number that shows in what fraction of the oscillation period the first 
grip of the root by the digging tool takes place. 
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For example, ifs; = 0.5 it means that the first grip starts at the lowest position; 
therefore, t4 = 0.5t. However, if sq. = 0, it means that the first contact starts at the 
highest position, which implies that f; = 0. All the other values of s; that comply 
with the above inequation, represent the start of the grip at any instant of time during 
the digging tool movement upwards from the lowest position to the highest one. 

Having reached its highest position, the digging tool starts moving downwards. 
In this case, taking into account the conical shape of the root, the perturbing force 
stops acting on the root—this means that the root is not gripped anymore. However, 
the loss of contact between the root and the digging tool is rather unlikely in view of 
the translational motion of the lifter and the necking of its working channel. If the 
perturbing force stops acting on the root, the latter will try and return to the vertical 
position in view of the elasticity of the soil and its own elasticity. It is possible that at 
this stage the root has a slight tilt forward caused by the lifter’s translational motion. 
Such circumstances remain present over the time of t2 = 0.5 t as the digging tool 
moves from its highest position to the lowest one. After that, the digging tool repeats 
the upward movement from its lowest position to the highest one. 

Thus, over the time of tj = 1 — (t1 + t2), the second grip of the root by the 
digging tool takes place, which starts the process of the further disruption of bonds 
between the root and the soil right up to the complete extraction. Of course, if the 
duration of the root's stay in the rear part of the working channel (after the first 
contact) is not longer than q, the second grip must end in the guaranteed complete 
extraction of the root from the soil; otherwise, the root will remain in the soil (that is, 
it will either be cut off by the shares or chock up the lifter's working channel). 

In case the root is weakly fixed in the soil, it is not improbable that the extraction 
will take place during the first grip of it by the vibrational lifting tool. 

The second case: the digging tool meets the root (performs the first direct contact 
with it) at the instant of time when the tool is moving down from its highest position 
to the lowest one. This contact will continue over the time of 4. = st, where 
0 < s4 < 0.5. 

In this period, no perturbing force from the vibrational lifting tool acts on the 
root. After reaching the lowest position, the digging tool starts moving in the opposite 
direction—i.e., from the lowest position to the highest one. In this period, the first 
grip of the root by the digging tool takes place and continues for fg = 0.5 t until 
the digging tool reaches its highest position. Next, the digging tool starts moving 
downwards and over the time of t3 = 1 — (t1 + t2), again, no perturbing force acts 
on the root—i.e., in this time interval no gripping of the root takes place. 

Thus, in the second case, within the time interval of t4 + t2 +t3 = c, the root 
is gripped by the digging tool only once. If in this case the time of the root staying 
in the rear part of the working channel (after the first contact) is no longer than T, 
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then said single grip must result in the complete extraction of the root from the soil; 
otherwise, the root will remain in the soil. 

Of course, one grip can be insufficient for the extraction of the root tightly 
bonded with the soil. In this case, obviously, it is necessary to increase considerably 
the gripping force, but this can result in the breaking off or tearing apart of the root 
body. Nonetheless, it is quite evident that even one grip of the root at a certain 
depth that allows it to be forced out of the surrounding and restraining soil and the 
following travel of the root in the lifter’s necked working channel on the inclined 
faces of the shares are sufficient for the complete extraction of the root. 

Thus, atk = 1 in the first case, it is appropriate to analyse two phases of the 
extraction process—the first phase and the third one, as during the first grip the 
perturbation of the root takes place; then, in the interval between the first and second 
grips, the root restores its position under the action of the elastic force of the soil and 
the root’s own elasticity. During the second grip, the final extraction of the root from 
the soil takes place. In the second case, the extraction must be completed during one 
grip—i.e., the third phase of lifting takes place. 

Atk < 1 (the digging tool cannot complete one full oscillation within the time of 
stay of the root in the rear part of the lifter’s working channel), in the first case only 
one grip of the root by the digging tool can take place; in the second case—no grip 
occurs. Indeed, the root must be lifted in one grip by the digging tool or, in an extreme 
case, by the necked working channel of the lifter due to the lifter’s translational 
motion (as happens in the usual share lifter). However, the lifting of the root rigidly 
fixed in the soil by the necked channel due to the lifter’s translational motion can 
result in the sharp tilting of the root along the lifter’s motion and its breaking off. 
Moreover, at k < 1, the root rigidly fixed in the soil may still not be lifted even after 
one grip by the vibrational lifting tool. 

Thereby, the correlation between the digging tool oscillation frequency, the 
lifter’s translational motion velocity and the working channel length must allow the 
digging tool to perform more than one oscillation over the time of its stay in the rear 
part of the working channel—i.e., it is necessary to ensure that k > 1. 

If, for example, k = 2 (when the length of the rear part of the lifter’s working 
channel! is equal to 0.2 m) and the first case is under consideration (i.e., the first contact 
between the digging tool and the root takes place during the upward movement of 
the digging tool), then within the first oscillation period, the digging tool performs 
two grips of the root; within the second oscillation period—one grip. However, if the 
second case is under consideration (i.e., the first contact between the digging tool 
and the root takes place during the downward movement of the digging tool), then 
within the first and the second oscillation periods the digging tool performs one grip 
of the root per period. Hence, atk = 2 either three or, in the worst case, two grips of 
the root are guaranteed. 
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Thereby, atk = 2 in the first case, three phases of lifting have to be taken into 
consideration: the first phase—during the first grip, when the perturbing force acts 
on the root firmly bonded with the soil, and in the time interval between the first and 
second grips, when the root restores to its initial position; the second phase—during 
the second grip, when the perturbing force acts on the root in already loosened 
soil, and in the time interval between the second and third grips, when the root 
restores to its previous position; the third phase—during the third grip, when the 
final extraction of the root from the soil is performed. In the second case, two phases 
of lifting have to be analysed: the first and the third. Of course, such division into 
phases is rather conventional. 

In general, fork = n where n is a natural number, as can be concluded from the 
above considerations, the digging tool can complete n + 1 or n grips of the root. 

Certainly, the greater k is, the smoother the process and the higher the quality of 
root extraction from the soil by the vibrational lifting tool, as with a greater number of 
oscillations used for one root, it is possible to apply a smaller perturbing force to lift 
the root, which means reducing the probability of breaking the root body. Moreover, 
the greater k is, the more oscillations the root performs together with the digging tool 
in the first and second phases of extraction, which means better cleaning of the root 
from the caked soil. 

The growth of the number k can be achieved by either increasing the digging 
tool oscillation frequency and the length of its working channel or decreasing the 
lifter’s translational motion velocity. In summary, even atk = 1, when the digging 
tool performs only two grips of the root in the time of the latter's stay in the rear 
part of the lifter, an oscillatory process takes place in the first phase of lifting (the 
first gripping of the root and the return of the root to its initial position in the time 
interval between the first and second grips) and the perturbation of the root under 
the action of the perturbing force and its return to the initial position under the action 
of the restoring forces (the elastic force of the soil and the root's own elastic force) 
occur. Even more so, at k » 1 an oscillatory process takes place that facilitates the 
guaranteed extraction of the root from the soil. 

Hence, having specified the number k(k > 1) of the digging tool oscillations 
performed together with one root during the latter's stay in the lifter's working 
channel, it is always possible to find the relation between the parameters v, | and Vp 
in accordance with (6.61). In particular, for specific values of | and V,, the following 
is found from (6.61): 

_ kVp 

l 


In this way, the minimum digging tool oscillation frequency that ensures the 


v (6.62) 


rational conditions of the vibrational lifting of roots is determined. If = 1 (one 
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oscillation of the digging tool per root is performed), the following is obtained from 
(6.62): 


vic (6.63) 


If the digging tool oscillation frequency is below the value found in (6.63), the 
proper conditions for the vibrational root lifting are not provided. This means that 
some of the roots will not be gripped by the digging tool in the vibrational process 
and, therefore, will not be extracted or will be broken in their tail parts. All this 
results in the undesirable loss of roots during their lifting. 

Thus, the unjustified relation between the parameters k, v, | and V, is one of 
the main causes of the loss of part of the roots during their vibrational lifting by the 
existing beet harvesters. 

The next step is to plot the graphs (Figure 6.4) of the relation between the 
minimum acceptable frequency v and the lifter's translational motion velocity V; at 
k=1and/=0.10 m,/ = 0.15 m and = 0.20 m as stated by (6.63). 


Frequency v, Hz 


y» 14 L6 L8 2 22 24 


Velocity V,.m:s 
— 1, -0.10 m 4 


eevee 1, =0.15m 
---- /,=0.20m 


Figure 6.4. Graphs of relation between minimum acceptable frequency v of 
vibrational lifting tool and lifter’s translational motion velocity Vy at lengths of 
l = 0.10 m; 0.15 m; 0.20 m for the rear part of the working channel. 


As may be inferred from the obtained graphs (Figure 6.4), the growth of the 
lifter's translational motion velocity entails the increase in the minimum acceptable 
frequency of the digging tool oscillations, which guarantees the occurrence of one 
grip of the root by the digging tool. 
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Thereby, for each set of values of the lifter’s translational motion velocity V; and 
the length / of the rear part of its working channel, a specific minimum frequency 
value exists, below which the process of the vibrational lifting of roots is impaired in 
the sense that some roots are not lifted by the vibrational lifting tool. As is evident 
from the graph, at | = 0.1 m, a frequency of v = 20 Hz ensures the proper performance 
of the vibrational root lifting process at all values of the lifter's translational motion 
velocity Vi; below 2.0 mss 1, while at! = 0.15 m, a frequency of 20 Hz—at all values 
below 3.0 m-s~!. Hence, at! 20.1 m, when itis necessary to facilitate a lifter translation 
velocity of V, = 2.0 ms 1, all the ranges of the acceptable frequency obtained under 
the condition of not damaging the roots during their impact interaction with the 
digging tool must be limited from below by a frequency value of v = 20 Hz. 

Thisimplies that in the case of some of the above-mentioned kinematic conditions, 
with values below v — 20 Hz having been obtained for the frequencies acceptable in 
the impact interaction, they are automatically out of compliance with the conditions 
required for the normal progress of the vibrational root lifting process at a length of 
l = 0.1 m for the rear part of the working channel and a lifter translation velocity of 
V, -20ms'!. 

On the other hand, if the acceptable frequency values obtained under the 
condition of not damaging the roots during the impact interaction are above 20 Hz, 
their applicability has to be assessed with regard to the reliability and durability of 
the drive that actuates the oscillatory motion of the digging tool. 

The above theoretical considerations are supported rather accurately by the 
experimental studies on the mass of the lost sugar beet roots described in Section 6. 
For example, at a lifter translation velocity of V, = 2.1 mes ^! and a digging tool 
oscillation frequency of v = 20.3 Hz, the mass of the lost roots amounts to 0.64%, at 
a frequency of v = 15.7 Hz—2.2%, while at a frequency of 8.5 Hz—3.48% (Table 6.1). 


Thereby, at a translation velocity of V; = 2.1 m«s ! 


, an oscillation frequency of 
v = 20.3 Hz allows for the normal conditions of the vibrational root lifting process, 
but frequencies of v = 15.7 Hz and v = 8.5 Hz are insufficient—i.e., some roots are 
not lifted by the digging tool or broken in their tail parts. This is confirmed by the 
calculations made with (6.63). 

The same patterns are observed at lifter translation velocities of Vp = 1.3; 1.75; 
2.55 m-s~! (Table 6.1). 

At a translation velocity of Vp = 1.3 mcs! and an oscillation frequency of 
v = 20.3 Hz, the mass of the lost roots amounts to 0.38%; at a frequency of 
v = 15.7 Hz—1.78%; at a frequency of v = 8.5 Hz—2.74%. Hence, frequencies of 
v = 203 Hz and v = 15.7 Hz allow for normal conditions of the vibrational root 
lifting process, but a frequency of v — 8.5 Hz is insufficient for this. 
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At a translation velocity of Vp = 1.75 mesa depth of running in the soil of 
0.06 m and an oscillation frequency of v = 20.3 Hz, the mass of the lost roots amounts 
to 0.42%; at a frequency of v = 15.7 Hz—1.9%; at a frequency of v = 8.5 Hz—2.96%. 

At a translation velocity of Vp = 2.55 m.s 1, the same lifter running depth and 
an oscillation frequency of v = 20.3 Hz, the mass of the lost roots amounts to 1.14%; 
at a frequency of v = 15.7 Hz—2.44%; at a frequency of—4.3%. 

The described pattern rather accurately shows up in the results of the 
experimental studies presented in Table 6.4, where the mass of the lost roots (76) is 
determined at a digging tool oscillation frequency of v — 8.5 Hz. 

For example, at a digging tool running depth in the soil of 0.06 m, the lost root 
mass is equal to (mean value): 


at Vp = 14ms-1296 
at Vp = 165m:s'!- 4.9%; 
at Vp = 21ms'!- 6.2%. 


At a digging tool running depth in the soil of 0.08 m, the following results have 
been obtained: 


at Vp = 1.4m-s™! — 1.2%; 
at Vp = 1.65 m-s™! — 2.1%; 
at Vp = 2.1 ms™! — 4.2%. 


The losses are caused by the breaking off of root tail parts and the complete leaving 
in the soil of part of the roots due to the fact that a digging tool oscillation frequency 
of v = 8.5 Hz does not ensure the gripping of each root by the digging shares. 

It is obvious that the root loss rate is higher at a digging tool running depth in 
the soil of 0.06 m than in the case of a running depth of 0.08 m, due to the increased 
number of the roots not lifted from the soil. 

According to [31], in the process of the active improvement of the vibrational 
lifting tools mounted on the beet harvesters produced by the leading European 
manufacturers, the digging tool oscillation frequencies have risen from 3.3~6.0 Hz 
to 10 Hz, but it is not yet possible to achieve oscillation frequencies above 10 Hz in 
large-scale production conditions due to the inadequate reliability of the mechanism 
that drives the digging tool in its oscillatory motion. Taking into account that 
circumstance and based on the above calculations, the following conclusion is arrived 
at: in order to provide for the normal conditions of the vibrational root lifting process 
at a lifter translation velocity of V; = 2.0 m:s ! and a digging tool oscillation 
frequency of v — 10.0 Hz, it is necessary to have such proportions between the 
geometric parameters of the digging tool to ensure the length of the end part of the 
lifter's working channel (distance from the point of the first contact between the 
digging tool and the root to the end of the working channel) that meets the condition 
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l > 0.2 m. Otherwise, at a velocity of V, = 2.0 m:s^!, the required conditions of 
vibrational lifting are not complied with. 


The next step is to select from the results obtained by numerical calculations the 


acceptable values of the digging tool oscillation frequency, which can be recommended 
for use within the translational motion velocity range of 1.3~2.2 ms, taking into 
account the limitation imposed on the digging tool oscillation frequency by the 
requirement to guarantee the gripping of each root by the digging shares: 


For a reduced digging tool mass of m = 0.8 kg: at a depth of running in the 
soil of 0.08 m and an oscillation amplitude of 0.008-0.024 m, the acceptable 
oscillation frequency is 21.2 Hz; at a running depth of 0.10 m—10.0 Hz; at a 
running depth of 0.12 m—9.0 Hz; 

For a reduced digging tool mass of m = 1.0 kg: at a depth of running in 
the soil of 0.08 m and an oscillation amplitude of 0.008—0.024 m, the acceptable 
oscillation frequency is 16.4 Hz; at a running depth of 0.10 m and an oscillation 
amplitude of 0.008—0.018 m, the acceptable oscillation frequency is 10.0 Hz; at 
an amplitude of 0.020-0.024 m—8.3 Hz; 

For a reduced digging tool mass of m = 1.5 kg: at a depth of running in the 
soil of 0.08 m and an oscillation amplitude of 0.008-0.024 m, the acceptable 
oscillation frequency is 10.0 Hz; at a running depth of 0.10 m and an oscillation 
amplitude of 0.008—0.010 m, the acceptable oscillation frequency is 10.0 Hz; at 
an amplitude of 0.012 m—8.0 Hz; 

For a reduced digging tool mass of = 2.0 kg: at a depth of running in the soil of 
0.08 m and an oscillation amplitude of 0.008-0.016 m, the acceptable oscillation 
frequency is 10.0 Hz; at an oscillation amplitude of 0.018—0.020 m—8.1 Hz. 


The recommended digging tool oscillation frequencies are summarised in 


Table 6.5. 


Table 6.5. The recommended digging tool oscillation frequencies, v (Hz). 


Running Depth of Digging Tool, z (mm) 


0.08 0.10 0.12 
Reduced Mass of Digging Oscillation Amplitude (m) 
Tool, m (kg) from from from from from from from from 
0.008 0.018 0.008 0.008 0.008 0.020 0.008 0.012 0.008 
to to to to to to to ý to 
0.016 0.020 0.024 0.024 0.018 0.024 0.010 0.024 
0.8 - - 21.2 10.0 - - - - 9.0 
1.0 - - 16.4 - 10.0 83 - - - 
1:5 - - 10.0 - - - 10.0 8.0 - 


2.0 10.0 8.1 - - - = = = = 
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6.2. Impact Interaction at Two Points 


In this subsection, the impact interaction between the vibrational lifting tool and 
the root at two points, i.e., in the case of both shares simultaneously running into the 
root fixed in the soil, is under investigation. 

The first step is to set up the equivalent schematic model of said impact interaction 
between the vibrational lifting tool and the root body that takes place when the tool 
runs into the root (Figure 6.5). 


" 


Figure 6.5. Equivalent schematic model of impact interaction at two points between 
vibrational lifting tool and root body fixed in soil. 


It is assumed that the impact interaction between the root and the faces of 
wedges A1B4C1 and A2B2C3 takes place at points Kı and K2, respectively. 

Moreover, the impact contact can take place either in the form of a direct contact 
or via a thin layer of soil between the wedge faces and the root. 

In order to describe the impact process, it is necessary to set up the system of 
coordinates as the same as in Section 6.1. The schematic model of forces is similar to 
that in the previous subsection and differs only in that the root during the impact 
is subjected to the action of two impact impulses, S, and S,2, generated by the 
vibrating digging tool and applied at points Kı and Ko, respectively, while 551 = 5,5. 
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Said impact impulses are vectored normally to the work faces of the shares—i.e., to 
planes A,B,C; and A2B2C», respectively. 

Moreover, on the surfaces of the wedges, the tangential impact impulses S, 1 
and S, ? act, while S41 = 5,5 (Figure 6.5). The relation between the magnitudes of 
the tangential and normal impact impulses is defined in accordance with the Routh 
hypothesis, as was stated in Section 6.1. 

The impulses S, 1 and S; 2 have to be decomposed into components F4 and 
F5, which are at right angles to the right lines A;C1 and A2C3, respectively, and 
components E; and E>, which are parallel to the right lines A1C4 and A2?C5, respectively 
(Figure 6.5). 

The following is obtained: 


S= FRE Pe, (6.64) 


Vectors Sa and S4; in such a representation will later allow finding their 
projections on axes Ox and Oy. 

The magnitude of the impact impulse can vary depending on the rate of the 
digging tool's oscillatory motion in the vertical plane. Moreover, in view of the fact 
that the root has a conical shape, when the vibrational lifting tool moves downwards, 
the vertical component of the impact impulse is virtually absent. In such a case, the 
impact impulse is created only by the translational motion of the lifter. 

It is assumed that the oscillations of the tool are performed in accordance with 
the harmonic law (6.5). 

Hence, the digging tool's oscillatory motion velocity V. at any instant of time 
t is determined according to (6.6), and the maximum value of said velocity is in 
accordance with (6.7). 

Therefore, similar to the previous subsection, it is necessary to investigate the 
impact interaction case, where the impact impulse reaches its maximum. Such a case 
is observed at the moment when the vibrational lifting tool runs into the root if the 
tool is moving at that moment upwards at a maximum velocity of V. max: 

In view of the fact that all the forces shown in Figure 6.5 have finite magnitudes, 
the impulses of these forces within the time of impact are equal to zero. Only the 
impact impulses 5,4 and 5,5? have nonzero values, while it is obvious that $55; = 5,» 
(the impact is symmetric). 

Further, the impulse-momentum theorem for the case of an impact is to be 
applied [32]: 


m(u E v) = Sm t+ Sn2+ fSa + fSx2 (6.65) 


where V—velocity of the digging tool before the impact; U—velocity of the digging 
tool after the impact; m—reduced mass of the digging tool. 
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At the same time: 
V= Vp + Vzb.max (6.66) 


where Vp—velocity of the translational motion of the lifter; V -p max —maximum 
velocity of the oscillatory motion of the digging tool. 

The vector of the lifter’s translational motion velocity Vp is directed along axis 
Ox, while the vector of the digging tool’s oscillatory motion velocity V; ,,,,—along 
axis Oz upwards. Taking into account (6.3), (6.65) acquires the following form: 


m(U = v) = Si + S, sh f$ "b f Si (6.67) 


(6.67) has to be written in the form of its projections on the axes of the Cartesian 
coordinate system Oxyz. 

Since the impact is symmetric with respect to plane xOz, (6.67) is resolved into 
the system of two equations in the projections on axes Ox and Oz. 

It is necessary to determine the required projections of the vectors that are 
present in Equation (6.67). 

It is obvious that, 

Vy = Vp (6.68) 


As the vectors S,; and $,? are directed along the normal lines to the wedge 
surfaces, then, in accordance with (3.12), the following is obtained: 


Sni tan y 


Smx = Syx = (6.69) 


yan? y -1- tan? f 


As can be seen from Figure 6.5, the projections of the vectors E4, E? and F4, F2 
on axis Ox are equal to: 


Eix = Ex = Ey cosy = Sq cos y cosy (6.70) 


Fix = Fox = Fıcosô siny = Sq sin y cos ô: siny (6.71) 


It is also obvious that, 
Vz = Vzb.max (6.72) 


In accordance with (3.12), the following is arrived at: 


25,4 tan p 


Altar? y + 1+ tan? f 


Smz = Sy = (6.73) 
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Moreover: 
Ej = E» = 0 (6.74) 


Fi, = Fo, = Fysind = Sy siny-sind (6.75) 


Taking into account (6.68)-(6.75), (6.67) is resolved into the following system 
of equations: 


qeu + 2fSn1 cos y cos y - 2f sin p: cos ô sin y, 
= 25,4 tan B : (6.76) 
m(Uz — Vp max) “ian? y-+1-ttan? + 2S, siny sind 


m( Uy - Vp) = 


Thus, a system of two equations with three unknown quantities, 5,1, Ux, Uz, 
has been obtained. The necessary third equation can be obtained using Newton’s 
hypothesis about the collision of two bodies [32]. 

The relation between the digging tool velocities prior to and after the impact can 
be expressed with the use of the coefficient of restitution e, in accordance with (6.24). 

Since U = Ux+ Uz, V = Vp + Vzb.max, and taking into account (3.12), the 
following is obtained: 


Ut TUt 
jp eee (6.77) 


A tan? y +1 + tan? f 


Vptan y + Vzp.max tan B 


V, = 
NS y+1+ tan’ p 


By substituting (6.77) and (6.78) into (6.24), the third equation is obtained: 


(6.78) 


Us tan y + Uztanp = -e(Vp tan y + Vzb.max tan p) (6.79) 


Thus, the system of three linear equations of the following form is arrived at: 


m(U - Vp) I 25,4 tan y 
P P Vtan2y+1+tan2B 


m(Uz m Vzb.max) = 


+ 2f5,1 cos y- cos y - 2f sin y- cos ô sin y, 
25 tan f 


tan? y+1+tan?pB 
U, tan y + Uz tanp = -eVp tan y + Vzbmax tan p). 


+ 2fS,1 sin y sin ó, (6.80) 


(6.80) can be formulated in the following form, which is more appropriate for 
solving with the use of Cramer's rule: 


ecu i NE - cos y - 2f sin Y- cos ô- sin y |S,4 = 
mUx + 0Uz — +2f cos y cos y - 2f sin y cos ô siny JS mV, 
2t ' ; 6.81 
OLI, + mU; — o 2f sin y- sind Js = MV2.maxr ( ) 


tan yu, + tan fU, = -«V, tan y + Vzb.max tan £). 


209 


The next step is to write down the principal determinant of (6.81) and find 
its value: 


m 0 | ERE + 2f cos y cos y — 2f sin y- cos ô siny) 


Vtan?y+1+tan?ß 
A= zi 2tanp I m 
0 m (settee y sino 
tany tanf 0 (6.82) 


2tanf I : 
= ———— + 2f . t 
m | prom 1 rm J sin Y sın o) anf 


2tany er osii j 
ee + 2f cos y cos y — 2f sin y- cos ô siny) tany 

Further, the determinant for finding the unknown quantity 5,4 is to be written 
down and its value is to be found: 


m 0 mV p 
A = 0 m mV. 
Sn1 zb.max (6.83) 
tany tanf -e(V, tan y + Vy 44 tan p) 
= -[n?«(v, tan y + + Vy 4; tan b) 4- n? tan BV asus — m?V, tan y 
Thereafter, according to Cramer’s rule: 
A 
ca = = (6.84) 


A 


After substituting (6.82) and (6.83) into (6.84) and making some transformations, 
the following is obtained: 


Sn 

E m(1+e) (Vp tan y - Voy max? tang} ytan? y+1+tan? B 

(o 2tan? f-2f sin p- sin 6- tanp Ytan? y+1+tan? 6+2 tan? y (6.85) 
m(1+e) (Vy tan y- V.j, max’ tan B): ytan? y-+1+tan? B 

+(2f cos y- cos y—2 f sin y cos ô sin y) tan y Ytan? y--1--tan? B 


Thus, the normal component of the impact impulse arising during the impact 
interaction between one of the wedges and the root fixed in the soil has been 
determined. (6.85) represents the functional relation between the normal component 
Si ofthe impact impulse and the design and kinematic parameters of the vibrational 
lifting tool of the beet harvester. 

The sign “—” in (6.85) designates the impact impulse 5,4 applied by the root to 
the digging tool. The impact impulse applied by the digging tool to the root has a 
positive sign and the same magnitude. 
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If the total impact impulse applied by the digging tool (from both the wedges) 
to the root is denoted by S: 


S = Sm +Sn2 t Su + S, (6.86) 


then, according to (6.76), its projections on axes Ox and Oz are equal to, respectively: 


25,4 tan y . : 
Sx = + 2fSy1 cos Y: cos y - 2fS,1 sin j^cosó:siny — (6.87) 
Jin? y +1 + tan? p 
25,4 tan f : . 
Sz = + 2fSy1 sin J^ sind (6.88) 


Ata? y +1 + tan? B 


where 5,4 is determined in accordance with (6.85), but with a positive sign. 
Hence, based on (6.87), (6.88) and (6.85), it is possible to determine the total 
impact impulse applied by the digging tool to the root: 


S = /s2+382 (6.89) 


It is obvious that vector S lies in plane xOz, the same plane where the projections 
S, and S, lie. 

Taking into account (6.87), (6.88) and (6.39), it is possible to write down the 
formulae for the projections of force F,,j, on axes Ox and Oz, respectively: 


4t 
Pudx = a RN + 4f cos y cos y — 4f sin y- cos ô- sin y a (6.90) 
tan? y + 1 + tan? p ud. 
4tan 
Pyuaz = —— + 4f sin y- sin ô a (6.91) 
4 |tan? yctl-c tan? p ud. 


where the quantity 5,4 is determined in accordance with Expression (6.85) and has a 
positive sign. 

The duration of the impact t,,g, can be determined only by experiment. According 
to [31], tug. & 0.61072 s. 

The next step is to analyse the conditions for avoiding damage to the root during 
its impact interaction with the digging tool. 

If the root fixed in the soil is considered as a cantilevered beam, the root under 
the action of the moment created by the impact force Fudx is subjected to bending 
deformation, under the action of the impact force F,,7,—to tensile deformation. 
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Therefore, if the permissible levels of said forces are exceeded, the root can break or 
be torn apart. As mentioned earlier, such an event is most probable in the case of dry 
and hard soil. The effect is different in the case of humid and soft soil, where the root 
will more probably incline through an angle to the horizon under the action of the 
horizontal force and be pulled out under the action of the vertical force. If the impact 
takes place at points K; and K3 situated at a distance of h from the conventional point 
of fixation O4 (Figure 6.5), the moment of the horizontal component of the impact 
force about said point is (taking into account (6.90)) equal to: 


Moi (Fudx) = (ott | 4f cos ij cos y — 4f sin y cos ô- siny icd Smh (6.92) 

Considering the conditions for the root not breaking under the action of 
the horizontal force F,,;,, two cases are theoretically possible the first one when 
[Mss] < Mop and the second when [Mss] > Mop where [Mss is the bending moment 
permissible for the root body, which does not cause the root breaking off and Moy is 
the support moment of the unbroken soil, in which the root is fixed. 

Equilibrium conditions always imply Mon = Moi (Fud.x) where Mop has to be 
understood as the maximum (potential) support moment that can be provided by 
the restraint, i.e., the soil, in which the root is fixed, without disrupting the restraint. 

The first case stated above is typical of dry and hard soil; the second one is 
typically related to of humid and soft soil. 

In the first case, the root breaking off is possible, considering (6.92), under the 
following condition: 


4tany uh 
[Mss] < (otto + 4f cos: cos y — 4f sin y cos ô- siny t 11 < Mon (6.93) 


Hence, the condition for the root not breaking off in the first case, considering 


(6.92) is as follows: 


4tany c » Suh 
| +4f cos y: cos y — 4f sin y cos ô- siny ed < [Mz] < Mop (6.94) 


In the second case, the root breaking off is unlikely in general; the only possible 
effect is the root inclining through an angle and, in this case, the condition for the 
root inclining without breaking off is, considering (6.92): 


4tany - nh 
Mop < —— +4f cos ij cos y — 4f sin y cos ô sin js: < [M4] (6.95) 
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Finally, in the second case, the root will neither break off nor incline subject to 
the following, considering (6.92), condition: 


4tany 


ytan? y+1+tan2 B tud 


+ 4f cos p- cos y — 4f sin y- cos ô- sin 7) Sut < Mop < [Ms] (6.96) 


Considering the conditions for the root not being torn apart under the action 
of the vertical force F,,;., again, two cases are theoretically possible: [F,.] < Rz and 
[Fro] > Rz where [F,o] is the force permissible for the root body, which does not cause 
the root to tear apart and R; is the vertical force of bonding between the root and the 
soil. Here, again, the quantity R; has to be understood as the maximum (potential) 
bonding force that can be provided by the restraint without disrupting the restraint. 

The first case is, again, typical of dry and hard soil; the second one is typically 
related to humid and soft soil. 

In the first case, tearing the root apart is possible, considering (6.91), under the 
following condition: 


[E] « 4tanp 


— M 4 Af sin y sinó ^n < R- (6.97) 
y tan? y + 1+ tan? f ud 


Hence, the condition for not tearing the root apart in the first case is, always 
considering (6.91) as follows: 


4 tan p nl 


tan? y +1 + tan? f 


m 
In the second case, tearing the root apart is unlikely. The only possible event is 
pulling the root out of the soil without tearing it apart. 
The condition for the root being pulled out of the soil is, taking into account 
(6.91), as follows: 


4t 
R- < Pur +4f sin ^ sind ^n « [Ej] (6.99) 


Afta? y 4-1 7 tan? B ud 
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The root will not be pulled out of the soil in case the following condition is met, 
which consider (6.91): 


4t 
iis - 4f sin Jsinó nt < Rz < [Fro] (6.100) 


ud 


Jin? y +1+ tan? g 


On the basis of the condition for the root not breaking off (6.94) and the condition 
for not tearing the root apart (6.99) in the case of impact interaction between the 
digging tool and the root, the limitation on the tool’s velocity can be determined. For 
this purpose, the following is obtained from (6.94): 


Mzg | tug N tar? y+1+tan2 
Sm < Mela ve : (6.101) 
i tan y-- (4f cos j^ cos y—4f sin y cos ô sin y) Ytan? y+1+tan2 jj 


and the following is derived from (6.98): 


[Ero] hua NS y+1+tan?p 
pag (6.102) 


4 tan f +4fsiny-sind tan? y +1 + tan? f 


In order to provide for the convenience and abbreviation in the further writing 
down of expressions, the following designations are introduced: 


Vian? y+1+tan? f 
a B — A (6.103) 
Atany+(4f cos i cos y-4 f sin i cos ô sin y) ytan? y+1+tan? B 
Van? y+1+tan? f 
tan? y--1--tan* B -B (6.104) 


4tan p+4f sin p- sind ytan? y+1+tan? f 


ytan? y+1+tan? f 


2 tan?ß+2f sin y-sind tan f ytan? y+1+tan? 42 tan? y+ (2f cos i cosy—2f sin cosósin y) tan y v tan?y 4-1--tan? B AC (6.105) 
Then, (6.85), (6.101) and (6.102) acquire the following form: 
Sm = Cm (1+ e€)(Vp tany + Vzb.max tanp) (6.106) 
A|Mcze|tua 
Si < —; (6.107) 
Si < B[Fro]tua (6.108) 


where Expression (6.85) is taken with the positive sign. 

Thereby, two expressions have been obtained for the limitation of the value of 
the impact impulse S,,;— that is, (6.107) and (6.108). As was noted in Section 6.1, the 
root as a cantilevered beam will most probably break off at the boundary between 
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the layers of broken and unbroken soil, the latter being the layer where the root’s 
tail part is fixed. It was also noted that the tail part breaking off at the cross-section 
with a diameter of 30... 40 cm corresponds to a digging tool running depth of 10 
... 12 cm. It is obvious that breaking off due to bending is more probable at that 
cross-section than tearing apart due to stretching (tearing apart due to stretching can 
take place in the area below the cross-section, where the cross-section diameter is 
significantly smaller). Therefore, it is (6.107) that has to be used as the criterion in 
the estimation of the acceptable impact impulse value. This is despite the fact that, 
theoretically, the acceptable value of the impact impulse S, has to be determined 
using the following criterion: 


J. (A[Mzg]tui 
Syi S min 1 ——,7 —, B[Froltua (6.109) 


Nevertheless, the above considerations imply that for the specific cross-section 
a A|Mzg]tu 
is true that min{ “Mle! ptg, tua} = AlMae] ad | 
From (6.106), the following is derived: 


Sn 


Vp tany + Vzbmax tang = 


Finally, taking into account (6.107), the following inequation is arrived at: 


A|Mz;] tud 


Vp tany + Vy max tanp < Cm (14- e) 


(6.111) 

Thus, the limitation on the velocity of the lifting tool taking into account its 
design parameters and mass as well as the root's strength and coefficient of restitution 
has been established. 

As the velocity of the unit has an effect on its productivity, it is necessary 
to investigate the case of the sign of equality in (6.111). If the beet harvester's 
translational motion velocity V; is preset, it is possible to derive from (6.111) the 
magnitude of the maximum velocity V: max of the oscillatory motion of the vibrational 
lifting tool: 

A|Mzs]tus 
Cm (1+ €)h 


1 
tan p 


Vzb.max zm 


- Vptan j (6.112) 
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Then, with (6.7), it is possible to determine, at the preset amplitude of the 
oscillations, the required angular frequency of the digging tool oscillations subject to 
the condition of not damaging the root: 


A|Mzs]tus 


1 
i Cm (1 4- e)h 


atan p 


—V, tan j (6.113) 


The hertz frequency of the digging tool oscillations is equal to: 


u 1 


214 tan f 


Al Mes rs V, t (6.114) 
Cm(1-e)h  ” T ` 


Based on the developed theory, the algorithm of calculations for finding the 
acceptable vibrational lifting tool oscillation frequency in relation to the lifter’s 
translational motion velocity Vp and the digging tool oscillation amplitude at various 
depths of running of the digging tool can be developed. 

The ranges of variation for the mentioned parameters are selected in the same 
way as in Section 6.1. The algorithm is comprised of the steps described below. 


1. The permissible bending moment [Mss is found with (6.58). 


2. Parameters A and C are found with (6.103) and (6.105), respectively. 

3. After selecting a specific value of the reduced mass m from the set of reduced 
mass values obtained in Section 6.1, the acceptable frequency is determined as 
the function v = o(Vp, a) in accordance with (6.114). 


Based on the developed theory of the impact interaction at two points, the 
calculation of the acceptable oscillation frequencies for the digging tool subject to the 
condition of not breaking off the root at different values of the design and kinematic 
parameters of the vibrational lifting tool has been accomplished for the reduced 
mass values presented in Section 6.1. All the design and kinematic parameters of the 
digging tool and the physical and mechanical properties of the roots required for the 
calculation have been assumed to be the same as in Section 5.1. 

The ranges of variation of the acceptable frequencies obtained in the 
above-mentioned calculations are presented in Table 6.6. 
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Table 6.6. Acceptable digging tool oscillation frequencies for varying oscillation 
amplitudes (0.008-0.024 m) and lifter translation velocities (1.4-2.2 mes 1). 


Digging Tool Range of Variation of Acceptable Digging Tool Oscillation 


Running Depth (m) Frequency (Hz) 
m = 0.8 kg m = 1.0 kg m = 1.5 kg 
0.08 42.77~13.20 33.11~9.98 13.79~3.54 
0.10 20.37~5.73 15.18~4.01 8.28~1.71 
0.12 6.25~1.03 3.895-0.25 - 


As may be inferred from Table 6.6, the values of the acceptable frequencies in 
the case of impact interaction between the digging tool and the root at two points are, 
under the same conditions, somewhat lower than in the case of an impact interaction 
at one point. Theoretically, it is necessary to select the acceptable frequency values as 
the intersection of the sets of acceptable frequency values for the impact interaction 
at one point and at two points. However, the probability of an impact simultaneously 
at two points is significantly lower than in the case of a one-point impact. Therefore, 
in the design of a specific lifting tool, it is sufficient to use the results obtained in 
Section 6.1. 

The graph and the contour diagram of the function v = o(Vp, a) for a reduced 
digging tool mass of m = 1.0 kg and running depth of z = 0.10 m are presented below 
(Figure 6.6). 
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Figure 6.6. Surface (a) and contour diagrams (b) of values of digging tool oscillation 
frequency v = o(Vp, a) (Hz) that are acceptable under condition of not damaging 
roots in the case of their impact interaction with digging tool at two points. 
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As can be concluded from the presented graph, the increase in the translational 
motion velocity and the digging tool oscillation amplitude results in the decrease 
in the acceptable oscillation frequency value. A decrease in acceptable frequency 
is also observed in the case where the depth of the digging tool running in the soil 
was increased. 

The same as in Section 6.1, the obtained values of acceptable frequencies have to 
be limited from above taking into account the reliability of the digging tool oscillatory 
motion drive, as well as from below taking into account (6.63) or the graphs of the 
relation between the minimum acceptable frequency v on the one hand and the 
lifter’s translational motion velocity and the length of the rear part of the lifter’s 
working channel at which the normal conditions for the process of the vibrational 
lifting of sugar beet roots are ensured (Figure 6.4) on the other hand. 


6.3. Conclusions 


1. The principal scientific result produced in Section 6 is the developed theory of 
the impact interaction between the vibrational lifting tool and the sugar beet 
root fixed in the soil at the time when the digging tool runs into the root. 

2. The mathematical model of the impact interaction between the digging tool and 
the root at one and two points has been generated. On the basis of the model, 
the theoretic conditions of not breaking off the tail parts of the roots during said 
interaction have been determined. 

3.  Thealgorithm of calculation for finding the acceptable frequency of oscillation 
of the vibrational lifting tool under the condition of not breaking off the roots 
during the impact interaction has been generated. 

4. The ranges have been determined for the acceptable values of the digging tool 
mass reduced to the point of impact, the digging tool oscillation frequency and 
the lifter's translational motion velocity under the condition of not breaking off 
the roots during the impact, taking into account the design parameters of the 
vibrational lifting tool and the physical and mechanical properties of the sugar 
beet roots. 

5. The theoretical values of the reduced mass have been obtained for the 
digging tool oscillation frequency varying within the range of v = 7.5~20.3 Hz 
and the lifter's translational motion velocity varying within the range of 
Vy = 14-22 mes ! at different values of the depth of running of the digging 
tool (0.08~0.14 m) and different values of the digging tool oscillation amplitude 
(0.008, 0.016, 0.024 m). The theoretical values of the mass reduced to the point 
of impact are as follows: 


- Fora digging tool running depth of 0.08 m: 
e Ata digging tool oscillation amplitude of 0.008 m—4.45~2.00 kg; 
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e Ata digging tool oscillation amplitude of 0.016 m—2.82~1.18 kg; 
e Atan oscillation amplitude of 0.024 m—2.07~0.83 kg. 


- Fora digging tool running depth of 0.10 m: 


e Atan oscillation amplitude of 0.008 m—2.38-1.17 kg; 

e Atan oscillation amplitude of 0.016 m—1.51-0.63 kg; 

e Atanoscillation amplitude of 0.024 m—1.11~0.45 kg. 
- For a digging tool running depth of 0.12 m: 


e Atan oscillation amplitude of 0.008 m—2.38~1.17 kg; 
e Atan oscillation amplitude of 0.016 m—0.69~0.29 kg; 
e Atan oscillation amplitude of 0.024 m—0.50~0.20 kg. 


The acceptable frequency of the digging tool oscillations is determined as a 
function of the lifter's translational motion velocity and the tool oscillation 
amplitude. In this case, the lifter's translational motion velocity varies within 
the range of 1.4~2.2 ms !; the amplitude—within the range of 0.008-0.024 m. 
The calculations have been carried out for different values of the reduced mass 
(0.8, 1.0, 1.5, 2.0 kg) and different values of the digging tool running depth (0.08, 
0.10, 0.12, 0.14 m). The following results have been obtained: 


- For a reduced digging tool mass of 0.8 kg: 


e Ata digging tool running depth of 0.08 m—66.86~21.23 Hz; 

e Ata digging tool running depth of 0.10 m—33.28~10.04 Hz; 

e Ata digging tool running depth of 0.12 m—12.13~2.29 Hz. 
- Fora reduced digging tool mass of 1.0 kg: 


e Ata running depth of 0.08 m—52.38~16.41 Hz; 
e Ata running depth of 0.10 m—25.52~7.45 Hz; 
e Atarunning depth of 0.12 m—8.60~1.81 Hz. 

- For a reduced digging tool mass of 1.5 kg: 


e At a running depth of 0.08 m—33.08~9.97 Hz; 
e Ata running depth of 0.10 m—15.7~4.01 Hz. 


As may be inferred from the obtained theoretic results, at a reduced digging 
tool mass of m = 1.5 kg, a digging tool running depth of z = 0.08 m and 
an oscillation amplitude of a = 0.008 m, a maximum acceptable digging tool 
oscillation frequency of v — 30 Hz ensures the tail parts of the roots within 
the range of the lifter's translational motion velocity of 1.4~2.2 m:s ! will 
not break off. At the same depth of running and a digging tool oscillation 
amplitude of a = 0.010 m, a maximum acceptable oscillation frequency of 
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v = 24 Hz ensures the tail parts of the roots within the above-mentioned range 
of the lifter’s translational motion velocity will not break off. Under the 
same conditions, at an amplitude of a = 0.012 m, the maximum acceptable 
frequency is v = 20 Hz; at an amplitude of a = 0.014 m—17.1 Hz; at a = 0.016 m 
—15.0 Hz; a = 0.018 m—13.3 Hz; a = 0.020 m—12.0 Hz; a = 0.022 m—10.9 Hz; 
a = 0.024 m—10.0 Hz. The above-listed values of the digging tool oscillation 
frequency are the maximum acceptable frequency values subject to the condition 
of not breaking off the tail parts of the roots during the impact interaction. Lower 
values of the oscillation frequency guarantee, to a greater extent, that the tail 
parts of the roots will not break off. However, the frequencies have to be limited 
from below as well—that is, there are minimum acceptable frequency values 
that ensure the guaranteed gripping of each root by the digging shares. As 
has been proved by the calculation, the values of the maximum acceptable 
frequency are significantly lower at a digging tool running depth of z = 0.10 m. 
For example, at an oscillation amplitude of a = 0.008 m, a maximum acceptable 
oscillation frequency of v = 12 Hz ensures the tail parts of the roots within the 
range of the lifter’s translational motion velocity of V = 1.4~2.2 m-s™! will not 
break off; at an oscillation amplitude of a = 0.010 m, the maximum acceptable 
frequency is v = 9.6 Hz, at an amplitude of a = 0.012 m—v = 8 Hz; at an 
amplitude of a = 0.014 m—v = 6.9 Hz. At higher values of amplitude, the 
acceptable frequency values become even lower. If these frequency values fall 
below the minimum acceptable level under the condition of the guaranteed 
gripping of each root by the digging shares, the respective kinematic conditions 
of operation must be rejected as technologically unacceptable. At a reduced 
digging tool mass of m = 1.5 kg and a running depth of 0.12 m, the maximum 
acceptable frequency values subject to the condition of not breaking off the 
tail parts of the roots during the impact interaction are below 4 Hz. Under the 
condition of the guaranteed gripping of the root by the digging shares such 
frequency values are unacceptable. It is quite obvious that the frequency values 
that are maximum acceptable for a reduced digging tool mass of m = 1.5 kg are 
even more compliant with the condition of not breaking off the tail parts of the 
roots for lower values of the reduced digging tool mass. In effect, the maximum 
acceptable frequency values at the respective amplitudes and digging tool 
running depths are even higher. This is proved by the results of the calculations 
for reduced digging tool masses of m = 0.8 kg and m = 1.0 kg. While at a digging 
tool running depth of 0.12 m and a tool reduced mass of 1.5 kg, the maximum 
acceptable frequency values are below 4 Hz; in the case of a reduced mass of 
m = 1.0 kg, these values are considerably higher. For example, at an amplitude 
of 0.008 m and lifter translational motion velocities of 1.4~2.2 m:s 1, they are 
within the range of 8.6-5.4 Hz, at an amplitude of 0.010 m and within the same 
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range of translational motion velocities—within the range of 6.8~4.4 Hz; at an 
amplitude of 0.012 m—within the range of 5.7~3.6 Hz. Ata reduced digging tool 
mass of m = 0.8 kg and a digging tool running depth of 0.12 m, the respective 
values of the maximum acceptable frequency are within the following ranges: 


e Atanamplitude of 0.008 m—12.1~9.0 Hz; 
e Atanamplitude of 0.010 m—9.7~7.1 Hz; 
e Atanamplitude of 0.012 m—8.1~6.0 Hz; 
e Atanamplitude of 0.014 m—7.0~5.1 Hz. 


The minimum acceptable digging tool oscillation frequencies that provide for 
the normal conditions of the vibrational root lifting process, i.e., the conditions 
that facilitate the guaranteed gripping of each root by the vibrational lifting tool, 
have been determined for the preset velocity of the lifter’s translational motion 
and length of the rear part of the working channel. For example, at a length of 
l = 0.1 m lifter for the rear part of the working channel, a vibrational lifting tool 
oscillation frequency Hz guarantees gripping of each root by the digging tool 
at all values of the lifter translation velocity below or equal to 2.0 m-s~!, while 
at | = 0.15 m, a frequency of v = 20 Hz is adequate at all values below or equal 
to 3.0 m:s ^! for the lifter translation velocity. At the same time, at / = 0.15 m, a 
digging tool oscillation frequency Hz provides for the guaranteed gripping of 
each root by the digging tool at all values of the lifter translation velocity below 
or equal to 2 ms !. At! = 0.2 m, an oscillation frequency of v = 10 Hz provides 
for said conditions at all values of the translation velocity below or equal to 
2 m-s"!. If the frequency of oscillations of the digging tool does not allow for the 
gripping of each root by the digging shares, the root loss rate sharply rises due 
to breaking off of the root tail parts and due to not lifting the roots at all. The 
described theoretical results are rather accurately supported by the experimental 
studies of the mass of lost sugar beet roots. For example, at a lifter translation 
velocity of V, = 2.1 ms !, a depth of running in the soil of 0.06 m and a 
digging tool oscillation frequency of v = 20.3 Hz, the mass of lost roots amounts 
to 0.64%; at a frequency of v = 15.7 Hz—2.2%; at a frequency of 8.5 Hz—3.48%. 
At a lifter translation velocity of V; — 1.3 mvs 1, the losses are significantly 
lower. For example, at a frequency of = 20.3 Hz and a depth of running in the 
soil of 0.06 m, the mass of lost roots amounts to 0.38%; at an oscillation frequency 
of v = 15.7 Hz—1.78*6; at an oscillation frequency of v = 8.5 Hz—2.74%. Thus, 
at a lifter translation velocity of V, = 1.3 mss 1, the digging shares capture 
more roots than at a velocity of V; = 2.1 m:s^!. Moreover, the amount of 
the captured roots sharply rises when the digging tool oscillation frequency 
becomes higher, and, consequently, the lost root mass decreases. 
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We recommend using the following values of digging tool oscillation frequencies 


subject to the condition of not breaking off the tail parts of the roots during the 
impact interaction and the condition of the guaranteed gripping of each root by 
the digging tool when the translational motion velocity is within the range of 


1.3~2.2 m:s ^! depending on digging tool’s mass. 


m = 0.8 kg: at a depth in the soil of 0.08 m and an oscillation amplitude of 
0.008-0.024 m, the acceptable oscillation frequency is 21.2 Hz; at a depth of 
0.10 m—10.0 Hz; at a depth of 0.12 m—9.0 Hz. 

m — 1.0 kg: at a depth in the soil of 0.08 m and an oscillation amplitude of 
0.008—-0.024 m, the acceptable oscillation frequency is 16.4 Hz; at a depth 
of 0.10 m and an oscillation amplitude of 0.008—-0.018 m, the acceptable 
oscillation frequency is 10.0 Hz; at an amplitude of 0.020-0.024 m—8.3 Hz. 
m — 1.5 kg: at a depth in the soil of 0.08 m and an oscillation amplitude of 
0.008—-0.024 m, the acceptable oscillation frequency is 10.0 Hz; at a depth 
of 0.10 m and an oscillation amplitude of 0.008—-0.010 m, the acceptable 
oscillation frequency is 10.0 Hz; at an amplitude of 0.012 m—8.0 Hz. 

m — 2.0 kg: at a depth in the soil of 0.08 m and an oscillation amplitude 
of 0.008—0.016 m, the acceptable oscillation frequency is 10.0 Hz; at an 
oscillation amplitude of 0.018-0.020 m—8.1 Hz. 
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7. Experimental Research 


7.1. Programme of Investigations 


Following the completion of the analysis of the existing engineering 
developments, patent and literature sources, the special features in the operation of 
the developed vibrating digging tool, the sugar beet root harvesting work process 
and the agronomic requirements for it and in accordance with the set aims and tasks 
of research, the programme of experimental investigations is stipulated: 


- Investigating the effect that the parameters and operation conditions of the 
vibrating digging tool have on the quality indicators of operation in order to 
verify the results of the theoretical research; 

- Determining the energy and force parameters of the digging tool; 

- Testing the root harvester with a vibrational lifting implement in field in order 
to verify the compliance of its performance with the agronomic requirements. 


The engineering factors that had a substantial effect on the quality of the root 
digging included the digging tool oscillation frequency (Hz), the depth of running of 
the tool (m) and the velocity of translation of the harvester with vibrational lifting 
tools (m-s~'). 

The indicators that characterised the quality of work of the digging tool were 
the root loss mass rate (%) and the root damage mass rate (%). 

The energy and force parameters were determined by measuring the tractive 
effort (KN), the power consumed by the drive of the vibrating digging tool (KW) and 
the torque generated on the power take-off shaft (N-m) at different travel speeds, 
digging tool vibration frequencies and depths of undercutting. 


7.2. Technique of Laboratory and Field Experiment Investigations 


In order to perform the experimental investigations of the process of the 
vibrational lifting of sugar beet roots from the soil, a new design of the vibrating 
digging tool was developed with the use of the design and kinematic parameters 
obtained in the theoretical investigations. The new design was supposed to ensure 
the required quality of the lifting of roots from dry and hard soil. The structural 
schematic model of the vibrational lifter is shown in Figure 7.1. 
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Figure 7.1. Schematic design and process model of vibrational lifting tool: 1— 
digging shares; 2—shanks; 3—share spacing adjustment mechanism; 4—vibration 
drive with share oscillation amplitude and frequency adjustment mechanism; 
5—guide bars. 


The lifter comprised the digging shares (1) mounted at the ends of the shanks 
(2), which were linked through the suspension brackets (3) with the drive mechanism 
(4) that forced the mentioned shares (1) to oscillate. The mechanism (4) was equipped 
with a device that could set (adjust) the frequency and amplitude of the shares' 
oscillatory motion over a wide range (frequency was controlled within the range of 
8.5 to 20.3 Hz; amplitude—8 to 24 mm). 

The bracket (3) for the suspension of the shanks (2) was equipped with an 
additional swivel joint, which provided for the free movement of the paired shanks 
(2) in the transverse-longitudinal plane within a small range. This facilitated the 
self-adjustment of the shares (1) during the vibrational lifter's translational motion. 

In order to carry out the field and laboratory experiment investigations of the 
new vibrating digging tool under various parameters and conditions of the lifting 
tool's operation, a four-row trail-behind root harvesting implement (Figure 7.2) 
was manufactured. 
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(a) (b) 


Figure 7.2. General view of vibrational lifting tool: (a)—3D-model in PC; 
(b)—photograph. 


The experimental unit (Figure 7.3) comprised the main frame (1) supported by 
the axles with the rear wheels (2) and the front wheels (3), with the latter acting as 
feeler wheels. The unit was hitched to the tractor via the strain-gauge traction link. 
The front part of the frame (1) carried the vibrating digging tools (4) with the beater 
(5), the four-blade beater cleaner (6) was installed behind them. The vibrational 
lifting unit (4) comprised the crank drive (7) and the digging shares (8) with the 
beater shaft (5) positioned above them. 

In order to determine the energy and force parameters, a strain-gauge traction 
link was attached to the unit, allowing for the simultaneous measurement of the 
horizontal and vertical components of the tractive effort applied to the towed 
apparatus. Foil strain gauges were installed on the shank (9) to measure the force 
of interaction between the share and the soil. All the tools of the experimental 
implement were driven by the power take-off shaft of the Class 1.4 tractor. An electric 
universal-joint recording dynamometer was installed between the tractor's power 
take-off shaft and the drive shaft of the experimental unit in order to determine the 
angular velocity, rotational torque and power transferred to the tools. The general 
appearance of the experimental implement is shown in Figure 7.4. 

During the operation of the experimental unit, which occurred during the sugar 
beet harvesting season of the year 2016 near the village of Yaltushkov, Barsky district, 
Vinnytsia region (Ukraine), the digging share (8) was subjected to complex loads 
measured by the amount of bending of its shank (9) with the use of the affixed 
strain gauges. A track measuring wheel was attached to the frame to measure the 
experimental unit travel speed. 
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The cleaning and transporting tools of the root harvester were disconnected 
from the drive. Behind the vibrational lifting tools, a device was mounted, which 
reeled out canvas for collecting the sugar beet roots lifted from the soil in order to 
appraise the quality of their extraction in the process of in-field operation. The depth 
of running of the lifter in the soil was monitored by a measuring device. 

The strain-gauge measurements required for assessing the energy characteristics 
of the vibrational lifting tools operating with the parameters under investigation 
were registered with the use of a strain-gauge station (mounted in a motorcar), which 
travelled during the experiments beside the experimental unit. 
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Figure 7.3. Schematic model of research prototype of root harvester with new 
vibrational lifting tools used for carrying out experimental investigations: 1—frame; 
2—rear wheel axle; 3—front (feeler) wheel axle; 4—vibrational lifting tools; 
5—beater; 6—four-blade beater cleaning machine; 7—crank drive of vibrational 
lifting device; 8—digging shares. 
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Figure 7.4. Experimental laboratory and field testing unit for investigating 
vibrational lifting tools. 


During the development of the experimental unit, the principal requirement 
was to allow performing the laboratory and field experiment investigations in 
accordance with the specified programme and in full, implying that the design 
should allow changing the significant factors within sufficiently wide ranges by 
means of controlling and monitoring the factors. 

Based on the completed analysis of the literary sources and the results of 
theoretical investigations, it was assumed that the rate of travel of the experimental 
unit would be set within the range of 1.3-2.55 m.s ^, the depth of travel of the digging 
shares in the soil would vary within the range of 0.06~0.12 m, and the frequency of 
oscillation of the digging tool—8.5~20.3 Hz. In Figure 7.5, the vibrational lifting tools 
of the experimental unit are shown. 


Figure 7.5. Vibrational lifting tools of experimental unit. 
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The agronomic indicators of the research plot of the field were determined in 
accordance with the conventional method and following the technique developed in 
UkrNDIPVT [35-37]. 

For the purpose of determining the indicators required for the agronomic 
appraisal, three accounted field plots with lengths of 20 m and widths of 2.7 m, i.e., 
six rows wide, were marked out lengthwise in the sugar beet plantation. 

The rate of the weed infestation of the field plot was determined by using a 
rectangular frame measuring 90 x 111 cm (with an area of 1 m° in two adjacent rows 
and repositioning the frame five times along the diagonal of the field plot). The 
amount of weed was evaluated within the rectangular frame in total and separately 
in the area of one row within a 20 cm wide strip. The results of the counting were 
entered into the table of results. 

Prior to starting the experimental investigations, the following mechanical and 
physical properties of the roots were determined in accordance with the technique of 
the research into the quality of operation of beet harvesters: 


e Maximum diameter of root; 

e Length of root; 

e  Massof one root; 

e Spacing between roots in row; 

e  [nter-row spacing; 

e Height of root crown above soil surface; 

e Offset of roots from conventional row centreline. 


The statistical characteristics of the listed values were processed with the use of 
the standard formulae of the mathematical statistics: 
Arithmetic mean x: 
Do bü 


n 


(7.1) 


where n—number of measurements. 
Variance: 


2 = £P. (7.2) 
Root-mean-square deviation: 
s = Vs2 (7.3) 


Coefficient of variation: 


v= (7.4) 
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Absolute error of arithmetic mean: 


Sl = (7.5) 


Confidence interval for arithmetic mean at a confidence coefficient of 0.95 and 
(n — 1) degrees of freedom: 
x= X+ tosSx (7.6) 


In each accounted field plot, all consecutive inter-row spaces within two 
working widths of a 12-row sowing unit were measured with the use of a tape 
measure. Measurements were made on the conventional row centrelines with a 
cumulative result. 

It was decided to implement a multiple-factor experiment in the field testing 
of the root harvester. The main points of the multiple-factor experiment planning 
technique are provided in [38,39]. 

As is known, multiple-factor experiments offer many advantages, the most 
substantial of which are: a considerable reduction in the required number of 
experiments in comparison to the single-factor experiment; the possibility to 
generalise the research materials in the form of a mathematical model and conduct a 
statistical appraisal of them; the increased amount of information due to obtaining 
the data on the effect produced by the interaction between different factors. 

On the basis of the theoretical investigations and the earlier testing of the 
machine, it has been established that the quality of the root extraction from the soil 
depended most of all on the following three factors: the rate of travel of the machine, 
the frequency of oscillation of the digging tools, the depth of running of the digging 
tools. The listed factors were independent of one another; therefore, it was possible 
to change their values independently. 

Taking into account the results of the earlier testing of the root harvester and the 
theoretical investigations, the levels of variation of the factors were selected in such a 
way as to cover the range, within which the research into the machine operation was 
appropriate. When doing this, the following factors were taken into account: the 
range of the tractor’s speed, within which the machine operation process is possible; 
the depth of root sitting in the soil; the amplitude and frequency of oscillation of the 
digging tool acceptable from the design point of view. 

A comprehensive three-factor experiment to assess the effect that the 
above-mentioned factors had on the performance quality indicators was carried out 
by means of implementing the respective standard matrix. 
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The number of measurements for each experiment was determined in relation 
to its degree of variation, subject to the condition of obtaining the result with an error 
not exceeding 5% in accordance with the expression: 


ny = (7.7) 


where r1,—number of measurements necessary to provide for the required accuracy; 
t—table value of the Student criterion for the performed investigation; v—coefficient 
of variation of the parameter under investigation; k—experimental error (k = 1.0— 
5.0%). 

After substituting the data into the formula, it was found that the high adequacy 
of the obtained results and a nonsignificant error would be achieved in the case of 
five-time repetition of the tests. 

The effect that the three factors have on the performance quality indicators can be 
described, following the results of processing of the data obtained in the experimental 
investigations, by regression equations in the form of a quadratic polynomial: 


Y = bo +b, X, 4 by X? + by X54 by X5 + b3X3 4 b33X3 I b15 X4 X2 + bo3X2 X3 + b13X4 X5, (7.8) 


where bo, b1, b2, b3, b11, b22, b33, b12, b23, bi3 regression coefficients. 

After implementing the experiment planning matrix with the use of the 
experimental unit, the problem of finding the coefficients of the variables and 
the effects of the interaction between them has to be solved. The problem can be 
solved with the use of the “STATISTIKA” software package for the PC by the Institute 
for Mechanisation and Electrification of Agriculture (IMESG). 

Taking into account the fact that the matrix is orthogonal, the regression 
coefficients can also be determined independently of one another with the use 
of the following expression: " 

1; QXijVi 
b = (7.9) 
x 1 x 
where j—sequential number of the matrix column; xjj—elements of the 
respective column. 

The initial parameter s is determined and the specified levels of the factors are 
maintained with some errors. The statistical analysis of the equation at a preset 
probability of a = 0.95 reveals whether the factor under consideration has a significant 
effect on the process. If the obtained absolute magnitude of coefficients b; is greater 
than its error, the factor has an impact on the process. In the case where the factor has 
a negligible effect on the process, b; is close to zero—i.e., the change in the process 
output y resulting from the change in the level of the respective factor is of the same 
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magnitude as the error in determining it. Such a factor can be excluded from the 
regression equation. 

The statistical analysis of the regression equation, with the aim of determining 
the regression coefficients, was carried out in accordance with the technique described 
in [40]. The technique includes the following operations: finding the variance about 
the mean in the row; finding the mean variance in the repeatability of a single result 
throughout the experiment; finding the variance about the mean value of the process 
output (optimisation parameter); finding the variances of the regression equation 
coefficients; finding the errors and significance of the regression equation coefficients. 

The regression equations obtained as a result of the factorial experiment correlate 
the levels of the factors with the process output in the area of the response surface 
for the response under investigation. At the same time, it is necessary to verify that 
the obtained equations describe the root lifting process with a sufficient degree of 
confidence. For this purpose, the dispersion is to be determined with the use of the 
formula [40]: 

Ha 
N-N' 


where y—theoretical process output (after excluding the not significant regression 


55 = (7.10) 


coefficients from the equation); y—process output realised in the matrix; 
N—N'—number of degrees of freedom, since only N' coefficients are determined 
with the use of the equation. 

In this case, the Fisher criterion is determined by the following expression: 


Fp = - (7.11) 


where 5*—variance about the mean process output. The obtained value of the 
criterion is compared to the table value Fr. The criterion of adequacy of the 
regression equation is as follows: 

Fr > Fp (7.12) 


In order to use the obtained equations expressed in terms of quadratic 
polynomials in the capacity of calculation formulae and for interpreting the 
experiment results, they have to be transformed into the form with denominate, i.e., 
decoded, quantities. 

In order to carry out the strain-gauge measurements for the appraisal of 
vibrational lifting tools in terms of their energy characteristics, the mobile strain-gauge 
laboratory ChEK-1 (Figure 7.4) was used. The laboratory was capable of measuring 
and registering the force and velocity parameters and outputting immediately, after 
the completion of the tests, their mean values in six independent measuring channels. 
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Each force parameter measuring a channel was comprised of a strain-gauge 
transducer, a DC amplifier and an integrator. The measurement of the mean values of 
force parameters was carried out by way of integrating the amplified signals received 
from transducers over the duration of the experiment. In each measuring channel, 
its strain-gauge transducer was powered by a separate stabilised 12 VDC power 
supply source. Additionally, compact make-and-break devices or induction pulse 
transducers were provided for use in the velocity parameter transducers. 

The strain-gauge system ChEK-1 facilitated measurements over discrete time 
intervals with durations of 7.5, 15, 30, 60, 120 and 240 s for the experiments. The 
measured values of the force and velocity parameters were output in the digital form. 


7.3. Analysis of Results of Experimental Investigations on Effect That Lifter’s Parameters 
and Operation Conditions Have on Operation Quality Indicators 


The agricultural background of the experimental field plot was estimated as 
follows: type of soil—calcic chernozems, soil hardness—3.8~4.0 MPa; moisture 
content of soil—6~8% (soil elastic deformation coefficient c = 1.5-10° N-m~°); planting 
density of sugar beet roots—150.000 pcs-ha^! (row spacing: 0.45 m; seeds distance 
in a row: 0.15 m); average dimensions of roots: diameter—0.094 m, length—0.24 m, 
weight—0.9 kg. These values are fully consistent with the agrotechnical standards of 
sugar beet cultivation and harvesting in Ukraine. Seeding of sugar beet (Beta Vulgaris 
cultivar) was carried out at the end of April, whereas experimental harvesting 
was conducted at the end of September. During the growing season, the weather 
conditions matched the average climatic conditions of the central part of Ukraine 
(Vinnytsia region): average temperature of 28 °C; rainfall not exceeding 320 mm. 
In accordance with the adopted programme of investigations, experiments for the 
investigation of the effect that the frequency of oscillation of the digging tools (X1), 
depth of running of the digging tools (X2) and the implement's translational motion 
velocity (X3) have on the loss and damage of the roots were carried out. In the 
experiments, the ranges of variation for the kinematic parameters of the vibrational 
lifting tool were set on the basis of the accomplished theoretical investigations. The 
results are in Tables 7.1-7.5. 
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Table 7.1. Mass loss of sugar beet roots (%). 


Frequency of Oscillation X4 (Hz) 


Velocity of 8.5 15.7 20.3 
Translation X3 (m-s~*) Depth of Running in Soil X; (m) 
0.06 0.09 0.12 0.06 0.09 0.12 0.06 0.09 0.12 
24 2.7 1.9 142 0.5 0.4 0.4 0.1 0.2 
2.9 2.7 1.8 1.9 0.5 0.5 0.4 0.3 0.4 
1.3 2.8 2.8 1.9 1.7 0.4 0.5 0.3 0.4 0.4 
2.6 2.7 1.8 1.8 0.5 0.3 0.4 0.4 0.3 
2.7 2.6 1.8 1.8 0.6 0.4 0.4 0.5 0.4 
2.9 1.8 2.0 1.9 0.4 0.6 0.3 0.4 0.5 
2.9 2.0 241 2.0 0.5 0.6 0.6 0.4 0.5 
1.75 3.0 1.9 2.6 1.9 0.5 0.7 0.5 0.5 0.6 
3.2 2.0 2.0 1.8 0.4 0.8 0.4 0.3 0.4 
2.8 1.9 2.4 1.9 0.5 0.7 0.3 0.4 0.5 
(X3) Yı) 


Table 7.2. Mass of damaged sugar beet roots (%) (hardness of soil 4.0 MPa, moisture 


content of soil 6.0%). 


Frequency of Oscillation X, (Hz) 


Velocity of Translation 8.5 15.7 20.3 
Xs (m-s) Depth of Running in Soil X? (m) 

0.06 0.09 0.12 0.06 0.09 0.12 0.06 0.09 0.12 
8.3 82 8.7 9.7 83 8.5 9.8 84 8.2 
8.3 82 8.4 9.4 8.3 8.2 9.9 8.4 8.0 

13 84 8.1 8.7 9.8 8.3 8.5 9.8 8.2 8.2 
8.2 8.3 8.6 9.8 8.1 8.4 97 8.3 8.4 
8.2 8.0 8.7 9.7 8.2 8.5 9.8 8.4 8.1 
8.9 8.2 9.2 9.8 8.3 8.9 9.2 9.0 8.9 
9.2 8.1 9.0 9.4 8.4 8.8 9.2 8.9 8.7 

1.75 8.9 8.2 8.7 9.3 8.3 8.9 9.0 9.2 8.8 
8.7 8.3 8.9 9.4 8.3 9.0 9.3 9.1 8.9 
8.9 8.0 9.1 9:2 82 8.9 9.2 9.0 9.1 

(X3) (Y2) 
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Table 7.3. Mass of damaged sugar beet roots (%) (hardness of soil 2.0 MPa, moisture 


content of soil 18.0%). 


Frequency of Oscillation X (Hz) 


Velocity of Translation 8.5 15.7 20.3 
Xs (m-s™) Depth of Running in Soil X; (m) 

0.06 0.09 0.12 0.06 0.09 0.12 0.06 0.09 0.12 
4.9 3.3 3.8 43 3.8 41 42 4.0 43 
4.9 3.1 3.6 42 3.8 43 4.0 4.6 44 

13 4.6 2.9 3.8 4.1 3.6 4.1 44 4.1 4.1 
4.7 3.0 3.8 4.1 3.7 42 42 4.0 43 
4.9 3.2 3.7 4.6 3.8 4.6 4.2 4.2 4.6 
5.1 3.0 4.7 5:1 3.4 4.7 4.6 4.7 4.8 
5.0 3.6 4.8 5.3 3.5 4.7 4.5 4.2 5.0 

1.75 5.0 3.2 4.8 5.1 3.4 4.8 4.7 4.7 4.9 
5.1 3.4 4.7 52 34 4.6 4.7 4.8 5.0 
5.1 3.1 4.8 52 3.4 4.8 4.6 4.3 5.0 

(X3) (Y3) 


Table 7.4. Mass loss of sugar beet roots (%) at oscillation frequency of 8.5 Hz 
(hardness of soil 3.8 MPa, moisture content of soil 8.0%). 


Velocity of Translation X4 


Depth of Running in Soil X? (m) 


(m:s71) 0.06 0.08 0.10 0.12 
3.0 1.0 0.0 0.0 
3.0 1.5 0.0 0.5 
14 2.9 1.0 1.0 1.0 
3.1 1.2 0.0 0.0 
3.0 1.3 1.0 1.0 
5.0 2.0 0.0 0.0 
49 2.5 1.0 0.0 
1.75 4.8 2.0 1.0 1.0 
4.9 2.0 0.0 0.0 
5.0 2.0 1.0 0.5 
Qa) (Y4) 
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Table 7.5. Mass loss of sugar beet roots (%) at oscillation frequency of 8.5 Hz 
(hardness of soil 2.0 MPa, moisture content of soil 20.0%). 


Velocity of Translation X4 Depth of Running in Soil X? (m) 


(m:s71) 0.06 0.08 0.10 0.12 
2.0 2.0 2.0 0.0 
2.0 2.5 24 1.0 
14 1.8 2.0 2.0 1.0 
1.5 2.3 2.3 12 
2.0 2.0 2.0 1.0 
4.0 3.0 0.0 0.0 
8.5 3.0 1.0 0.0 
1.65 42 3.1 1.0 1.5 
4.0 32 1.5 12 
42 3.0 0.0 1.0 
(X1) (Ys) 


Based on the results of the accomplished experimental investigations, it has 
been established that with the increase in the digging tool oscillation frequency the 
root loss rate goes down, but at the same time the root damage rate slightly increases 
in the majority of cases. 

The regression equation for the relation between the root loss rate (Y;) and the 
digging tool oscillation frequency (X4), depth of digging tool running in the soil (X2) 
and velocity of translation (X3) appears as follows: 


Yı = 12751 - 0.365X, — 175.545X> + 0.004X? + 0.912X X» 


7.1 
— + 884.748X5 — 5.551X2X3 + 0.216X3, rem) 


at a squared coefficient of correlation (coefficient of multiple determination) of 
R? = 0.789, a coefficient of multiple correlation of R = 0.888 and a standard error of 
S, = 0.508. For this type of function, the nonsignificant coefficients are the regression 
coefficients of the factors X4 and X4 X3. 

At the computing stage, the application software "STATISTICA 6" was used. In 
the environment of the software, based on the obtained model, the response surfaces 
for the response of the root loss rate to the digging tool's oscillation frequency and 
depth of running in the soil at the lifter translational motion velocity values of 1.3, 
1.75, 2.1, 2.55 m-s~! were plotted and their two-dimensional sections were obtained 
(Figures 7.67.13). 
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Figure 7.6. Quadratic response surface of root loss rate response to digging tool 
oscillation frequency and depth of its running in soil (at lifter translational motion 


velocity of 1.75 mcs 1, soil hardness of 4.0 MPa, soil moisture content of 8.0 %, 
c 2 1.5-10° N-m ^). 
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Figure 7.7. Two-dimensional sections of quadratic response surface of 


root loss rate response to digging tool oscillation frequency and depth of 


its running in soil (at lifter translational motion velocity of 175 ms 
soil hardness of 4.0 MPa, 


N-m^?). 


, 


soil moisture content of 8.0%, c = 1.53106 
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Figure 7.8. Quadratic response surface of root loss rate response to digging tool 
oscillation frequency and depth of its running in soil (at lifter translational motion 
velocity of 1.3 mes, soil hardness of 4.0 MPa, soil moisture content of 8.0%, 
c= 1.5106 N-m ^). 
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Figure 7.9. Two-dimensional sections of quadratic response surface of 
root loss rate response to digging tool oscillation frequency and depth 
of its running in soil (at lifter translational motion velocity of 1.3 ms 1, 
soil hardness of 4.0 MPa, soil moisture content of 8.0%, c = 1.5106 
Nm). 
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Figure 7.10. Quadratic response surface of root loss rate response to digging 
tool oscillation frequency and depth of its running in soil (at lifter translational 
motion velocity of 2.1 m-s~!, soil hardness of 4.0 MPa, soil moisture content of 8.0%, 
c 2 1.5106 N-m ^). 
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Figure 7.11. Two-dimensional sections of quadratic response surface of 
root loss rate response to digging tool oscillation frequency and depth 
of its running in soil (at lifter translational motion velocity of 2.1 ms 1, 
soil hardness of 4.0 MPa, soil moisture content of 8.0%, c = 1.5106 


N-m^?). 
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Figure 7.12. Quadratic response surface of root loss rate response to digging tool 
oscillation frequency and depth of its running in soil (at lifter translational motion 
velocity of 2.55 mvs^1, soil hardness of 4.0 MPa, soil moisture content of 8.0%, 
c= 1.5-10° N-m ^). 
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Figure 7.13. Two-dimensional sections of quadratic response surface of 
root loss rate response to digging tool oscillation frequency and depth of 
its running in soil (at lifter translational motion velocity of 2.55 mes, 
soil hardness of 4.0 MPa, soil moisture content of 8.0%, c = 1.5-10° 


N-m^?). 
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It follows from the presented relations that the loss of roots decreases when the 
digging tool oscillation frequency becomes greater, but the increase in the velocity of 
translation results in the greater loss of roots. 

Moreover, at lifter translational motion velocities of 1.3~2.55 m-s7 
root loss is observed when the lifter runs in the soil at a depth of 0.09 Tm; at smaller 
and greater depths of lifter running, the loss rates increase. 

This can be explained by the fact that at lifter running depths of less than 0.09 m, 
the loss rate increases on account of the roots not extracted at all, while running 
deeper than 0.09 m results in breaking off of the tail parts of the roots. Moreover, 
the described trend becomes more pronounced at greater velocities of the lifter’s 
translational motion and lower frequencies of the digging tool’s oscillation. 

For example, at a lifter translational motion velocity of 1.3 m-s~!, the mass 
percentage of the lost roots is within the range of 0.3~2.9%; at a velocity of 
1.75 m-s-!—within the range of 0.3~3.0%; at a velocity of 2.1 m-s~-'—within the 
range of 0.3~3.5%; at a velocity of 2.55 m-s”!—within the range of 0.4~4.5%; moreover, 
the lower parts of the ranges correspond to a digging tool oscillation frequency of 
20.3 Hz; the upper ones—a frequency of 8.5 Hz. 


L. minimum 


Hence, a digging tool oscillation frequency of 8.5 Hz is not compliant with 
the agronomic requirements with regard to the root losses (rates of up to 1.5% are 
acceptable), while the frequencies 15.7 and 20.3 Hz meet them. 

The obtained experimental data have once again proved the theoretical 
conclusion about the existence of a minimum acceptable frequency of oscillation 
subject to the condition that each root must be captured by the digging tool; otherwise, 
either nonextraction of the root or the breaking off of its tail part takes place, as is 
observed at an oscillation frequency of 8.5 Hz. 

It ought to be noted that in the case of lifting the roots by passive share lifters at 
a soil moisture content of 14~18%, the tail parts of the roots are broken off at a rate of 
30~40% [31]. 

Further, the regression equation for the relation between the root damage rate 
(Y2) and the digging tool oscillation frequency (X1), depth of digging tool running in 
the soil (X2), and translational motion velocity (X3) appear as follows: 


Yo = 15.427 + 0.121X, — 137.179X; — 2.69X3 — 0.06X1X3 + 754.598X2 — 5.691X2X3 + 1.491X3 (7.14) 


at R? = 0.822; R = 0.907; S, = 0.442. For this type of function, the nonsignificant 
coefficients are the regression coefficients of the factors x? and X4X». 

On the basis of the obtained model, the response surfaces for the response of the 
root damage rate to the digging tool's oscillation frequency and depth of its running 
in the soil at lifter translational motion velocity values of 1.3, 1.75, 2.1, and 2.55 ms! 
were plotted and their two-dimensional sections were obtained (Figures 7.14-7.21). 
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It follows from the presented relations that there is no constant trend in the 
change in the root damage rate when digging tool oscillation frequency varies within 
the range of 8.5 to 20.3 Hz; nevertheless, it can be stated that the effect the frequency 
change has on the root damage rate is insignificant. The minimum root damage rate 
is observed when the digging tool runs in the soil at depths of 0.09~0.10 m. When 
the lifter translational motion velocity increases, the rate of root damage increases 
as well. For example, at the lifter translational motion velocity of 1.3 m.s, the 
mass percentage of the damaged roots is within the range of 8.0~9.8%; at a velocity 
of 1.75 m-s-!—8.1~ 9.8%; at a velocity of 2.1 m-s~!—8.2~10.3%; at a velocity of 
2.55 m-s-'—10.5~12.8%. 

Hence, velocities of the lifter’s translational motion within the range of 
1.3-2.1 m-s! are compliant with the agronomic requirements with regard to the root 
damage (rates up to 10% are acceptable), while a velocity of 2.55 m-s~! does not meet 
the requirements (damage rates of up to 13%). 
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Figure 7.14. Quadratic response surface of root damage rate response to digging 
tool oscillation frequency and depth of its running in soil (at lifter translational 
motion velocity of 1.3 mes 1, soil hardness of 4.0 MPa, moisture content of 8.0%). 
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Figure 7.15. Two-dimensional sections of quadratic response surface of root damage 
rate response to digging tool oscillation frequency and depth of its running in 
soil (at lifter translational motion velocity of 1.3 mvs 1, soil hardness of 4.0 MPa, 
moisture content of 8.0%). 
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Figure 7.16. Quadratic response surface of root damage rate response to digging 
tool oscillation frequency and depth of its running in soil (at lifter translational 
motion velocity of 1.75 mcs !, soil hardness of 4.0 MPa, moisture content of 8.0%). 
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Figure 7.17. Two-dimensional sections of quadratic response surface of root damage 
rate response to digging tool oscillation frequency and depth of its running in 
soil (at lifter translational motion velocity of 1.75 mcs 1, soil hardness of 4.0 MPa, 
moisture content of 8.0%). 


Figure 7.18. Quadratic response surface of root damage rate response to digging 
tool oscillation frequency and depth of its running in soil (at lifter translational 
motion velocity of 2.1 m-s~!, soil hardness of 4.0 MPa, moisture content of 8.0%). 
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Figure 7.19. Two-dimensional sections of quadratic response surface of root damage 
rate response to digging tool oscillation frequency and depth of its running in 
soil (at lifter translational motion velocity of 2.1 m-s~!, soil hardness of 4.0 MPa, 
moisture content of 8.0%). 


Figure 7.20. Quadratic response surface of root damage rate response to digging 
tool oscillation frequency and depth of its running in soil (at lifter translational 
motion velocity of 2.55 m-s~!, soil hardness of 4.0 MPa, moisture content of 8.0%). 
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Figure 7.21. Two-dimensional sections of quadratic response surface of root damage 
rate response to digging tool oscillation frequency and depth of its running in 
soil (at lifter translational motion velocity of 2.55 mcs 1, soil hardness of 4.0 MPa, 
moisture content of 8.0%). 


The above investigations on the root damage in harvesting were carried out in 
the soil with a hardness of 4.0 MPa and moisture content of 8.076. Similar research 
into the rates of root damage was undertaken at a soil hardness of 2.0 MPa and a soil 
moisture content of 18.0% (c = 0.14-106 N-m^), which is rather typical of the sugar 
beet harvesting in Polesye (woodlands) and the Forest-Steppe zone (wood and grass 
lands) of Ukraine. 

The results of said research are described by the following regression equation: 


Ys = 122076 - 167.138X> — 1.577X3 — 0.004X? + 1.083X1 X; + 0.04X X5 + 802.733X2 + 0.481X2 (7.15) 


at R? = 0.648; R = 0.805; S, = 0.483. For this type of function, the nonsignificant 
coefficients are the regression coefficients of the factors X1 and X1X». 

On the basis of the obtained model, the response surfaces for the response of the 
root damage rate to the digging tool oscillation frequency and depth of its running in 
the soil at lifter translational motion velocity values of 1.3, 1.75, 2.1, and 2.55 mss 
were plotted and their two-dimensional sections were obtained (Figures 7.22-7.29). 
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Figure 7.22. Quadratic response surface of root damage rate response to digging 
tool oscillation frequency and depth of its running in soil (at lifter translational 
motion velocity of 1.3 m-s~!, soil hardness of 2.0 MPa, moisture content of 18.0%). 
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Figure 7.23. Two-dimensional sections of quadratic response surface of root damage 
rate response to digging tool oscillation frequency and depth of its running in 


soil (at lifter translational motion velocity of 1.3 m-s~!, soil hardness of 2.0 MPa, 
moisture content of 18.0%). 
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Figure 7.24. Quadratic response surface of root damage rate response to digging 
tool oscillation frequency and depth of its running in soil (at lifter translational 
motion velocity of 1.75 m-s—!, soil hardness of 2.0 MPa, moisture content of 18.0%). 
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Figure 7.25. Two-dimensional sections of quadratic response surface of root damage 
rate response to digging tool oscillation frequency and depth of its running in 
soil (at lifter translational motion velocity of 1.75 mcs 1, soil hardness of 2.0 MPa, 
moisture content of 18.0%). 
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Figure 7.26. Quadratic response surface of root damage rate response to digging 
tool oscillation frequency and depth of its running in soil (at lifter translational 
motion velocity of 2.1 mcs ^1, soil hardness of 2.0 MPa, moisture content of 18.0%). 
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Figure 7.27. Two-dimensional sections of quadratic response surface of root damage 
rate response to digging tool oscillation frequency and depth of its running in 
soil (at lifter translational motion velocity of 2.1 m-s~!, soil hardness of 2.0 MPa, 
moisture content of 18.0%). 
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Figure 7.28. Quadratic response surface of root damage rate response to digging 
tool oscillation frequency and depth of its running in soil (at lifter translational 
motion velocity of 2.55 mcs 1, soil hardness of 2.0 MPa, moisture content of 18.0%). 
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Figure 7.29. Two-dimensional sections of quadratic response surface of root damage 
rate response to digging tool oscillation frequency and depth of its running in 


soil (at lifter translational motion velocity of 2.55 mcs 1, soil hardness of 2.0 MPa, 
moisture content of 18.0%). 


As can be seen in the presented graphs (Figures 7.22-7.29), the mass percentage 
of the damaged roots increases within an insignificant range when the digging tool 
oscillation frequency and the lifter translational motion velocity go up—i.e., said 
parameters have no material effect on the root damage rate; additionally, in most 
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instances, the root damage rate reaches its minimum at a digging tool running depth 
of 0.09 m. 

Thus, the experiments have proved that the range of the digging tool oscillation 
frequency of 8.5~20.3 Hz and the range of the lifter translational motion velocity of 
1.3-2.55 mes?! at a soil hardness of 2.0 MPa and its moisture content of 18.0% meet 
the agronomic requirements with regard to the mass percentage of the damaged 
roots, as within these ranges said indicator stays within the range of 3.0~6.2% 

It also ought to be noted that the mass of the damaged roots substantially 
depends on the hardness and moisture content of the soil. For example, at a hardness 
of 2 MPa and a moisture content of 18%, it stays within the range of 3.0~6.2%, while 
a hardness of 4 MPa and a moisture content of 8% shift it to the range of 8.0~13.0% 

According to [41], in the case of lifting roots by passive share lifters, the amount 
of severely damaged roots equals 15-2276; contamination of the pile by soil amounts 
to 12-1676, while on dry (moisture content of 8~12%) and hard soils—30~40%. 

Another important issue that needs investigation is the relation between the root 
loss rate and the soil hardness and moisture content in the vibrational lifting. For this 
purpose, the root harvester has to be tested at a digging tool oscillation frequency of 
8.5 Hz, which is the frequency that causes the highest root loss rates, as shown above. 
Such an approach allows assessing the effect of the soil's hardness and moisture 
content on the root loss rate in the case of greater values of the loss rate. Based on 
the described set-up, the research has been carried out into the sugar beet root loss 
against the digging tool translational motion velocity (X4) and depth of running (X2) 
in different operation conditions. 

The following regression equation has been obtained for a soil hardness of 
3.8 MPa and a soil moisture content of 8.0%: 


Y4 = 0.40086 + 9.242X — 131.572X2 — 71.088X1 X» + 1015.235X2 (7.16) 


at R^ = 0.950; R = 0.975; S, = 0.454. 

On the basis of the obtained model, the response surface (Figure 7.30) and its 
two-dimensional sections (Figure 7.31) have been generated. 

As can be seen from the obtained graphs (Figures 7.30 and 7.31), the increase in 
the lifter translational motion velocity is accompanied by the growth of the losses; 
the increase in the depth of running in the soil results in their reduction. The reason 
for this is that the greater the lifter translational motion velocity is, the fewer the roots 
captured by the digging tool (as the translational velocity rises, the 8.5 Hz frequency 
progressively allows for less capturing) and the more roots remain or the more are 
broken at their tail parts. Obviously, the smaller the depth of the lifter running in the 
soil is, the higher the level, where the root tail part is broken off, is and/or the greater 
the number of the roots that are not extracted at all is, and, consequently, the higher 
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the observed losses are. When the lifter runs at a greater depth, the importance of 
the translational motion velocity for the root loss rate decreases, as the tail parts are 
broken off at a greater depth; therefore, the loss percentage becomes smaller and 
depends to a lesser extent on the lifter translational motion velocity. The losses are 
minimal at a depth of running in the soil of 0.11 m. 


Loss rate, % 


Figure 7.30. Quadratic response surface of root loss rate response to lifter 
translational motion velocity and depth of its running in soil (at digging tool 
oscillation frequency of 8.5 Hz, soil hardness of 3.8 MPa, soil moisture content of 
8.0%). 
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Figure 7.31. Two-dimensional sections of quadratic response surface of root loss 
rate response to lifter translational motion velocity and depth of its running in 
soil (at digging tool oscillation frequency of 8.5 Hz, soil hardness of 3.8 MPa, soil 
moisture content of 8.0%). 
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For the soil hardness of 2.0 MPa and moisture content of 20.0% the regression 
equation appears as follows: 


Ys = -7.75 + 231.582X> + 3.301X7 — 94.891X X» — 682.32X2 (7.17) 


The graphical representation of the root losses against the lifter translational 
motion velocity and the depth of its running in the soil under such conditions is 
given in Figures 7.32 and 7.33, respectively. 

As can be seen in the presented graphs (Figures 7.32 and 7.33), at depths of 
the digging tool running in the soil within the range of 0.06~0.09 m, the loss rate 
rises together with the increase in the lifter translational motion velocity, while at the 
depths of running within the range of 0.10~0.12 m it shows no essential dependence 
on the velocity. The reasons for this are the same as in the preceding case. Additionally, 
as the depth of running of the digging tool in the soil increases, the losses decrease 
and reach their minimum at a depth of the digging tool running in the soil of 0.12 m. 

As is evident from the obtained experimental data (Tables 6.4 and 6.5) as well 
as the graphs (Figures 7.31-7.33), in the soil (calcic chernozems) with a hardness of 
3.8 MPa and a moisture content of 8%, the loss rate is 0.3~6.2%; in the soil (calcic 
chernozems) with a hardness of 2.0 MPa and a moisture content of 20%, the root 
loss rate is within the range of 0.3~ 5.8%. The experimental test occurred during the 
sugar beet harvesting season of the year 2016 near the village of Yaltushkov, Barsky 
district, Vinnytsia region (Ukraine). 

Hence, in the last case, the variation of the soil conditions within the ranges of 
2.0~3.8 MPa for hardness and 8~20% for moisture content has no significant effect on 
the root loss rate. 

Thus, it has been established in the analysis of the data obtained by the statistical 
processing of the results of the research into the loss and damage of sugar beet roots 
that for each value of the lifter translational motion velocity the respective values of 
the oscillation frequency and the depth of running in the soil of the vibrating digging 
tool exist, which ensure the minimum root loss and damage rates. It has also been 
established that the extent of root damage depends on the conditions in which the 
work process of vibrational digging is performed (the soil hardness and moisture 
content). As the hardness of the soil increases and its moisture content declines, the 
mass of damaged roots rises. 

Additionally, as a result of the completed experimental investigations, it has 
been established that the contamination of the roots lifted by vibrating digging tools 
of the new design by the soil is under 1%. 

Based on the results of the experimental investigations, the root harvester was 
tested in the field with the aim of assessing its working capacity and the data needed 
for the calculation of its economic efficiency were determined. 
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Figure 7.32. Quadratic response surface of root loss rate response to lifter 
translational motion velocity and depth of its running in soil (at digging tool 
oscillation frequency of 8.5 Hz, soil hardness of 2.0 MPa, soil moisture content of 
20.0%). 
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Figure 7.33. Two-dimensional sections of quadratic response surface of root loss 
rate response to lifter translational motion velocity and depth of its running in 


soil (at digging tool oscillation frequency of 8.5 Hz, soil hardness of 2.0 MPa, soil 
moisture content of 20.0%). 


The working capacity of the root harvester with the new vibrating digging tools 
mounted on it under the justified rational operation conditions was estimated by its 
functioning and the duration of fault elimination breaks; its efficiency was evaluated 
by the agronomic indicators of the performed root harvesting. The conditions of 
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testing are presented in Table 7.6. Figure 7.34 shows the photograph of the sugar beet 
roots extracted by the vibrating digging tools during the experimental investigations. 


Table 7.6. Agronomic indicators of experimental field plot. 


Indicator Acc. to TOR Acc. to Test Results 
Properties of crop: 
Offset of roots from theoretical row centreline (%) 
0mm N/A 8.4 
+10 mm N/A 12.7 
+20 mm N/A 23.1 
+30 mm and more N/A 315 
Position of root crowns with respect to soil surface level (%) 
lower than -30 mm N/A 0.0 
—20 through -30 mm N/A 0.0 
0 through —20 mm N/A 0.5 
0 through +20 mm N/A. 417 
above +20 mm through +40 mm N/A 23.9 
Planting density (thousand pcs-ha7!) N/A 81.7 
Biological yielding capacity of roots (t-ha7!) 70.0 53.6 
Biological yielding capacity of leaves (tha!) 20.00 192 
Condition of tops on roots as regards shaping of leaves (%): 
rosette N/A 192 
semirosette N/A 56.7 
cone N/A 24.1 
Type of soil and its description with regard to its N/A cdleiecdkermozems 
mechanical composition 
Relief Up to 7° Level 
Microrelief N/A Level 
Soil moisture content (%): 
0-10 cm 20.0:23.0 225 
10-20 cm N/A 22.1 
Soil hardness (MPa): 
0-10 cm N/A 1.8 
10-20 cm N/A 2.6 
Weed infestation: 
Weeds with height of up to 100 cm (pcm?) NET 
Preceding crop and preceding soil preparation N/A ynter peat 
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inter-row cultivation 


It should be noted that the low yield of leaves reported in the table is due to the 
drought conditions in which the growing season of sugar beet took place. 

It follows from the results of the completed investigations that it is advisable 
to use such designs of the vibrating digging tool that will deliver an oscillation 
frequency within the range of 10~18 Hz and a depth of running within the range 
of 0.08~0.10 m at a velocity of the lifter’s translational motion within the range of 
1.3~2.1 m-s~!. The above-mentioned kinematic parameters of operation ensure the 
quality of performance of the work process of the vibrational lifting of sugar beet 
roots that meets the current agronomic requirements with regard to the rates of root 
loss and root damage. 
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Figure 7.34. Sugar beet roots lifted by vibrating digging tools during experimental 
investigations. 


The results of the machine testing give evidence of the sufficiently high quality 
of performance of the work process of the vibrational lifting of sugar beet roots from 
the soil and the conformance of its indicators to the agronomic requirements for said 
work process. 


7.4. Energy and Force Performance of Root Harvester with Vibrational Lifting Tools 


The research into the energy parameters of the root harvester in the field was 
carried out by way of registering the readings of the strain-gauge transducers in 
different modes of operation of the harvester and at different parameters and in 
different modes of operation of the vibrating digging tools. 
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The agronomic indicators of the field plot, where the experimental investigations 
for determining the energy parameters were carried out, are presented in Table 7.6. 

The graphical relations between the energy and force performance of the 
vibrational lifting tool and its translation velocity are presented in Figure 7.35. 
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Figure 7.35. Energy and force performance of vibrational lifting tool (at 
share oscillation frequency of 8.5 Hz and depth of running in soil of 
0.09 m). 


Based on the completed analysis of the graphical relations, it has been established 
that within the range of velocities under investigation (0.6 to 1.4 m-s~'), the tractive 
effort (Pz) varies within the range of 6.6 to 7.8 kN. Thus, it can be stated that changing 
the experimental unit translation velocity results in the increase in the tractive effort 
only within a small range. 

As is stated in [31], in the case of implementing the vibrational lifting tool, 
the tractive resistance is reduced 2.5~3.5 times as compared to the resistance of the 
passive disk lifter. Moreover, when the velocity of translational motion increases, the 
resistance of the vibrational lifter rises less intensively than in the case of the passive 
disk lifter, and even more so in the case of the passive share lifter, which has been 
confirmed by the experimental results. 

The power take-off shaft torque (My) varies within the range of 50 to 70 N-m. 

During the calculation of the traction power (Nr) and vibrational lifting tool 
drive power (Nyyp), the graphical relations were plotted. They indicate that the 
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values of Nr and Nyyp of the vibrational lifting tool vary within the range of 4.0 to 
7.0 kW. 

Additionally, the graphical relations were separately plotted for the power 
required for driving the oscillations of the vibrating digging tool as a function of the 
speed and depth of the digging shares running in the soil (Figure 7.36) as well as the 
velocity of translation and oscillation frequency of the tool (Figure 7.37). 


a 


Az 


Drive power N, kW 


N 


20 0:75 1.00 125 1.50 175 2,00 


Speed of movement Vy, m-s” 


Figure 7.36. Relations between power needed to drive oscillations and digging 
share translation velocity and depth of running in soil (oscillation frequency of 
8.5 Hz): 1—0.06 m; 2—0.09 m; 3—0.12 m. 
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Figure 7.37. Relations between power needed to drive oscillations and digging 
share translation velocity and oscillation frequency (running depth of 0.09 m): 
1—8.5 Hz; 2—11.0 Hz; 3—15.0 Hz; 4—20.3 Hz. 


As is seen from the graphs, the lowest power consumed for driving the 


oscillations of the vibrating digging tools was observed at a frequency of 8.5 Hz and 
a depth of running in the soil of 0.06 m. 


However, taking into account the fact that the minimum loss and damage of 


roots are observed when the lifter runs in the soil at a depth of 0.09 m, it is evident that 
the lifter's depth of running within the range of 0.08~0.10 m and the tool's oscillation 


frequency within the range of 10-18 Hz are more rational operation conditions. 


7.5. Conclusions 


1. 


On the basis of the adopted programme and technique, experimental research 
into the effect that the main design and process parameters of the vibrational 
lifting tool of the root harvester have on the quality performance of the sugar 
beet root harvesting work process has been carried out. 

On the basis of the results of the experimental investigations, it has been 
established that the increase in the digging tool oscillation frequency results in the 
reduction in the root loss rate, while the higher velocity of translational motion 
makes the losses grow. Moreover, within the range of the lifter translational 
motion velocity of 1.3~2.55 m:s ^! the minimum loss rate was observed at a lifter 
running depth of 0.09 m, and at smaller or greater depths of the lifter translation 
the losses increase. It has been determined that at a soil hardness of 4.0 MPa, 
a soil moisture content of 8.076, a depth of running in the soil of 0.09 m and 


translational motion velocity values within the range of the of 1.3-2.55 m.s! , 


258 


a digging tool oscillation frequency of 8.5 Hz does not meet the agronomic 
requirements with regard to the root losses (the loss rate reaches 2.7%, while 
only values of up to 1.5% are acceptable); frequencies of 15.7 and 20.3 Hz are, 
on the contrary, acceptable (the loss rates amount to 0.5 and 0.4%, respectively). 
It has been proved experimentally that the root damage rate at a soil hardness of 
4.0 MPa, asoil moisture content of 8.0% and the digging tool oscillation frequency 
variation within the range of 8.5~20.3 Hz varies inconsistently; however, it has 
been shown that the frequency variation has little effect on the root damage 
rate. The minimum root damage rates are observed at digging tool running 
depths within the range of 0.09~0.10 m. When the lifter translational motion 
velocity increases, the root damage rate rises as well. For example, at a lifter 
translational motion velocity of 1.3 m-s~!, the mass percentage of the damaged 
roots amounts to 8.0~9.8%; at a velocity of 1.75 m:s-1—8.1-9.896; at a velocity 
of 2.1 m:s-1—8.2-10.396; at a velocity of 2.55 m-s~!—10.5~12.8%. 

Velocities of the lifter’s translational motion within the range of 1.3-2.1 m:s ^! 


meet the agronomic requirements with regard to the root damage rate (rates 


of up to 10% are acceptable), while a velocity of 2.55 m-s^! 


is never compliant 
with said requirements. 

It has been established that the mass percentage of the damaged roots essentially 
depends on the hardness and moisture content of the soil. For example, at a 
hardness of 2 MPa and a moisture content of 1876 it varies within the range of 
3.0~6.2%, but at a hardness of 4 MPa and a moisture content of 8%—within the 
range of 8.0~13.0%. 

It has been found that changing the velocity of the lifter's translational motion 
causes the tractive effort to rise only within a small range; the power take-off 
shaft torque varies within the range of 50 to 70 N-m when the translational 
motion velocity is changed within the range of 0.5~1.4 m:s^!. The lowest power 
consumption for driving vibrating digging tools (actuating their oscillations) 
corresponds to a digging tool oscillation frequency of 8.5 Hz and a depth of 
running in the soil of 0.06 m. Nevertheless, in view of the fact that the minimum 
root loss and damage rates are observed at a depth of the lifter running in the 
soil of 0.09 m, it is reasonable to assume that depths of the lifter running in the 
soil within the range of 0.08-0.10 m and digging tool oscillation frequencies 
within the range of 10-18 Hz are a more rational choice. 

The results of the experimental investigations have proved that the theoretically 
obtained values of the kinematic parameters for the operation of the vibrational 
lifting tool, which allow for the complete extraction of the root from the soil 
subject to not breaking off the root's tail part during the impact interaction, are 
fully compliant with the agronomic requirements with regard to the loss and 
damage of the roots. 
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It has been discovered that it is more practical to use designs of the vibrational 
lifting tool that will, at a length within the range of 0.15-0.20 m for the rear 
section of the working channel, ensure an oscillation frequency within the range 
of 10~18 Hz and a running depth within the range of 0.08~0.10 m at a velocity 
within the range of 1.3~2.1 ms! with regard to the lifter’s translational motion. 
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8. Economic Efficiency and Application 
of Results of Scientific Research in 
Production 


8.1. Calculation of Performance Indices for Evaluation of Economic Efficiency 


The comparative appraisal of the economic efficiency of the KKP-3A root 
harvester equipped with the vibrational lifting tool developed on the basis of the 
results of scientific research has been carried out for the KKP-3 root harvester equipped 
with passive concave wheels assumed as the reference model. 

The basis for the calculation of the economic efficiency indices is formed, 
according to [42], by the direct operating costs: the allocations for the renovation, 
major overhaul and running repairs, maintenance, the remuneration of labour, the 
cost of petroleum, oil, lubricants as well as the quality and amount of the product 
obtained with the use of the compared machines. 

In the described case, the comparative appraisal is carried out based specifically 
on the quality of the output. 

During the calculation of the economic characteristics, the additional economic 
benefit obtained by reducing the rates of the loss and severe damage of roots during 
their lifting is determined [43]. In this process, the productive capacity, the number of 
operating personnel and the fuel intensity of both machines are assumed to be equal. 

The initial data for the calculation of the economic efficiency of the KKP-3A root 
harvester equipped with the new vibrational lifting tool are presented in Table 8.1. 


Table 8.1. Initial data for calculation of economic efficiency of KPP-3A beet harvester. 


Advanced Model Reference Model 


Index Description Unit KKP-3A KKP-3 
ador dE 0.85 0.85 
Annual planned work load h 300 300 
Average yield tha! 37.3 37.3 
Main quality indices: 
loss of roots % 14 2.2 
severe damage of roots 5.1 6.8 
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According to [43], the economic benefit provided by the reduction in the sugar 
beet root loss rate can be determined with the use of the following relation: 


Ey, = W3TpU-aec, (8.1) 


where W3—machine’s output per hour of shift time (ha-h7!); Ty—annual planned 
work load of the machine (h); U—average yield of sugar beets (t-ha~!); a—increase in 
sugar beet yield due to the reduction in losses by the machine under investigation as 
compared to the reference machine; c—purchasing price of sugar beets (USD-t). 
It is assumed that the average yield of sugar beets is 37.3 tha ^! [44], while the 
purchasing price of sugar beets is USD 6.85 t^!. 
The increase in sugar beet yield due to the reduction in losses amounts to: 


2.2-1.4 


By substituting the required values of the quantities present in (8.1), the following 
economic benefit due to the reduction in the loss of roots is obtained: 


Ex = 0.85-300-37.3-0.008-6.85 = 521.23 USD (8.3) 


The economic benefit per hectare of the harvested area is equal to: 


Q E o 5428 zi 
E = WT, ^ 088300 ^ 2.04 USDha (8.4) 


The additional economic benefit due to the reduction in the damage rate is 
determined with the use of the following relation: 


Edod = 0.95107? (x — xo) Qmtkc, — 1075 (x1 — x2)-[D, — 1(0.0104 + 0.00095x5)]Qmtkco, — (8.5) 


where x; and x2 —number of severely damaged roots output by the reference and 
advanced model harvesters, respectively (76); Q—amount of sugar beet roots gathered 
per season (t); D, —initial sugar content in roots (%) (D, = 17% = 17% [31]); m—part 
of the raw stock to be kept in store (m = 0.4); t—average period of storing beet 
roots in the sugar mill (days); k—correction factor; (cj —wholesale price of sugar 
(USD-t!) (c1 = 122.8 USD-t^! [45]); co—direct costs of the production of 1 t of sugar 
(co = 41.0 USD-t! [45)). 
The number of roots gathered per season is determined with the use of 
the formula: 
Q = UWT, = 37.3-0.85:300 = 9512 t (8.6) 
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where U—average yield of sugar beets (t-ha~!); Ws—machine’s output per hour of 
shift time (ha-h7!); Tp—annual planned work load of the machine (h). 
The correction factor is defined as the following product of factors: 


k = kikkə, (8.7) 


where kı—sugar beet procurement factor, kı = 0.9; k;—factor of the sugar beet 
losses in the period from the delivery to the mill to the start of processing, k2 = 0.96; 
ka—factor of the sugar yield from the raw material, k = 0.75. 

Hence, k = 0.9-0.96-0.75 = 0.648. 

The next step is to determine the additional economic benefit obtained by the 
reduction in the damage rate for different times of storing beet roots in the sugar mill: 

At t = 60 days: 


Egg; = 0.95110-5-(6.8 — 5.1)-9512-0.4-60-0.648-122.8 — 10-4 


(6.8 — 5.1)-[17 — 60(0.0104 + 0.00095-5.1)]-9512-0.4-0.648-41.0 = 16.96 USD Se) 


Hence, Egg; = USD16.96. 

The additional economic benefit per hectare of the harvested area E’ g is equal 
to: 

Edod 16.96 z 
Ea = = = ——á- = 0.07 USDha'! 8.9 
4d ^ WaT, ^ 0.85300 ? e 

Subsequently, the total economic benefit obtained by the reduction in the root 

loss and severe damage rates in this case amounts to: 


E' = E, E, = 204-007 = 2.11 USD-ha! (8.10) 


The results of the described calculations for different times of storing beet roots 
in the sugar mill are presented in Table 8.2. 


Table 8.2. Total economic benefit due to reduction in root loss and severe damage rates 
(amount of sugar beet roots gathered during season Q = 9512 t). 


Additional Economic Specific Additional Total Economic Benefit 
Time of Storing Roots in Benefit Due to Reduced Economic Benefit Due to Due to Reduced Root 
Sugar Mill, t (days) Damage Rate, Ej,4 Reduced Damage Rate, Loss and Severe Damage 
(USD) E ‘aoa (USD-ha-1) Rates, E' (USD-ha-!) 
60 16.96 0.07 241 
90 171.51 0.67 2.70 
120 326.06 1.28 3.31 
150 480.61 1.88 3.91 
180 635.21 249 452 
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As is shown by the obtained calculation results, the economic benefit obtained 
by the reduction in the root damage rate increases together with the time of storing 
the roots in the sugar mill. This is due to the fact that roots without damage are better 
kept in storage and are less susceptible to rotting. 


8.2. Application of Scientific Research Results in Production 


On the basis of the results obtained in the accomplished scientific studies, the 
design and kinematic parameters of vibrational lifting tools have been established—in 
particular, the acceptable digging tool oscillation frequencies and amplitudes as well 
as lifter translation velocities subject to the condition of not damaging the tail parts 
of sugar beet roots that allow the process of lifting roots from the soil by means of 
vibrational digging. Additionally, the minimum acceptable values of the vibrational 
lifting tool oscillation frequency subject to the condition of the guaranteed gripping 
of each root by the digging shares have been established. 

Based on the obtained scientific results, a new design of vibrational lifting tools 
has been developed. Tools of the new design have been manufactured and installed 
in root harvesters of the KKP-3A, MKP-6 types and in a trail-behind four-row root 
harvesting implement. 

The undertaken scientific studies and engineering developments resulted in the 
obtaining of 10 patents for invention in Ukraine. 

The theoretically and experimentally established parameters and modes of 
operation of lifting tools recommended in accordance with the results of the 
accomplished research investigations have been applied in the development of 
the new designs of lifting tools for root harvesters at OAO “Boreks” (Borodyanka, 
Ukraine) and OAO "Ternopol Combine Harvester Works". The developed designs of 
vibrational lifting tools have been industrially produced and passed the field testing. 


6.3. Conclusions 


1.  Anadditional economic benefit is achieved by implementing vibrational lifting 
tools of the new design in the production process due to the substantial reduction 
in the rates of the loss and damage of sugar beet roots during vibrational lifting. 

2.  Theadditional economic benefit due to the reduced loss of roots in vibrational 
lifting as compared to the operation with the use of wheel lifters amounts to 
USD 2.04-ha 1. 

3.  Theadditional economic benefit due to the reduced damage of roots depends 
on the duration of storage in the sugar mill. If the storage period continues for 
60 to 180 days, the benefit varies within the range of USD 0.07—2.49-ha 1. 

4.  Thetotal economic benefit obtained by the reduction in the rootloss and damage 
rates varies, depending on the time of storing roots in the sugar mill, within the 
range of USD 2.11-4.52-ha 1. 
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